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»Outline

Fundamentals

Exact Recovery

Adaptive Inverse Scale Space Method for Compressed Sensing
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» Fundamentals

» Many problems in applied math can be modelled as inverse problems like
Inverse Problem with Exact Data

Ki=g @

with a (linear) operator K, and given exact data g and the unknown exact
solution i
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» Fundamentals

» Many problems in applied math can be modelled as inverse problems like

Inverse Problem with Exact Data
Ki=g ()

with a (linear) operator K, and given exact data g and the unknown exact
solution i1, or - since the exact data is usually not available - like

Inverse Problem with Noisy Data
Ku=f )

with given noisy data f and unknown u
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» Since the operator K is usually not (continuously) invertible and since g is
usually not available, it is common to look for approximate solutions &I via the

variational framework
Variational Minimization Scheme

0 € argmin {E(u)} = argmin {He(Ku) + oJ(u) } €)
uedom()) uedom(/)

Martin Benning
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variational framework

Variational Minimization Scheme
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uedom()) uedom(/)

Bregman Distances

» The term H¢(Ku) is called fidelity term, while J(u) is called regularization term
with regularization parameter o« > 0

» The fidelity term measures the deviation between K and f, usually
considering the distribution of the noise in the data
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» Since the operator K is usually not (continuously) invertible and since g is
usually not available, it is common to look for approximate solutions &I via the
variational framework

Variational Minimization Scheme

0 € argmin {E(u)} = argmin {He(Ku) + oJ(u) } B)

uedom()) uedom(/)

» The term H¢(Ku) is called fidelity term, while J(u) is called regularization term
with regularization parameter o« > 0

» The fidelity term measures the deviation between K and f, usually
considering the distribution of the noise in the data

» The regularization term incorporates a-priori knowledge on the desired
solution &
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»Fidelities and Regularization Energies: Examples

» Typical fidelities are LP-norms, i.e. H¢(Ku) = ||[Ku — f||;»(5), usually to the
power of p (i.e. Hg(Ku) = J[|Ku — fHFZp(Z)), for p > 1 (in particular p = 2)

Martin Benning
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»Fidelities and Regularization Energies: Examples

» Typical fidelities are LP-norms, i.e. H¢(Ku) = ||[Ku — f||;»(5), usually to the
power of p (i.e. Hg(Ku) = J[|Ku — fop(z)), for p > 1 (in particular p = 2)
» Standard regularization energies, to mention a few:
> Squared L?-norm, with operator: J(u) = 3 ||Bul| o) (e.g. with B =1/, B =V etc.)
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»Fidelities and Regularization Energies: Examples

Bregman Distances

» Typical fidelities are LP-norms, i.e. H¢(Ku) = ||[Ku — f||;»(5), usually to the
power of p (i.e. Hg(Ku) = J[|Ku — fop(z)), for p > 1 (in particular p = 2)

» Standard regularization energies, to mention a few:
> Squared L?-norm, with operator: J(u) = 3 ||Bul| o) (e.g. with B =1/, B =V etc.)
> (-norm: J(u) = ||ul|;
» Total Variation: J(u) = TV(u) = supgec(arn) Jq U divg dx =~ [q [|Vul|s dx
llgllioe (@) <1
» And many many more...
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»Fidelities and Regularization Energies: Examples

> Typical fidelities are LP-norms, i.e. He(Ku) = [|[Ku — f|| ;¢ (5, usually to the
power of p (i.e. Hy(Ku) = 3 [|Ku — fHLp(z ), forp > 1(in partlcularp =2)
» Standard regularization energles to mention a few:
Squared L2-norm, with operator: J(u) = 3[|Bul|}; o) (e.8. with B =1, B = V etc))
-norm: J(u) = [|u|ex
Total Variation: J(u) = TV(u) = supgecs=(ar) Jo U divg dx = [ [|Vul|s dx
[1gllzoo (@) <1

v

vy

» And many many more...
» For us of particular interest:

ROF (Rudin-Osher-Fatemi)

0 € argmin {—||Ku f||Lz(z) I aTV(u)}
ueBV(Q)
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»Fidelities and Regularization Energies: Examples

> Typical fidelities are LP-norms, i.e. He(Ku) = [|[Ku — f||;p(x), usually to the
power of p (i.e. Hr(Ku) = %HKU — fop(z)), forp > 1 (in particularp = 2)
» Standard regularization energies, to mention a few:
> Squared L?-norm, with operator: J(u) = 3||Bul|; o) (e.g. with B =1, B =V etc.)
> (-norm: J(u) = ||ul|;
» Total Variation: J(u) = TV(u) = supgec=(qrr) Jo U divg dx ~ [ [|Vulln dx

[1gllioo (@) <1
» And many many more...

