Optimization

Introduction to optimization problems
- minima, maxima, feasible sets, equivalent reformulations

Criteria for optimality
- differentiable case; sufficient & necessary conditions

Duality
- Lagrange function, dual problem

Convex analysis and optimization
- convex sets, convex functions, optimality criteria

Optimization algorithms
- simplex method
- primal-dual methods
- smooth unconstrained optimization
- constrained optimization



Introduction: Idea and motivation
Optimization problem
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Introduction: Idea and motivation
Classes of optimization problems
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Introduction: Idea and motivation
Applications
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Introduction: Idea and motivation
Example 1: Optimization of high pressure gas network
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Introduction: Idea and motivation
Example 2: Least squares fitting

pin A x = GE=T (o] et), de R°T LR a5,
e N oA
o= A Px-K)
2/ AT A or oeorhtle p Ko
x = (A"A) Ak
ps&acols Ln st AC o (ATAJ_”AT
classical E.rwaja’ /.»rva,asfv a,/a}ﬂfv'caﬁm : oé,@&.,mt(vj
X = foixed- i Utedor 4 F&J ww&wa/ ) n,.,_?z
L v (ZJ’ZQ/VT‘LA) ?,rt/\{/uvy&wo
/( )@‘&/wn'uﬂ o

11

N



Introduction: Idea and motivation
Difference to Calculus of Variations
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Introduction: Idea and motivation
Overall plan of lecture

o Lphedatlio b aphivigodin. pprotln

(oriniia ) i feaniCle  weh, ¢7M5u‘wfwvv‘ rtWW)
- Crikeia for op Aonaliy

(o‘vﬂcmAaM Cane | Sufficiont £ WLersony MRW\IJ
. Conots e;aoé,*m;faﬁh_,

(wvexx ceh ) Camoty, IZ',«,,\.GA:M/ 6/.)#&,.,-4/(;{7 or-::v"b-w)

Op Ao Sokrin, a,ég,ﬁwljﬁva

' rﬂwr&,x petl 0k
‘sl - otal vedlpole

.- I‘Pwooﬂ‘(, o & hreevneot d?ﬁ,w.ra/z.h._,
¢ Covabrmined sphioliroshe



Introduction: Optimization problems
Basic notation
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Introduction: Optimization problems
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Introduction: Optimization problems

Examples
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Introduction: Transformations of optimization problems
Equivalent optimization problems
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Introduction: Transformations of optimization problems
Basic transformations |
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Introduction: Transformations of optimization problems
Basic transformations Il

y
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Introduction: Transformations of optimization problems
Basic transformations lll
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Introduction: Transformations of optimization problems
Basic transformations IV
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Optimality criteria: Unconstrained optimization
Motivation and notation
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Optimality criteria: Unconstrained optimization cose hr=p = 0
1st order necessary conditions
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Optimality criteria: Unconstrained optimization
2nd order necessary conditions
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Optimality criteria: Unconstrained optimization
2nd order sufficient conditions
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Optimality criteria: Unconstrained optimization
C 2
Example in R
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Optimality criteria: Equality constraints
Tangent plane & regular points " a))
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Optimality criteria: Equality constraints
Tangent plane at reqgular points
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Optimality criteria: Equality constraints Cone. Vw=0
1st order necessary conditions |
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Optimality criteria: Equality constraints
1st order necessary conditions Il
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Optimality criteria: Equality constraints
2nd order necessary conditions
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Optimality criteria: Equality constraints
2nd order sufficient conditions
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Optimality criteria: Equality constraints

Example
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Optimality criteria: Inequality constraints newr M >0 >0
Active set & regular points
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Optimality criteria: Inequality constraints
Karush-Kuhn-Tucker (KKT) conditions
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Optimality criteria: Inequality constraints
2nd order necessary conditions
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Optimality criteria: Inequality constraints
2nd order sufficient conditions
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Optimality criteria: Inequality constraints
Example
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Lagrange duality: dual function
Lagrange dual
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Lagrange duality: dual function
Lower bound on optimal value
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Lagrange duality: dual function
Example: least squares solution & LP
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Lagrange duality: dual function
Dual problem
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Lagrange duality: dual function
Example: dual problem to LP
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Lagrange duality: strong duality
Strong versus weak duality
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Lagrange duality: strong duality

Examples
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Lagrange duality: strong duality
Geometric intuition and nonconvex problems
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Lagrange duality: strong duality
Strong and weak duality of value sets
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Lagrange duality: strong duality
Saddle point interpretation
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Lagrange duality: optimality conditions
Certificates
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Lagrange duality: optimality conditions

