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'y Introductory examples
10 ASCII

ASCII Letter recognition
m Assume given images u; of say 256 x 256 pixels

m true corresponding ASCII letter a enumerated by 1...95 (printable
letters)

BHd769
ABCDPEH Ik OMN
LE6789
ABCDEHIJKLMN

Figure: Some handwritten ASCII letters and their recognized counterparts
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Introductory examples

More..
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Math viewpoint
R65536 and outputs a; € {1...95}

m Task: Automatically figure out which is the correct letter for a new
u.

® Inputs u; €
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Introductory examples

More..

A

Math viewpoint
m Inputs u; € R%536 and outputs a; € {1...95}

m Task: Automatically figure out which is the correct letter for a new
u.

More scenarios

m Have geographical position, ground size, infrastructure flags and
water quality as input, resulting house prices for those areas

m Customer information and the associated probability of payback of
loans they ackquired

m Aim: Predict the prices for houses / chances of loan payback given a
new customer.
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Abstract viewpoint

Input data from some set X C R¢
Output data from some set Y C R

Given data samples

D={(z;,y;) |z, € X,y; €Y, i=1...N}

m Task: For given D find
f: X—=>Y

that represents the connection betweeen inputs and outputs and
ideally generalizes D.
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Some function classes
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5.y

Ideas

m f € C°(X) reasonable

m Maybe linear functions: Linear Regression
m Polynomials: Standard Interpolation
[

Kernel induced functions! Coming next.
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“£° Kernels

Definitions

Kernel Definition

Given some input space Q C R? a symmetric positive definite kernel
(s.p-d.) ® is a mapping

P:OxQ—R
that satifies

O(z,y) = 2(y,x) Va,yel (1)

N
Zaiozjq)(xi,xj) >0 VaeRY z;€Q,i=1....NYNeN (2)

ij

9/46



SimTech

— —
Cluster of Excellence

5y Kernels

Examples

Some kernel examples

Assume z,y € RZ.

1. Linear kernel:
2. Polynomial kernel:

for p € N.

3. Gaussian kernel:

for v >0

D(z,y) =

®(x,y) :

b(x,y) =€

(z,y)

(z,y) +1)?

_lz—yli?
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Kernels

Function Spaces

Induced function space
For every s.p.d. kernel ® consider the span of functions

Fg := {®(z,) |2z € Q}) = {Zm Ti, ) |N€N,xieﬂ,a€RN}

Equip this space with a scalar product
<(I)(I1a ')7 @(Ij, ')>Fq> = (I)(‘rla mj)

to get a pre-Hilbert space (sums canonically).
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Kernels

Function Spaces

Induced function space

For every s.p.d. kernel ® consider the span of functions

Fg := {®(z,) |2z € Q}) = {Zm Ti, ) |N€N,xi€Q,a€RN}

Equip this space with a scalar product
(@(z4,), ®(25,)) ,, 1= Pl@i, 25)

to get a pre-Hilbert space (sums canonically).

Completion: RKHS
The completion Ng () := Fy of Fy is a Hilbert space, referred to as

m Native space of ®
m Reproducing kernel Hilbert space (RKHS)
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Kernels

Approximation with Kernels

Situation
m Recall: Want to find representing/generalizing function f : X — Y
m Recall: Given data samples D = {(z;,y;) |t =1... N}
m Now choose f € Fg, i.e.

N

f@) =" a;i®(z, ;)

=1

Later f € Ng(Q), details follow
m New Task:

m Choose/find suitable kernel ®
m Choose/compute suitable coefficient (vectors) o € R?
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Method 1: Kernel Interpolation

Theory

Quick 'n Dirty: Kernel Interpolation

m Have conditions
yr = f(zg) Zafbrk,n k=1...N,

m Reformulation leads to

@(ml,ml) 000 @($1,$N) (651 Y1

S(zy,z1) ... Plzy,zN) an YN
m Matrix form Defining K; ; := ®(x;,x;),Y = (y;); we obtain
Ka=Y.

Only uniquely solvable if K is invertible! (Details out of scope..)
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i Method 1: Kernel Interpolation

Example

[Ifl|= 75.08351

5 10 15 20 25 30

Figure: Kernel Interpolation example with Gaussian kernel and v = 2.5
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Now lets consider a different way to select the « coefficients: statistical
learning theory.

What is “learning”?

m In real life: Some previously unknown process can be performed
better the next time.

m In math context: Figure out how the mapping f works, i.e. increase
the quality of a response f(x) to the true data (z,y).

Most generally: Everything is probability!

m Assume D to be generated by probability distribution
P:XxY = RT.

m Task: "Learn” distribution P only using D so that we can predict
the future outputs once an input is given.

m Vital assumption: Same process generates future data!
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% Quality measures
How to measure the quality of a prediction?