» For us of particular interest:

Compressed Sensing

N . (1
0 € argmin {—HKu —fllz + a||u\|g1}
uelr 2
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» Another way to obtain approximate solutions &I is via constrained
minimization

Constrained Minimization

i € argmin{/(u)} subjectto Ku = f (4)
uedom(/)

Martin Benning
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» Another way to obtain approximate solutions &I is via constrained
minimization

Constrained Minimization

i € argmin{/(u)} subjectto Ku = f (4)
uedom(/)

» The goal of this talk is to show that under appropriate conditions on the data
f and on the operator K, and with the right tool - namely the Bregman
distance - we are able to guarantee i =

6/30
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> Bregman Distance

» The Bregman distance of a functional / is defined as

D} (u,v) = J(u) = J(v) = {p,u—v),p € J(v), (5)

with 9J(v) denoting the subdifferential at position v, i.e.

Of(v) ={p € X" [J(u) = J(v) = (p,u —v)x = 0,Vu € X} ©)

Martin Benning
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> Examples

» Subdifferential Example:

Martin Benning
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» Subdifferential Example: Let us consider the absolute value function, i.e.
J(v) : R — Rxq with J(v) := |v|
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»Examples

» Subdifferential Example: Let us consider the absolute value function, i.e.
J(v) : R — Rxq with J(v) := |v|
» In that case the subdifferential is given as

Subdifferential J|u|

{1} forv > o
dlv| = sign(v) =< [-1,1] forv=o0
{—1} forv<o
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» In that case the subdifferential is given as

Subdifferential J|u|

{1} forv > o
dlv| = sign(v) =< [-1,1] forv=o0
{—1} forv<o

» This can easily be verified by case differentiation:
» v =o0: |u] > puis obviously verified forany u € Riff p € [—1,1]
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»Examples

» Subdifferential Example: Let us consider the absolute value function, i.e.
J(v) : R — Rxq with J(v) := |v|
» In that case the subdifferential is given as

Subdifferential J|u|

{1} forv > o
dlv| = sign(v) =< [-1,1] forv=o0
{—1} forv<o
» This can easily be verified by case differentiation:
» v =o0: |u| > puisobviously verified forany u € Riff p € [—1,1]

> v>o0:|ul > pu+ (1—p)visfulfilled forevery u € Riffp =1
» v <o:|ul > pu—(1+p)visfulfilled foreachu e Riffp = —1
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¢(z)=zlog z

Dy (x,y)=xlog £ —a+y

h(z)
¥y
3
= = = subgradient p 09 J(0)
25 —_—w =l
—— Bregman distance D(-2, 0)
2
15
1
05
0 -
05 J.--"
-1
=3 2 = 0 1

Bregman Distances

» The Bregman distance measures the
difference between J and a tangent of /

9/30

Martin Benning



— m— \VESTFALISCHE
= WILHELMS-UNIVERSITAT
MUNSTER
> Examples
(z)=zlog z

Dy (x,y)=xlog £ —a+y

h(z)

3
= = = subgradient p 09 J(0)
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Bregman Distances

» The Bregman distance measures the
difference between J and a tangent of /

atvinu

» For convex/the Bregman distance is
always non-negative; for strictly convex
Jwe even have Dj(u,v) = oiffu=v
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> Examples

(z)=zlog 2

Dy (w.y)=x log £ —x+y

h(z)

= = = subgradient p 9 J(0)

25 — ) =l
—— Bregman distance D(-2, 0)

Bregman Distances

» The Bregman distance measures the

difference between J and a tangent of /

atvinu

» For convex/the Bregman distance is

always non-negative; for strictly convex
Jwe even have Dj(u,v) = oiffu=v

» The Bregman distance is no metric; it is

usually not symmetric and does not

satisfy a triangular inequality

9/30
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> Bregman Distance as a Regularizer

Martin Benning
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> Bregman Distance as a Regularizer

» Replacing the regularization term J(u) with the Bregman distance Dj’k(u, Uk),
for px € 0J(uk), implies the following iterative procedure

Bregman Iteration

Ux = argmin {Hf(Ku) + ank’l(U, Uk—1)} @
uedom(/)

10/30

Martin Benning



-

— — \WESTFALISCHE

= WILHELMS-UNIVERSITAT .
MUNSTER Bregman Distances

> Bregman Distance as a Regularizer

» Replacing the regularization term J(u) with the Bregman distance Dj’k(u, Uk),
for px € 0J(uk), implies the following iterative procedure

