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Aufgabe 1
Prove that there is at most one smooth solution of this initial boundary-value problem for the heat
equation with Neumann boundary conditions:

∂tu−∆u = f in UT
∂u
∂ν = 0 on ∂U × [0, T ]
u = g on U × {t = 0},

where ∂u
∂ν = ∇ · ν stands for the directional derivative with respect the unit normal ν to the boundary

of U .
Hinweis. Use Green’s identities.

Aufgabe 2
Assume that u is a smooth solution of

∂tu−∆u = 0 in U × (0,∞)
u = 0 on ∂U × [0,∞)
u = g on U × {t = 0}.

Prove the exponential decay estimate:

‖u(·, t)‖L2(U) ≤ e−λ1t‖g‖L2(U) (t ≥ 0),

where λ1 > 0 is the principal eigenvalue of −∆ (with zero boundary conditions) on U .
Hinweis. For the proof, you may use that there exists an orthonormal basis of L2(U) of eigenfunctions
of the Laplacian. Namely, there exists (wk)k ⊂ H1

0 (U) orthonormal basis of L2(U) with

∆wk = λkwk,

where 0 < λ1 ≤ λ2 ≤ . . . with λk →∞ for k →∞.

Aufgabe 3
Let us consider Galerkin’s method for the Poisson’s equation: suppose f ∈ L2(U) and assume that
um =

∑m
k=1 d

k
mwk solves

ˆ
U
Dum ·Dwk dx =

ˆ
U
f · wk dx

for k = 1, . . . ,m. Show that a subsequence of (um)∞m=1 converges weakly in H1
0 (U) to the weak solution

u of {
−∆u = f in U

u = 0 on ∂U.
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Aufgabe 4
Suppose H is a Hilbert space and

uk ⇀ u in L2(0, T ;H).

Suppose further that we have the uniform bounds

ess sup
0≤t≤T

‖uk(t)‖ ≤ C (k = 1, . . . ),

for some constant C > 0. Prove

ess sup
0≤t≤T

‖u(t)‖ ≤ C.

Hinweis. If v ∈ H and 0 ≤ a ≤ b ≤ T , we have
ˆ b

a
(v, uk) dt ≤ C‖v‖|b− a|.


