. |EI{X,p)—I-:I(x, Q| =Clp-gqlforaC>0,
o |H(x,p)—H(y,p)| = Cly—x|1+|pl).

Then there is at most one viscosity solution of 0 = H((t, x), (u,(f, x), Vu(t, x))) = 1 +
H(x, V) with given boundary data at t = 0.

Proof. See e.g. Bvans, “PDEs”, p. 587 |

(Semilinear) partial differential equations of second or--

der

In this section we consider semilinear equations of the form
n
> @i () Uy () + (V) w(x), x) = 0 (19)
ij=1

with the matrix A = (a;;);; symmetric (if u is twice continuously ditferentiable, the
matrix can be symmetrised due to Schwarz’ theorem),

Definition 36 (Classification). The second order partial differential equation (19) is
called

e elliptic, if A has n strictly positive eigenvalues,
= parabolic, if A has a zero eigenvalue,
e hyperbolic, if A has one positive and n— 1 negative eigenvalues.

Since multiplication with —1 does not change the equation, positive and negative may
be exchanged in the above. Nonlinear PDEs can be classified locally by their linearisa-
tion with respect to the second order derivatives. Since A may vary spatially, the PDE
may change its type.

Elliptic PDEs
Laplace’s equation
Au=0 (20)

physically describes the equilibrium of a diffusing quantity such as heat.
temperature: u:Q — R (in a piece of material ()

conductivity: a >0 (material parameter)
heat flux: F =—aVu (in direction of negative temperature gradient)
equilibrium:  netflux f;,, F-vdx into V ¢ Q is zero, hence

Ozf F-vdxzfdiVFdx:ﬁaf Audx,
av v \%

and (22) follows since V is arbitrary.

Definition 37 (Harmonic function). A twice continuously differentiable function u
satisfying (22) is called a harmonic function.
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Harmonic functions exhibit a number of convenient properties, which all more
or less relate to the smoothing properties of Laplace’s equation.

Theorem 38 (Mean value formula). Ifu is harmonic in Q,

i is harmonic in Q < 1(x) :f w(X)dx Luel? (21}
3B, (x)

forany ball B, (x) Q.
v e, - i - ) o~ 7o 5o e
Proof’:‘)m\‘@%{l«,wqé f f"f } i J‘ (% )@f Xz $ wixst?) oz,
b o =
oF e (%) Q¥ (o) s
e I 3 . { =R Jo Y o i f FANTR o
ﬁ‘. o =als) & ,ﬂm? i of Vo lxawa2)vp ey = 3 VulR)-v(x)oe "l ] .
i i 5 (%) 38 tx) RE, (<) B 0x)
f & Y Asuaene Ao (%) >, L2 da falt Ig {x) ol O :
f 0L i By ol Sey
we Y (v s —— ] e g 2L T
2oals RE, ) B &) v
Bemerkung 39. Using [y, (;, w(®)d% = J{ (fog,0 200 d%) ds = u2) fy (fop, o A7) ds =
1(x) we obtain a second mean value formula.
Wenn -—db'h»-ﬁ?iﬂcw'\[‘
Theorem 40 (Strong maximum principle). Aharmonic function ue C2() N C(Q)
has nostriet local maxima in Q. In particular,
max ¢ = maxu,
a a0
(The same holds for minima by replacing u with —u.)
Proof. jml@{'c;e:x}.*- te {’XD ) = M= e w tf:ﬂg" G R, € ‘M : wﬁf@, wr e
- L ‘
8 W \.3 v n,,:f!‘ii% .f:} i i ?
bt/ Vs 38 / Fe y M= W ix, )= f e < M e lead
ol of K “EJ"""‘J)
A b '1'{ o . "f'.i’ ;%S # ‘.“':.- # g ‘\Y - 4 » .
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Pé AL o, at’f ‘{k‘m} v ol f‘tﬁé'f’w j\f e e ;‘f\'w . f‘{(*‘«r"l';" ff‘"ee-"n.!“)f
Y,
oot f0 o1, = M on bl of 52 o
4 7 e
Theorem 41 (Harnack’s inequality). For each connected open set U < (Q there exists
a constant C = C(U) such that
supu < Cinfu
@ u
for all nonnegative harmonic functions u in .
4. g ~ . 7
Proof. ek v:i= Ti ot (WD) el X,y e U orbibrnrg witl Ix >yl v, Ve,
i Y 1
Y
K e = o4 f -
il = wilx 2 F ‘Ji [ o tdye
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g “u? (fq {dAFaA ¢ 2 I:‘ T
= A VLA ) y .
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Theorem 42 (Smoothness of harmonic functions). A harmonic function u € cl@)
s s . , N g A
is infinitely often differentiable inside (2. _ (1) ¢ " “pw el