Bregman lIteration

U, = argmin {Hf(Ku) ot aDj’H(u, uk_l)} @
uedom(J)
» Considering the optimality condition K*H}’C(Kuk) + a(px — px_,) =0asa
backward-Euler-discretization with stepsize «, Bregman iteration can be seen
as the discrete counterpart of

Inverse Scale Space Flow

op = —K*H}(Ku) 8)

10/30
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> In the case of H¢(Ku) = 3[|Ku — f||{2 (5 one can prove that solving (7) is
equivalent to solving the constrained minimization problem (4)

Martin Benning
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> Inthe case of He(Ku) = J||Ku — fHLz one can prove that solving (7) is
equivalent to solving the constramed m|n|m|zat|on problem (4)

> For the sake of simplicity we want to focus on Hp(Ku) = 3[|Ku — f|7, 5); the
variational scheme (3) and the inverse scale space formulation (8) therefore
modify to

Bregman Tools for the Remainder of this Talk

e 350?'(3 {EHKU —fllfaz) + d(u )} (9)
op = K* (f — Ku) (10)

Martin Benning
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> Exact Recovery

» When are we able to recover signals exactly?

Martin Benning
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> Exact Recovery

» When are we able to recover signals exactly?
» In order to answer this question, we want to introduce the term Eigenfunction

Martin Benning
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> Exact Recovery

» When are we able to recover signals exactly?
» In order to answer this question, we want to introduce the term Eigenfunction

Groundstates and Eigenfunctions

Let/: dom(J) C L?(2) — R U {oo} be a convex functional and K : L?(Q2) — L*(X)
a linear operator. Then, an Eigenfunction & with Eigenvalue ) satisfies

AK* KU € 0J(Ur) . (12)

12/30
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> Eigenfunctions of the two-homogeneous functional J(u) = 3 [[Vul| q):
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» Eigenfunctions of the two-homogeneous functional J(u) = %HVquZ(Q):
Eigenfunction of 2{|Vu||%. o
AK*Ki € 0J(0) = {—Ad} (12)

For K = I we have the classical Eigenfunction-problem of the Laplace operator, i.e.
-\ = A

Martin Benning
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» Eigenfunctions of /(u) = TV(u) are more complicated to discover;
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» Eigenfunctions of the two-homogeneous functional J(u) = %HVquZ(Q):
Eigenfunction of 2{|Vu||%. o
AK*Ki € 0J(0) = {—Ad} (12)

For K = I we have the classical Eigenfunction-problem of the Laplace operator, i.e.
-\ = A

» Eigenfunctions of J(u) = TV(u) are more complicated to discover; let us
therefore consider the subdifferential OTV first

TV-Subdifferential

OTV(u) = {divg | g € Co(2), 11900 = 1, (u, divg) = TV(u)} (13)

13/30
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

Martin Benning



-
— —— \WESTFALISCHE

WILHELMS-UNIVERSITAT
MUNSTER Bregman Distances | 14/30

» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example:
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example: We are going to show that for K = / the function &i(x) = sign(x) is
an Eigenfunction of TV with Eigenvalue A\ = 1/L forx € [—L, L]:

Martin Benning
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example: We are going to show that for K = / the function &i(x) = sign(x) is
an Eigenfunction of TV with Eigenvalue A\ = 1/L forx € [—L, L]:

= Eigenfunction-Example for J(u) = TV(u)

08

o ual variable The function q(X) f— (|X| — L)/L SatiSﬁES

: ~ q()=g(~1) =0

-02

-0.4

-0.6

-08

Martin Benning
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example: We are going to show that for K = / the function &i(x) = sign(x) is
an Eigenfunction of TV with Eigenvalue A\ = 1/L forx € [—L, L]:

= Eigenfunction-Example for J(u) = TV(u)

08

W The function g(x) = (|x| — L)/L satisfies
> q(l)=q(-L)=o0
o » g'(x) = Asign(x) (in a weak sense)

-0.4

-0.6

-08
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example: We are going to show that for K = / the function &i(x) = sign(x) is
an Eigenfunction of TV with Eigenvalue A\ = 1/L forx € [—L, L]:

= Eigenfunction-Example for J(u) = TV(u)
- The function g(x) = (|x| — L)/L satisfies
oﬁz » (L) =q(-L)=o0
° » g'(x) = Asign(x) (in a weak sense)
N > |9l =1