Loss functions

Measure quality/discrepancy via loss functions (or cost functions)

L(z,y, f(x))

Examples:

1. Hinge-Loss:
L(LL', Y, f(x)) - max{(), 1- yf(x)}

2. Least-Squares:

L(z,y, f(2)) = (y - f(2))?
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'} Expected loss & learning goal

How does f “learn” the probability distribution?
Expected loss / risk

Rpp(f) = / L(z,y, f(z))dP(z,y)

XxXY

for a given mapping f: X — Y.

niversitat Stuttgart

Germany

Define
H={g|lg: X—>Y}

to be all possible mappings betweeen X and Y. Then we set the

Learning goal

Minimize the expected loss / risk:

* ° R
f arg min £.p(f)
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%\ Empirical Risk

We know the distribution at some points: D. This is the discrete version

N
Z: lJL

of P. This gives the

Empirical risk

1 N
Reppf) = [ Ly, f@)dPole,y) = 1 3 Lo fa1)

XXY i=1
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A‘f\: Empirical Risk Minimization

Consequently, we obtain the

Empirical Risk Minimization (ERM) problem

N
. ) 1
fo = argmin Ry, p, (f) = arg min ; L(zi,yi, f(zi))  (3)
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%1 Learning methods

Now we have the discrete learning goal. But by which method?

Types of learning: Learning methods

m Supervised
L is independent of z, so

L(z,y, f(z)) = L(y, f(2))

. Means labels/output values for an input are known; regression is
supervised learning.

m Unsupervised
L is independent of y, so

L(z,y, f(2)) = L(z, f(z))

. Labels/outputs are not known; clustering algorithms are a famous
example.

niversitat Stuttgart
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» Recall the ERM problem

N

o1
fo = argmin = ;L(qu-, Yir f (2:))-
m Recall: H contains all possible mappings

m Obviously f(z) = {yk

T = Tk . e
,x € X is a minimizer!
0 else

. but very bad generalization (overfitting).
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% Trivial Learning
A Recall the ERM problem

N

o1
fo = argmin = ;L(qu-, Yir f (2:))-
m Recall: H contains all possible mappings

m Obviously f(z) = {yk

0 Z; T ,z € X is a minimizer!
. but very bad generalization (overfitting).

So we need

Regularized ERM

For some A > 0 use (assume # is normed)

fp =arg;rg£%||f|\i+RL,pD(f) (4)
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K Why regularization?

Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L(y, f(x)) = max{0, 1 — yf(x)} (Hinge-Loss).
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge-Loss).
N
m Then Ry py(f) = 5 2 L(yi, f(zi)) = 5 1=
i=1

i=1
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L{y. f(x) = max{0,1 = y(2)} (Hinge-Loss).
N
m Then Ry p,(f) = & 2 Lyi, f(2:) = % Z

7—1 =
® So M| follF, < MIfpll3, + Re.py(fp) < A H 13+ Re.py (0) = 1,
—— Y

=0 =1
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge—Loss)
N
m Then Rpp,(f) = § 2 Ly, (i) = Z

7—1 =
m So A|lfpll3; < AIfpll3 + Repp(fp) < A H 15+ Re,pp (0) = 1,
—_— ——
-0 =1
m But this means || fpl|,, < \/g
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge—Loss)
N
Then Ry p, (f) = 5 2 L(yi, f(2:) = & Z

=1 =
So AlIfpll3 < MIfoll3 + R,y (fp) < A H I3+ Rr.pp (0) = 1,
—— Y

=0 =1

But this means || fpl|,, < \@

m Let
Uy = {fe?—[ ] 11115 gx%}cH
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € #H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge—Loss)

Then Ry p,(f) = & % L(yi, f(x:)) = & 2

[

i=1 =
= So M|\l < Mfplls, + Re,po(F0) < MIOIJ3, + Re.p, (0) =1,

—— Y
=0 =1
m But this means || fpl|,, < \/g
m Let )
Hai={f et [l <A t}cn

m So fp is also a solution of

- in M|f|12 + R .
fp arg min 1113, + Re,po (f)
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge—Loss)
N
m Then Rpp,(f) = § 2 Ly, (i) = Z

i=1

m So A ||fpll3, < AlIfplls, + Re,pp (fp) < A u I3+ Rr.pp (0) = 1,
—— Y
=0 =1

m But this means || fpl];, < \/;

m Let
Uy = {fe?—[ ] 1Flly < A2 } cH

m So fp is also a solution of

- in M|f|12 + R .
fp arg min 1113, + Re,po (f)

m Functions f with || f[|,, > A~z are never solutions to the ERM
problem!
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Let us motivate this choice:
m Let fp be a ERM result, f =0 € H and
L(y, f(x)) = max{0,1 —yf(x)} (Hinge—Loss)
N
m Then Rpp,(f) = § 2 Ly, (i) = Z

i=1

m So A|lfpll5, < MIfplls, + Re.py (fp) < A H 13+ Re.py (0) = 1,
—— Y
=0 -1

m But this means || fpl|,, < \/;

m Let
Uy = {fe?—[ ] 1Flly < A2 } cH

m So fp is also a solution of

- in M|f|12 + R .
fp arg min 1113, + Re,po (f)

m Functions f with || f[|,, > A~z are never solutions to the ERM
problem!
m [ with smaller norm are “smoother”, hopefully better generalization!
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£ " Method 2: Support Vector Machines