. LN A [xh ; M) =
Proof. D&f{eyw./ -’1614 m@ﬁéfﬁ’f 75 (x J\'p’:' g; 7 (t. ) fﬁv &? cT"U = {[ o 26
LJ’(‘((\ c Specde ‘T%Dwf ¢+ :f ‘?axny“‘ =A . e ﬁL—Q-L"‘ ‘?8 € Cﬁ‘ !L";“”) b
Set e {x) :{}L * s V65 = f uly) gylnvyl Ay &= (5% ) f""f’ 525 f"& L , ottt (x, 3,52).}{»{

/

= e
14n. U= oom Ut
sokor S0 T Yoly .
g 6 = ) g (Ve rl) ety :_ff Jeth iy w
szf 4 _!g? (= \ B s
’_r ?{ff)(‘f_ _Lt(,‘w"}w’&?) ofr = t(x) J. ’?ECM ARt ol
S0 2, ) 'L Z.(0) P
: L 2 D gE
L ar k) L’gf“‘ i) olss =A L
=] [ Vo pal V‘} L=t
Poisson’s equation we
—Au(x) = f(x) ' (22)

is Laplace’s equation with a heat source term. Notwithstanding the theorem by Cauchy
and Kovalevskaya, it transpires that adequate boundary conditions for elliptic PDEs
are one condition on all of 42, e. g. the function value (Dirichlet boundary conditi-
ons, leading to the Dirichlet problem)

u=g ondQ (23)

or the normal derivative (Neumann boundary conditions, leading to the Neumann
problem)

du/dv=g ondQ. (24)

Theorem 43 (Uniqueness). The solution to the Dirichlet problem (22) with (23), if it
exists, is unique. The Neumann problem (22) with (24) can only have a solution under

the solvability condition
f flx)dx= —f g(x)dx.
Q a0

Ifit exists, it is unigque up to a constant.

= & A 4 <
- o I oo W62 dubeen i
PTOOf LPT{ e, v Ao ‘[opa; 50"350-f€'{*‘3-u f?"eu.y\ Las AU jcf,_rl”ﬂ\:. Dpr =0 a0l s 2] C{F'T
. o I L

ER S 4 £‘£’/V~Lwa/[ K h’g;vﬂ-'—w Ly 0w a,-Q . S}:’f- cebt 'J{:}:) r"Jc gmm’ aé?,.sﬁ i m«';}.ﬂ- ‘o mc&fd WS 0 '
Cor tmon. (26) dwfIdv Ty en D52 w0 Mt W o= ot .

{ ! L ; n— A &
fots *ﬁf’ts:’if' {}’n et (28) boe fLrvne _f ff\z} oy .._.J'_é ) o -;~f Fuyp e Ji f‘}ﬁ ¢j e

=2 @ o pk dh o
We will establish a handy formula for the solution of Poisson’s equation. To this

end, we first look for simple (radial) solutions of Laplace’s equation. Let r = |x| and
v(r) = u(x) be a solution of Laplace’s equation in R” \ {0}, Using dr/dx; = x;/r, i.e.
Uy, = V' ()X /7 and wy, = V" ()21 + V' () (1 — x2/r3), we obtain

n—1
v () + -—T—v'(r) =0,

which has the solution ¢/ (r) = r”?‘l for some constant a.
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