Martin Benning
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» In order to show that a particular function & is an Eigenfunction of TV with
Eigenvalue \, we need to show that there exists a g with divg = AK*K{ that
satisfies all the subgradient properties of (13)

» Example: We are going to show that for K = / the function &i(x) = sign(x) is
an Eigenfunction of TV with Eigenvalue A\ = 1/L forx € [—L, L]:

= Eigenfunction-Example for J(u) = TV(u)

o The function g(x) = (|x| — L)/L satisfies
q(l) =q(-L)=o
g’ (x) = Asign(x) (in a weak sense)

0.2

v

-02

v

-0.4

-0.6

v

e =1
(G,q") =TV(0) = 2

-08

s
&
&
°
°
&
-
v

Martin Benning



'
-

— m— \VESTFALISCHE

WILHELMS-UNIVERSITAT

MUNSTER Bregman Distances | 15/30

» As a last example we want to consider /(u) = ||ul|x; for an element
g € O||ul|» we have g; = sign(y;), Vj € {1,...,n}

Martin Benning



'
-

— m— \VESTFALISCHE

WILHELMS-UNIVERSITAT

MUNSTER Bregman Distances | 15/30

» As a last example we want to consider /(u) = ||ul|x; for an element
g € O||ul|» we have g; = sign(y;), Vj € {1,...,n}

» Example:
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» As a last example we want to consider /(u) = ||ul|x; for an element
g € O||ul|» we have g; = sign(y;), Vj € {1,...,n}

1 ifj=1i

» Example: We are going to show that i = §;/y =1/ isan

0 else
Eigenfunction of ¢* with Eigenvalue \ = 1/~ if the columns of the
m x n-matrix K are normed with respect to the 2-norm

Martin Benning
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» As a last example we want to consider /(u) = ||ul|x; for an element
g € 0||ul|» we have g; = sign(y;), Vj € {1,...,n}

N 1 ifj=1i,
» Example: We are going to show that i = §;/y =1/ { / isan

o0 else
Eigenfunction of ¢* with Eigenvalue A = 1/~ if the columns of the
m x n-matrix K are normed with respect to the 2-norm

Eigenfunction-Example for J(u) = ||u]|x

» Considering Ki yields the j-th column of K multiplied with A, i.e. AKyx;
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» Example: We are going to show that i = §;/y =1/ { / is an

o0 else
Eigenfunction of ¢* with Eigenvalue A = 1/~ if the columns of the
m x n-matrix K are normed with respect to the 2-norm

Eigenfunction-Example for J(u) = ||u]|»

» Considering Ki yields the j-th column of K multiplied with A, i.e. AKyx;
» Computing §; = A(K"Knx;); is equivalent to §; = A(fom, Kmnxi);
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» As a last example we want to consider /(u) = ||ul|x; for an element
g € O||ul|» we have g; = sign(y;), Vj € {1,...,n}

i,
is an
o else

Eigenfunction of ¢* with Eigenvalue A = 1/~ if the columns of the
m x n-matrix K are normed with respect to the 2-norm

N 1 ifj=
» Example: We are going to show that i = §;/y =1/ { /

Eigenfunction-Example for J(u) = ||u]|»

» Considering Ki yields the j-th column of K multiplied with A, i.e. AKyx;
» Computing §; = A(K"Knx;); is equivalent to §; = A(fom, Kmxi); hence, for
normalized columns of K we have g; = 1, while |§;| < 1, Vj # i
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» As a last example we want to consider /(u) = ||ul|x; for an element
g € O||ul|» we have g; = sign(y;), Vj € {1,...,n}

i,
is an
o else

Eigenfunction of ¢* with Eigenvalue A = 1/~ if the columns of the
m x n-matrix K are normed with respect to the 2-norm

N 1 ifj=
» Example: We are going to show that i = §;/y =1/ { /

Eigenfunction-Example for J(u) = ||u]|»

» Considering Ki yields the j-th column of K multiplied with A, i.e. AKyx;
» Computing §; = A(K"Knx;); is equivalent to §; = A(fom, Kmxi); hence, for
normalized columns of K we have §; = 1, while |g;| < 1, Vj # i = g € 00|
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» What are Eigenfunctions good for?
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» What are Eigenfunctions good for?
» We can recover them exactly up to a constant factor for an appropriately chosen
regularization parameter
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» What are Eigenfunctions good for?
» We can recover them exactly up to a constant factor for an appropriately chosen
regularization parameter
» With the use of Inverse Scale Space-methods (ISS) we can recover them exactly,
even in the presence of noise! (but only if the regularization functional is
one-homogeneous and under appropriate conditions on the noise)
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» What are Eigenfunctions good for?
» We can recover them exactly up to a constant factor for an appropriately chosen
regularization parameter
» With the use of Inverse Scale Space-methods (ISS) we can recover them exactly,
even in the presence of noise! (but only if the regularization functional is
one-homogeneous and under appropriate conditions on the noise)

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and let K : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction of / with corresponding Eigenvalue A. Then, if the data f is given via
f = yKi for a positive constant v, the solution of (9) is u = ci1 with

C=7—al, (14)

if v > a is satisfied.

