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Aufgabe 1
(Non-uniqueness of the representative of a polyconvex function) Consider the function f : R?*%2 — R
defined by

f(A) = |AP* + det A.
Find two convex functions g1, g2 : R?*? x R — R such that g; # go and

f(A) = gl(Av det A) = QQ(A, det A)

Aufgabe 2
Consider the functional F': A — [0, +00] defined by

1
Fw = [ f)ds
0
where A = {u € W12(0,1) : u(0) = a,u(1) = b}, for a,b € R, a # b and

& ¢ <,

f(€)={1 o1

(a) Determine inf 4 F' in dependence of a and b and show that the minimum is not attained.

(b) Show that minimizing sequences are not bounded in W12 and therefore (even after extraction of
a subsequence) do not converge weakly in W12,

(c) Find a minimizing sequence {u,}, C A and u € L*(0,1) such that u, — u. How does u look
like?

Aufgabe 3
Let F : A — R be defined by

1
F(u) :/ ~|Vul? - fudz,
U 2

where f € L?(U) and
A={ue Wol’2(U) : |Vu| <1 for almost all z € U}.
(a) Show that there exists a unique minimizer ug € A of F.

(b) Prove

/ Vug - V(u — ug)dx > / flu—up)dx
U U

for all u € A.
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Aufgabe 4

Let U C R% be open, let 1 < p < oo, and let p’ such that %—i— 1% = 1. Let uw € LP(U) and let
{u;}; € LP(U) be a sequence such that

uj = u in LP(U).
(a) Let v € LY (U) and let {v;}; € L” (U) be a sequence such that
vj — v in LP(U).

Prove that wjv; — uwv in L'(U). Show that if only v; — v in L” (U), then the statement is in
general not true.

(b) Let v € L*>(U) and let {v;}; C L>(U) be a sequence such that
vj = v in L>(U).

Prove that u;v; — uv in LP(U).



