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Aufgabe 1
Consider the Hilbert space l2 defined by

l2 =
{
x = (xk)∞k=1 : xk ∈ R ∀k ∈ N,

∞∑
k=1

x2
k < +∞

}

with scalar product

(x, y) =
∞∑
k=1

xkyk.

(a) Define by

(en)k =
{

1 if n = k,

0 otherwise

a sequence of orthonormal vectors. Show that A = {en}n∈N satisfies span(A) = l2.

(b) Consider the sequence xn = nen for n ∈ N. Show that limn→∞(xn, em) = 0 for all m ∈ N, but
that xn does not converge weakly.

Aufgabe 2
Let 1 < p <∞ and let ϕ ∈ C∞c (Rn), ϕ 6= 0.

(a) Fix α > 0 and define ϕαj (x) = jαϕ(jx). Check for which α > 0 the sequence {ϕαj }j converges
weakly (resp. strongly) in Lp(Rn) as j →∞ to some function ϕα∞.

(b) Fix τ ∈ Rn, τ 6= 0, and define ϕτj (x) = ϕ(x+ jτ). Does the sequence {ϕτj }j converge weakly (resp.
strongly) in Lp(Rn) as j →∞ to some function ϕτ∞?

Aufgabe 3
Let 1 < p <∞ and let Ω ⊂ Rn be open and bounded. Let {uj}j ⊂W 1,p(Ω) be such that

sup
j∈N
||uj ||W 1,p(Ω) < +∞.

Prove, upon extracting a subsequence, that there exists u ∈W 1,p(Ω) such that uj ⇀ u in W 1,p(Ω) as
j →∞.

Aufgabe 4
Let Ω ⊂ Rn be open. We denote by H−1(Ω) the dual space of the Hilbert space H1

0 (Ω) (which we do
not identify with itself!), equipped with the operator norm.
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(a) Let f0, f1, . . . , fn ∈ L2(Ω). Prove that the application

f(u) =
ˆ

Ω

(
f0u+

n∑
k=1

fk∂ku
)

dx, u ∈ H1
0 (Ω) (1)

defines a linear and continuous operator f ∈ H−1(Ω).

(b) Let f ∈ H−1(Ω). Show that there exist f0, f1, . . . , fn ∈ L2(Ω), such that f is given by (1).
Hinweis. Use the Riesz’ Representation Theorem.

(c) Prove that the operator norm on H−1(Ω) can be written equivalently in the following form:

||f ||H−1(Ω) = inf


(

n∑
k=0
||fk||2L2(Ω)

)1/2

: f0, f1, . . . , fn ∈ L2(Ω)

 .