16/30

Martin Benning



— — \WESTFALISCHE
WILHELMS-UNIVERSITAT
— MUNSTER Bregman Distances | 17/30

» How to prove it?

Martin Benning



— — \WESTFALISCHE
WILHELMS-UNIVERSITAT
— MUNSTER Bregman Distances | 17/30

» How to prove it? Just write it down!

Martin Benning



-
— — \WESTFALISCHE
WILHELMS-UNIVERSITAT .
MUNSTER Bregman Distances

17/30

» How to prove it? Just write it down!

1
= i - K - KA 2
u argumm{ZH u — K| +a/(u)}

= argmin {%HKU — cKi||? + of(u) — af(cid)
u

—”T_C@K*Ka, u— cﬁ)}
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» How to prove it? Just write it down!

1
= argmin { = ||Ku — yKal||?
u argumm{zu u —yKa|| +a/(u)}

= argmin {%HKU — cK||? + af(u) — of(cir)
u

—VT_CQK*KQ, u— ca>}

» Forc =~ — aX > owe have

Crucial Point

A

. 1 A &
u = argmin {EHKU — cKi|)* + aD/q(u, cu)} = u=cl
u
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» How to prove it? Just write it down!

1
= argmin { = ||Ku — yKal||?
u argumm{zu u —yKa|| +a/(u)}

= argmin {%HKU — cK||? + af(u) — of(cir)
u

—VT_CQK*KQ, u— ca>}

» Forc =~ — a) > o we have (with g = \K*K@ € 9J(&1) = 9J(clr))

Crucial Point

A

. 1 A &
u = argmin {EHKU — cKi|)* + aD/q(u, cu)} = u=cl
u
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» Under appropriate assumptions on the noise we can also recover multiples of
Eigenfunctions in the presence of noise
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» Under appropriate assumptions on the noise we can also recover multiples of
Eigenfunctions in the presence of noise

Noisy Data

Let the same assumptions hold as in the previous theorem. Furthermore, the data
f is assumed to be corrupted by noise n, i.e. f = vKi + n for a positive constant -,
such that there exist positive constants x and n with

uK*Kt +nk*n € 9J() . (15)
Then, the solution of (9) is given via u = cii for

)\_
c:y—aAJrT, (16)

if v satisfies the SNR-condition v > p/nand if 1/n < o < /X + 1/ holds.

18/30
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> Examples

» We again consider {i(x) = sign(x)
forx € [—1,1]
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» The following plots show the
ROF-computations for
a =7/10,3/10,1/20
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> Examples

» We again consider {i(x) = sign(x) » Now we add noise

forx € [—1,1] n(x) = — cos(26mx)/10
» The following plots show the

ROF-computations for

a =7/10,3/10,1/20
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» We again consider {i(x) = sign(x) » Now we add noise
forx € [—1,1] n(x) = — cos(26mx)/10
» The following plots show the » Again, we show the
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
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c=1—a+(1-pu)/n
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe

» In the noisy case, according to (16), the loss of contrast can be computed via
c=1—a+(1-n)/n

» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast

predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we

therefore consider g with
q(x) = (1 — x|) + (ysin(26mx))/(2607)

Properties of g

> [q(0)| =
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast

predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we

therefore consider g with
q(x) = (1 — x|) + (ysin(26mx))/(2607)

Properties of g

> lg(0) = p=p=1
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast

predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we

therefore consider g with
q(x) = (1 — x|) + (ysin(26mx))/(2607)

Properties of g

> [go)l=p=p=1=c=1-a
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g

> lg)l=p=>p=1=c=1-a
> q(=1) =q(1) =o
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g

