Holder spaces
» QcR"” open, bounded

» ueCYQ)

> 0,1
relodl [u(x) — u(y)l

[uly:= sup =y

x,yeﬁ,x;éy
Definition (Holder space)
For ue C*(Q) define the Hélder norm

— a _ a
” u“ck,y(ﬁ) - Z ”D u”cO(Q) + Z [D u]y .
lal<k lal=k

The function space
Ck’Y(ﬁ) = {u € Ck(ﬁ) | ”u”Cka(ﬁ) <OO}

is called the Hélder space with exponent .

> Ck'O — Ck
» CO! = space of Lipschitz-continuous functions



Theorem (Holder space)

The Hélder space with the Hélder norm is a Banach space, I. e.
» CkY(Q) is a vector space,
> - llcryg) is @ norm,

» any Cauchy sequence in the Hélder space converges.

Proof.

Homework!



Weak derivative

> u,vell (Q)
» a a multiindex
» C(Q) = infinitely smooth functions with compact support in Q

Definition
v is called the ath weak derivative of u,

D%u=v,

if
(1) qu“wdx:(—l)l‘”f vy dx
Q Q

for all test functions y € C°(Q).
Remark

» (1) = k times integration by parts

» u smooth = v = D%u is classical derivative



Weak derivative

Example (on Q= (0,2))

Lo - u@={ie
- v ={ e
v = Du, since for any ¥ € CX(Q)
2 2
f u1//dx=...=—f vy dx,
0 0
2. = ={3i053
u does not have a weak derivative, since
2 1
—f m//dx:...:—f wdx—-w()
0 0

cannot be fulfilled for all ¢ € C2(Q) by any veLlloc(Q)



Lebesgue spaces

Definition (Lebesgue space)
Let pe[1,00].

(JolwP dx)llp (p < o00)
esssupgq|ul (p=00)

lullr ={

The Lebesgue space with exponent p is

LP(Q) ={u:Q— R |u measurable with [[ullzr@q) <oco}.

Theorem (Lebesgue space)
LP(Q) is a Banach space.



Sobolve spaces
Definition (Sobolev space)
Let pe[l,00], k€Np. The space

wkrQ) = {ue LIIOC(Q) |weak derivative D*u e LP(Q) for all |a| < k}

with llzell (Zlalskfg |Dau|pdx)1/p lsp<oo
k, =
wkpr(Q) Z|a|5kesssupQ|Dau| p:OO

is called a Sobolev space.

Theorem (Sobolev space)
WXP(Q) is a Banach space.

Remark
» WOP(Q) = LP(Q)
> WP(Q) = closure of CX(Q) in WrP(Q)
» H*(Q) = W*2(Q) are Hilbert spaces (what is inner product?)



Properties of Lebesgue and Sobolev functions
Theorem (Holder's inequality)
> p,p*ell,oo] with L+ L =1

A - f Fgldx < I flr@lgl e o
» felP, gelLP Q

Theorem (Trace theorem)

Let Q < R" bounded, 0Q Lipschitz. There exists a continuous linear
operator T: WVP(Q) — LP(09Q), the trace, with

(i) Tu=ulsq if ue WHP(Q)nC’(Q),
(i) I1Tullrroo) = Cllullwir @),
(i) Tu=0 o uew,” Q).

Theorem (Poincaré’s inequality)
Q cR" bounded, open, connected, 0Q Lipschitz. 3C = C(n, p,Q)

lu— fqudxlir < CliVullro YuewlhPQ)
1,
lullzr) < CliVullrr @) Vue W, P(Q)



Embedding theorems

Theorem (Sobolev embedding)
QcR" open, bounded, dQ Lipschitz, my, my € Ny, p1, p2 € [1,00). If

my = mp andml—ﬁzmz—%

then WPL(Q) c W2:P2(Q)) and there is a constant C>0 s. t.
lullwmie @) < Cllullwmer: () Yu.
If the inequalities are strict, W P1(Q) — W™2P2(Q)) compactly.

Theorem (Holder embedding)
Q cR" open, bounded, Q Lipschitz, m,k €Ny, p € [1,00), a€[0,1]. If

m—%2k+a and a #0,1
then W™P(Q) c C**(Q) and there is a constant C>0 s. t.
lullwmr @) < Cllull cra g, Yu.

fm—2<k+a, W"P(Q)— CH(Q) compactly



