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1. (From Evans, “PDEs”) We say v € C%(Q) is subharmonic if —Av < 0 in Q.

(a) Prove for subharmonic v that v(z) < m fBT(z) vdy for all B,.(z) C Q. (Ipt)
(b) Prove that therefore maxg v = maxpq v. (1pt)
(¢) Let ¢ : R — R be smooth and convex. Assume v is harmonic and v := ¢(u). Prove v is subharmonic.
(1pt)
(d) Prove v := |Vu|? is subharmonic, whenever u is harmonic. (1pt)

2. (From Evans, “PDEs”) Let 2 be a bounded, open subset of R™. Prove that there exists a constant C', depending
only on €, such that
max |u| < C(max |g| + max|f])
Q o0 Q

whenever u is a smooth solution of
—Au=f inQ
u=g on 0.

(Hint: —A(u+ 2E0) <0 for A := maxg [f].) (3pt)

3. Derive the mean value formula for harmonic functions by integrating u(y)A®(y — ) twice by parts on B,.(z) for
the fundamental solution ®. (1pt)

4. Let Au =0 for r < 1 with uw = g(f) on r = 1 (where 7,6 are 2D polar coordinates). Derive Poisson’s integral

formula LT () ds
u(r,6) = %/0 1472 —2rcos(d —¢)
(3pt)
5. Find a Green’s function for Au = f on {z € R"|x,, > 0} with 0u/dv = g on {z,, = 0}. (Ipt)
6. Find a Green’s function for Au = f on [0, 1] with «(0) = a, u(1) = b. (1.5pt)

7. (From Gilbarg & Trudinger, “Elliptic PDEs”) Let GY(x) be the Green’s function for the Dirichlet problem on a
bounded domain Q. Prove G¥(z) = G*(y) < 0 for all z,y € Q with = # y. (1.5pt)