» go)|=p=>p=1=2c=1—q
> q(=1) =q(1) =o
> (g, 0) =TV(d) = 2
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g

go)| =p=p=1=2c=1-a
g(-1) =qg(1)=o0
(@.8) = V(&) = 2

What about ||g]|cc < 17
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

lglo)|=p=>p=1=2c=1—« » a=7/10
9(-1)=g(1) =0

(@.8) = V(&) = 2

What about ||g]|cc < 17
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

lglo)|=p=>p=1=2c=1—« » a=7/10=1n>10/7
g(-1) =qg(1)=o0

(q,0) = V(@) = 2

What about ||g]|cc < 17
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe
» In the noisy case, according to (16), the loss of contrast can be computed via

c=1—a+(1-p)/n
» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe

» In the noisy case, according to (16), the loss of contrast can be computed via
c=1—a+(1—u)/n

» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

» lglo)=p=>p=1=c=1—« » a=7/10=n12>10/7=|q|lcc <1
» g(—1)=gq(1)=o0 » a=3/10=1n>10/3= ||q|lec <1
> (q',0) =TV(0) =2
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe

» In the noisy case, according to (16), the loss of contrast can be computed via
c=1—a+(1—u)/n

» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

» lglo)=p=>p=1=c=1—« » a=7/10=n12>10/7=|q|lcc <1
> g(—1)=g(1) =0 > a=3/10=172>10/3= [[qll <1
» (g, 0y =TV(0) =2 » o =1/20=17> 20

» What about ||g]|c < 17
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe

» In the noisy case, according to (16), the loss of contrast can be computed via
c=1—a+(1—u)/n

» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

» lglo)=p=>p=1=c=1—« » a=7/10=n12>10/7=|q|lcc <1
» g(—1)=g(1) =o > a=3/10=172>10/3= (gl <1
» (¢',0) =TV(0) =2 » a=1/20=1n>20=[|q|e >1
» What about ||g]|c < 17

Martin Benning
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» In the noise-free case we have ¢ = v — aA = 1 — « as the loss of contrast
predicted by (14), which is exactly what we observe

» In the noisy case, according to (16), the loss of contrast can be computed via
c=1—a+(1—u)/n

» Condition (15) reads as usign(x) — n cos(26mx)/10 € OTV(sign(x)); we
therefore consider g with

a(x) = u(1 ~ ) + (5 sin(267x)) /(2607)

Properties of g How to choose 1 ?

» lglo)=p=>p=1=c=1—« » a=7/10=n12>10/7=|q|lcc <1
> g(—1)=g(1) =0 > a=3/10=172>10/3= [[qll <1
» (g, 0y =TV(0) =2 » a=1/20=1>20=[|q|lec > 1
» What about ||g]|c < 17 » Condition (15) is violated!
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» For one-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L?(2) — R U {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = ~Kd for a positive constant ~, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.
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Let/: dom(J) C L?(2) — R U {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = ~Kd for a positive constant ~, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove?
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» For one-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L?(2) — R U {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = ~Kd for a positive constant ~, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

»

3
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = vKi for a positive constant v, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

Proof

A~V

&

> Yves Meyer= u =ofort < t,
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = vKi for a positive constant v, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

Proof

A~V

&

» Yves Meyer = u = o fort < t, = Op = K*f = vK*Kli
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = vKi for a positive constant v, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

Proof

«~? » Yves Meyer = u = o fort < t, = Op = K*f = vK*Kli
é » p(t) = tyK*Ki
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = vKi for a positive constant v, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

Proof

«~? » Yves Meyer = u = o fort < t, = Op = K*f = vK*Kli
é » p(t) = tyK*Ki = t. = \/vy
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» Forone-homogeneous functionals the ISS allows us to exactly recover
Eigenfunctions in finite time

Clean Data

Let/: dom(J) C L*>(2) — RU {oo} be a convex and one-homogeneous functional
and letK : L?(Q2) — L*>(X) be a linear operator. Furthermore, let & be an
Eigenfunction with corresponding Eigenvalue \. Then, if the data f is given via

f = vKi for a positive constant v, the solution of the Inverse Scale Space Flow
(10) attime t > t. = \/yisu(t) = 0.

How to prove? Yes, just write it down again!

Proof

«~? » Yves Meyer = u = o fort < t, = Op = K*f = vK*Kli
é » p(t) = tyK*Kil = t. = X/~ (continuous extension)
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» Even in the presence of noise exact recovery can be possible
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» Even in the presence of noise exact recovery can be possible

Noisy Data

Let the same assumptions hold as in the previous theorem. Furthermore the data
f is assumed to be corrupted by noise n, i.e. f = K + n for a positive constant ~,
such that there exist positive constants i and 7 that satisfy (15). Then, the
solution of the Inverse Scale Space Flow (10) for time

te = (An)/(yn+ X — n) <t <t isgiven via u(t) = ci for

Bregman Distances | 22/30

c=y+——. (17)
n
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Noisy Data

Let the same assumptions hold as in the previous theorem. Furthermore the data
f is assumed to be corrupted by noise n, i.e. f = K + n for a positive constant ~,
such that there exist positive constants i and 7 that satisfy (15). Then, the
solution of the Inverse Scale Space Flow (10) for time

te = (An)/(yn+ X — n) <t <t isgiven via u(t) = ci for
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c=y+——. (17)
n