Connection to original setting
Back to the original setting

m Want to compute the coefficients a of our kernel function

N
flz) = ;aﬁb(a:,fl)
m Choose N () C H!

m ERM problem is now

fD—arg mln AIfI5 + Re,po (f). (5)
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£ " Method 2: Support Vector Machines

Connection to original setting
Back to the original setting

m Want to compute the coefficients a of our kernel function

N
m Choose N () C H!

m ERM problem is now

fp =arg min MIF1e + Re,po (£)- (5)

e-insensitive loss function

L(x,y,f(:v)) _ ‘y_f(x)‘e — {|7/f(T)| -6 |7/7f(T)| > €

0, else

m Samples approximated better than ¢ are not considered

m Possibility of a sparse representation
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£ " Method 2: Support Vector Machines

Quadratic optimization!
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Final SVR optimization problem

N
1
fe N Hf”,/\/'[ N;Wi—f(xi”e (6)
L N N
= (frel]g}vk > a0 P (x5, ;) + N%: Yk — z;oq(b ThoT (7)
tog) = €

m Corresponds to a quadratic optimization problem for a € RY
m The Representer Theorem guarantees fp € Fg!

m For more information on solving those problems see [2, §9.1ff], for
example.
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'y Method 2: Support Vector Machines

Y An example

Germany

[Ifl= 22.22861
T

5 10 15 20 25 30

Figure: Kernel SVM example with Gaussian kernel (7 = 2.5,¢ = 3)
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Model Order Reduction of Biochemical Systems

Motivating example
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Biochemical systems: cell apoptosis simulation
m Described by PDE

m Spatial discretization yields large scale dynamical system

m Often also parameterized, i.e. TNF receptor inputs

ligands
cepors, T . VA
§_B~i~g §meme
pro-caspase 8
caspaseB
I -
' cascade

,U\’

caspase 3
pro-caspase 3

cell death

Figure: Cell death model
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Current settings

Base dynamical system

5.y

Base System

¥(t) = f(@)+Bult) (8)
2(0) = ao (9)
y(t) = Ca(t) (10)

System state z(t) € R? at times t € [0,7]]

Nonlinear system function f : R? — R?

Varying input function u : [0,7] — R™ and B € R4*™
Initial state zy € R4

Output conversion C' € RF*4
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* Reduction methods

Projection

Projection matrices

Compute matrices
V,W e R¥"

with W'V = I, (biorthogonality) and r < d (ideally r << d).

Reduction by projection

Projection of the base system (8) into the space spanned by V:

Z(t) = W'f(Vz(t) + Wi Bu(t) (11)
2(0) = W'zo=: 2 (12)
y'(t) = CVz(t) (13)

m Reduced state variable z(t) € R" at times ¢ € [0, T
m Reduced in- and output matrices W*B € R™*™ CV  R"*F
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Central idea

Approximate f from system (8) by a kernel expansion f:

m Requires N centers z; € R%, i =1...N

m Coefficient vectors « € R%, i =1... N
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A Reduction methods

Approximation by kernel expansions

Central idea

Approximate f from system (8) by a kernel expansion f:

m Requires N centers z; € R%, i =1...N

m Coefficient vectors « € R%, i =1... N

Universitat Stuttgart

Sample a solution
m Choose & fix initial values, inputs, parameters..
m Choose times 0 < ty...tny <T
m Compute z; := x(t;), i = 1... N (Expensive!)
|

For efficient argument evaluation: Set z; := VV'z;
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* Reduction methods

Combination

Combine both methods
m Projection of kernel expansions [1]
m Combination of form
N
fr(z)=w'fvz) =w'> ad(Vi )

i=1
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“#° Reduction methods

LA
%\ Combination

Efficient argument evaluations

m &(VZ, 2;) high dimensional

m Lossless reduction possible for special class of kernels

m Assume
T = ‘/’zri i1=1...N

Translation- and rotation invariant kernels (Gaussian)
Assume ®(z,y) = ¢(||z — y||;). Then

O(V2,2:) = o([[VZ = Vzillg) = 8(|2 = zillyeay) = 27(2, 2i),

with VIGV € R"™".
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“§ Projection of kernel expansions

Coefficient vectors and reduced system
Coefficient projection

Here we have

f(z) =w? ZaCI)(Vz, 15) = Z,@iq)(Vz,xi)

=1 i=1

with

B; := W'a € R” instead of a € R™.
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Projection of kernel expansions

Coefficient vectors and reduced system
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Coefficient projection

Here we have

N N
frz)=w')y ad(Vz,u) =) B,2(Vz,x:)
i=1 i=1
with

B; := W'a € R” instead of a € R™.

Reduced system with all low dimensional components

2 (t) = WEHf(VE(L) + W Bu(t Zﬁ (2 )+ W'Bu(t) (14)

2(0) = ZO =20 = W To (15)
y"(t) = CVE(1) (16)

.
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A‘f\: Finally..

Thank you for your attention!
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