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_ )0 firx=2t/3 r—
° ult,x)= {1 sonst =
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(SchockzuErhaltungsform{{f;)ﬁ ‘:‘2—'3) x = 0; Rankine-Hugoniot: 3—“’; =52 _g=
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0w truy it » N L ; v,
3 [T )’ f_..,y"" 5 i ) x':'r: o b'-ff Lty 7
0 fiirx=0 i i
° u(l‘,x):{xftﬁ'éro<x<r I e S
1 sonst #JN . ¢
(Verdiinnungswelle). !

Welche Erhaltungsform korrekt ist, héingt vom modellierten physikalischen Problem
ab. Auch ob ein Schock oder stattdessen eine Verdiinnungswelle korrekt sind, héiingt
vom modellierten Problem ab. Man kann fiir eine vorgegebene Erhaltungsform eine
eindeutige Losung selektieren durch Hinzunahme einer zusdtzlichen Bedingungen,
z B.

1. Entropiebedingung: Wir legen eine bestimmte Funktion von f(u) fest, die iiber
den Schock zunehmen soll, d. h. [f (1)]* = 0. Die Wahl f (1) = u verbietet obige
Schocks.

2. Viskositéit: Wir betrachten 0 = F(Vu,u,x) als Grenzfall fiir ¢ — 0 von eAu =
F(Vu, u, x), welches eine eindeutige Lisung besitzt.

3. Kausalitir: Ist eine Variable die Zeit, so fliefSt physikalisch Information entlang
der charakteristischen Kurven in Richtung wachsender Zeit. Es soll Information
in den Schock hinein und nicht aus ihm heraus flieflen (dies verbietet obige
Schocks).

Viscosity solutions

Consider the nonlinear first-order problem
H(x,u(x),Vu(x)) =0in Q (15)

with boundary conditions on 6, where H:Q x R x R" — R is continuous and H is
convex in Vu. (15) is also called a Hamilton-Jacobi equation, and we changed the
notation from F to H since this is conventionally used in this context.
“Solutions” are typically  neither unique

¢ nor differentiable everywhere

Beispiel 20. The eikonal equation
O=H(x,u,p)=|pl-1

is often used to compute the distance u(x) = dist(x,T) from a given setT < R". Howe-
ver, already for n = 1 and boundary data u =0 onT = 10,1} there is no continuously
differentiable solution u, but many functions u satisfving (15) almost everywhere,
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Idea to obtain well-posedness:  add “viscosity”-term —eAwu, and consider e — 0
—eAU: + H(x, 1, (x), Vi (X)) =0 1e)

Lemma21. LetQ cR”" open, X € Q, v, vp € CHQ) with Vi —k—oo v locally uniformiy.
If v has a strict local minimum in X, then there is a sequence X — X such that vy has

a local minimum in xy. \ \
Proof. Wlog. = 0,v(x) =0, T \

° Deﬁnewp:minagp@v>0for0<p<r. i
a . w
» Define p; =inf{p| Tp = SUpg, () | Ve — v}, then pg — o= 0:
Indeed, assume p ki = & > 0 for a sequence kj —; .00 00, SO
then % <8upg, (g Ivkj — V| = j 00 0, contradiction.
casea) pr=0 = wp=v = xp=Xislocal minimiser of vy.

def. py wp, def. ﬂ"pk 3w wp, def o
caseb) pr>0 = mingp, vk = wmingg, O V— & a2

v(0) = vj hasalocal minimum in some xj € By, (0).
It follows Xj — f—co 0. O

Assumption: ¢ golution u, of (15) is C2(Q)
o uy — ulocally uniformly

Consider: comparison function ¢ € C?(Q) with ¢ = u s.t. u— ¢ has a strict mi-
nimum in X € Q

Lemma 21 implies that there is a sequence £z — o0 0, X — koo X sSuch that i, —¢

has a local minimum at x, i.e.

V(e (xp) — plxg)) =0 (derivative 0)
D% (ue, (x5) ~ plaz)) = 0 (positive semi-definite Hessian)
At (x5) — Ad{xg) 20 from previous eq.

Thus

0= —pAue, (Xg) + H{xg, ey, (X)), Vg, (k)
= —eAP(xg) + H(xg, ey (X2), VO(XE)) = k—o0o HX, e (X), VP(X)), (17)

T
H(X, u:, (X),V$(X)) =0 whenever 1 — ¢ has a strict local minimum in x.
This motivates the following.

Definition 22 (Viscosity solution). LetQ cR” beopen, H: Q xR x R" continuous.

1. ue C('()Q) is called a viscosity supersolution, if H(x, u(x), V¢p(x)) =z 0 forallp € ’j i,-v_d,’”'\‘

4
g
et

clQ) s.t. u— b has a minimum inx.

2. ue CO(Q) is called a viscosity subsolution, if H(x, u(x),V¢(x)) <0 forall p €
CYQ) s. t. u— P has a maximum in x.

[
3. ue C(Q) is called aviscosity solution, if it is a viscosity super- and subsolution.
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Lemma 23 (Example: distance function). ForT < R” closed, u(x) = dist(x,I) is a
viscosity solution of |[Vu| -1 =0 inR"\T.

Proof. 1. Subsolution: Let u — ¢ have a local maximum in x, i. e.

(u—p)(x+2)—(u—¢p)(x) =0
& ¢Plx+z)—¢lx) = ulx+z)-@(x) =—|z|
= 000 5 1) and thus Veb(x) -{ = —I¢] Y € R,

Choosing ¢ = _g;;;%;, yields |Vep(x)| < 1 or [Veh(x)| -1 =0.

2. Supersolution: Let & — ¢ have a local minimum in x, i. e.

(=) x+2)—(u—-P)(x) =0
< ¢Px+z)—dx) =ulx+z) —&x}

—Xx
Let x € T withu(x) = |x — X| and choose z = —slx -
X—Xx
¢(x+sﬁ)~qb(x)<|x_x|_s_|x_x|_
s - s -
:>...qu{x)-|§:§|21 = |V =1or |Ve(x)]-1=0.

O

Bemerkung 24. In general, u = —dist(x,T) is not a viscosity solution of |[Vu| -1 = 0;

Let tmin = u(X) be a local minimum of —dist(x,T) and ¢ = umin 50 that u—« has a

local minimum in . Then |Vep| — 1 = —1 <0, i. e. u is no viscosity supersolution.
Note: u—= —dist(x,T) is a viscosity solution of 1 —|Vu| = 0.

For simplicity, let us now consider Hamilton-Jacobi equations of the form
H(x,Vu{x) =0 (18)

with H continuous, H(x,") : R" — R uniformly convex, limp| .o H(x, p) = oo uni-
formly in x (“coercivity”), and H{x,0) < 0.

Definition 25 (Support function). Ly :R" — R, L(w) = sup Hix,py<o W+ P, is called
support function of the set {p € R" | H(x, p) < 0}.

Beispiel 26. H(x, p) =|p|- ﬁ Jfora velocity v(x) has the support function Ly (w) =
1]

Definition 27 (Optical distance)., §(x,y) = inf{fo1 Len(€(0)dt|c:[0,1] = R, ¢c(0) =
x, ¢(1) = y} is called the optical distance between x and y.

Beispiel 28. The optical distance §(x,y) for H(x, p) = |p| - ﬁ, Y, |
“ef1)
1 a6t
8(x,y) = inf f JEER] dr
clo1l-r* Jo v(c(8))

c0)=x,c(1)=y

describes the arrival time at y of a seismic wave starting from x and having local wave
speed v(x).

12

il l”‘l.-r
L Cidy