» Remarkable:
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» Even in the presence of noise exact recovery can be possible

Noisy Data

Let the same assumptions hold as in the previous theorem. Furthermore the data
f is assumed to be corrupted by noise n, i.e. f = K + n for a positive constant ~,
such that there exist positive constants i and 7 that satisfy (15). Then, the
solution of the Inverse Scale Space Flow (10) for time

te = (An)/(yn+ X — n) <t <t isgiven via u(t) = ci for

Bregman Distances

C=y+—. (17)
n

» Remarkable: assume v = 1; for A = p we have u(t) = {1, no matter what
value 7 takes (as long as 1 and p satisfy (15))
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> Examples
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> Examples

Bregman Iteration Nr. . 1 . Bregmen Iteration Nr. . 1
08 08 08 08
08 06 08 08
04 04 04 04
02 02 02 02
0 0
0.2 0.2 0.2 0.2
04 04 04 04
06- 06 06 06
08- 08 08 08
1 L . 1 . L . - - . - 1 L .
1 05 0 05 1 1 05 0 05 1 A 05 0 05 1 1 05 0 05 1

Martin Benning
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» Adaptive Inverse Scale Space Method for Compressed Sensing
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» Adaptive Inverse Scale Space Method for Compressed Sensing

» The ISS formulation can also be used to develop a fast and stable
compressed sensing algorithm

CS Setup 1

(1
ue argmm{5||Ku—f||§z+aHu||g1} (18)

uer
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» Adaptive Inverse Scale Space Method for Compressed Sensing

» The ISS formulation can also be used to develop a fast and stable
compressed sensing algorithm

CS Setup 2

(1
Uy, € argmin {—||Ku —fllz= + aDﬁf‘” (u, uk)} (18)
uelt 2 ¢
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» Adaptive Inverse Scale Space Method for Compressed Sensing

» The ISS formulation can also be used to develop a fast and stable
compressed sensing algorithm

CS Setup 2

1
Uy, € argmin {EHKU —fllz +aDf% (u, uk)} (18)
uelt

[I-llex

» If we consider the related Inverse Scale Space Flow, i.e. d;p; = (KT (f — Ku));,
(p € £>°) we can also think of CS setup 2 as

CS Setup 2

min ||u|| subject to Ku = f (19)
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» We know p € J||ul|» < p; = sign(u;) and hence, for u # o we have
1Pllee =1
» Due to Yves Meyer we know that for the ISS we have u(t) = o fort € [o, t,];
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» We know p € J||ul|» < p; = sign(u;) and hence, for u # o we have

[[plle= =1
» Due to Yves Meyer we know that for the ISS we have u(t) = o fort € [o, t,];
hence, we can easily compute t; and p(t,) via

First non-trivial p at t,

» Meyer=-u=oin|o,f]
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hence, we can easily compute t; and p(t,) via

First non-trivial p at t,

» Meyer=u=oin[o,t,[ = dp; = (K'f), in [0, 1]
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» We know p € d|ul|, < p; = sign(u;) and hence, for u # o we have
1Plle=e =1

» Due to Yves Meyer we know that for the ISS we have u(t) = o fort € [o, t,];
hence, we can easily compute t; and p(t,) via

First non-trivial p at t,

» Meyer=u=oin[o,t,[ = dp; = (K'f), in [0, 1]
» Continuous extension = p;(t;) = t,/ (K'f),
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» We know p € d|ul|, < p; = sign(u;) and hence, for u # o we have
1Plle=e =1

» Due to Yves Meyer we know that for the ISS we have u(t) = o fort € [o, t,];
hence, we can easily compute t; and p(t,) via

First non-trivial p at t,

» Meyer=u=oin[o,t,[ = dp; = (K'f), in [0, 1]
» Continuous extension = p;(t;) = t,/ (K'f),
> Ipt)lle = 1=t =1/ |[KTf|| o
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» We know p € d|ul|, < p; = sign(u;) and hence, for u # o we have
1Plle=e =1

» Due to Yves Meyer we know that for the ISS we have u(t) = o fort € [o, t,];
hence, we can easily compute t; and p(t,) via

First non-trivial p at t,

» Meyer=u=oin[o,t,[ = dp; = (K'f), in [0, 1]
» Continuous extension = p;(t;) = t,/ (K'f),

> p(t)lles = 1=t = 1/ |K7f]]

> pi(ts) = (K7F), / |[KTF |

Martin Benning
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» In order to determine u(t,) from p(t,) we want to define the set
I, :={i| |pi(t)| = 1} and denote the projection on /, via P;,; then we can
obtain the following result
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» In order to determine u(t,) from p(t,) we want to define the set
I, :={i| |pi(t)| = 1} and denote the projection on /, via P;,; then we can
obtain the following result

Determining u(t,) from p(t,)
We can determine u(t,) from

u = argmin {||KP,u — f|7. } (20)
u

subject to Pcu = o and u;p; > o fori € I, with /f denoting the complement of /;
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)

Update of the Dual Variable

» We know that there exists a time t, > t, such that u remains contstant for
t e[t to],ie. u(t) = u(ty) in [t t;]

Martin Benning
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)

Update of the Dual Variable

» We know that there exists a time t, > t, such that u remains contstant for
t e[t to],ie. u(t) = u(ty) in [t t;]
» Hence, we can construct

pi(t) = pi(ty) + (t — &) (KT (F — Ku(t.))), (21)

in order to satisfy d;p; = (K" (f — Ku(t,))), and p;(t;) = (K'f). / ||K"f]| ;o
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)

Update of the Dual Variable

» We know that there exists a time t, > t, such that u remains contstant for
t e[t to],ie. u(t) = u(ty) in [t t;]
» Hence, we can construct

pi(t) = pi(ty) + (t — &) (KT (F — Ku(t.))), (21)

in order to satisfy d;p; = (K" (f — Ku(t,))), and p;(t;) = (K'f). / ||K"f]| ;o

» Note that we have P, p(t) = P,,p(t,) and therefore ||P,,p(t)]|s~= = 1, while for
small t — t; we have ||Piep(t)][¢c < 1, since [|Pep(ty)]le= <1
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)

Update of the Dual Variable

» We know that there exists a time t, > t, such that u remains contstant for
t e[t to],ie. u(t) = u(ty) in [t t;]
» Hence, we can construct

pi(t) = pi(ty) + (t — t.) (KT (f — Ku(t,))), (22)
in order to satisfy d;p; = (K" (f — Ku(t,))), and p;(t;) = (K'f). / ||K"f]| ;o
» Note that we have P, p(t) = P,,p(t,) and therefore ||P,,p(t)]|s~= = 1, while for

small t — t; we have ||Piep(t)][¢c < 1, since [|Pep(ty)]le= <1
» |ldea:
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» Given p(t,;) and u(t,), it actually turns out to be easy to proceed to p(t,)

Update of the Dual Variable

» We know that there exists a time t, > t, such that u remains contstant for
t e[t to],ie. u(t) = u(ty) in [t t;]
» Hence, we can construct

pi(t) = pi(ty) + (t — t.) (KT (f — Ku(t,))), (22)
in order to satisfy d;p; = (K" (f — Ku(t,))), and p;(t;) = (K'f). / ||K"f]| ;o
» Note that we have P, p(t) = P,,p(t,) and therefore ||P,,p(t)]|s~= = 1, while for

small t — t; we have ||Piep(t)][¢c < 1, since [|Pep(ty)]le= <1
» |ldea: find ¢, as the minimal time ¢ such that

[P (pte) + (¢ e (7~ kue))) || =1 (2)
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» We can summarize the previous considerations to the following algorithm
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» We can summarize the previous considerations to the following algorithm

Adaptive Inverse Scale Space for Compressed Sensing

Algorithm 2 Adaptive Inverse Scale Space for Compressed Sensing
1. Parameters: K, f, 6 > o
2. Initialization: t, = 1/ ||K7f||,.. , p(t.) = t. K'f, Iy = {i | |pi(t,)| = 1}
while [[Ku — f|l,» < 6 do
Compute u(ty) from (20) with P,
Obtain t, as the minimal time for which (22) holds
Update the dual variable via (21) with t = ¢,
Compute /s = {7 |pi(tit1)| = 1}
end while
return u(ty)

Martin Benning
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» Computational Results
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» Computational Results

Frequency of exact recovery vs. Sparsity of the input signal Recovered sparsity vs. Sparsity of the input signal
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» Computational Results

Frequency of exact recovery vs. Sparsity of the input signal Recovered sparsity vs. Sparsity of the input signal
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Thank you for attention!

Martin Benning
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