Complementarity
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Lagrange duality: optimality conditions
KKT conditions from strong duality
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Convex analysis: convex sets
Motivation
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Convex analysis: convex sets
Definition & examples of convex sets
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Convex analysis: convex sets
Examples Il
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Convex analysis: convex sets
Convex combinations
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Convex analysis: convex sets

Convex hull
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Convex analysis: convex sets
Caratheodory's theorem
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Convex analysis: convex sets
Examples Ill: norm balls
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Convex analysis: convex sets
Examples IV: simplices

Dof: - The polybedn P=fxeR" [ 6fx £ by jetemm) Gx=diy ot p] Ol e R Gl R
Llfhvkﬁ,;l.cv{n.ofm Mffamw'oz”pww ond tovo L3 ConrtX |
CaVM,/oa_u‘PwW7 ?-‘:gkaXEEJ'ICX=0{} é

- A E'ﬁz/"E‘ cs o Lowndd po@\,ko‘—f"h’.
c Dot poists xpp...,%,ERY e called “//’%W
"Z Xp=Xg ) . oy Kf = Xo G 44«.««-47 inole ppendlot:
¢ A siinplix G5 o corvex bl of et afffinsly e, poink, (< comrfi..in S
. Vhe Pm%af/q Konplex s Conv {2,..., 0, fcR”

Tho : EUUJ .S‘F,rw/ufcx o o Wo%%n,



Convex analysis: separation theorem
Topological notions
% The clooed comox htl Conv § of a st SCR™ s toe Cntersechin.,
o all loned Coix deh wuLau‘.m‘,aU S
v Lot C ¢ R le orvix ond m—mp.&.f‘l&g tndensr afc,"dsm-wly,q//(,"s R"
The ytlakive ontriorof O R0 1livt € s Ao inderiorof & wnt Halgpology of af)C
xeahiné § & xeaff§ wtIFd>o: a#(,'n'@&,d‘)cc’
* The rehakon Lowndin,  rebbody C s definrel nabogorcally.

Ex:. ¢ = {xeszl X =0 x,|z~r><;z é/p}
A#C’ = {xcﬁl"lxre D} aelboly ¢
it G = JxeP’| xtext <4 x = 0f

welint
by & = SxeR®| X¥4xs = x5=0f



Convex analysis: separation theorem

Operations preserving convexity

Thee : The inbnecke of Comiex wd if Comotx ( see gorctier)
Yai. :

The Caksian plodutt G =G, X .. XGy of Cp-vuc Sth

C!' C/Rh;l:.\Cw\-Utx_
hrerf: @Wﬂﬁ

Yhw . [ofA: ]]Z‘“_>[]Z"‘%-M”-,L Alx)=Bx+c [NB eR™™CeR™. Led CR DR ey
Then ACG) onsl A“(D):ZXGR"IAMGDJ Ar GnUTXC.

proof-_  Let x,5€C. The L'maﬂe of Lx,y] =30+ l-8)y | 65@,4}} c [,'4(,9,,4(},)_7 = A(¢) conrx.
- Lot xye A(D) | Hoom AlLoyT) =AG AT D = Gy TA D) = A B)enunx, o

= oG, rlint G, G cpuex.,



Convex analysis: separation theorem
Extreme points

Yfi-let GeR corn, G+ 4. € G s chlool trbrene ypoirt il Here e

no XA,KZGCI/XA'*XZI b’l—"l&' X‘:QX,"’(/”Q)XZ /a’ra_ 96(0,/!)

.S'daf Zxfrene P,;,'m = e;(.ﬁq‘l e rivenge ,'oa.u‘.r

gi'omm% Sen‘@z-%iww@ow%.
‘xeext¢ & CG\ix corow

Ex: . Q=Ble,d= fxeﬂ“l}xl,é/l] =% oll x e R" witl |x |21 0wt xbrire Pocafr:
Lef <= Bx, +(1-0)x, (@75 ; Xa#t Xy | Xa, Xy € G
A=Ix17'=l9x,,+ (4—@)}(,_["‘:2(9"{qu’+(4-9)2[sz"') -~ lex,—(/z-o)x,_ it <a.
—— )

. Nn-©
£26%42(1-6)*= 1 =0 ff X,=mg Xy =X,

¢ The £,- bl bar  foniihe, ol Lbme  poinks. ¢
exd € =10]  for 6 Corvex ot G whicl U et o Wﬁypupm

v ext C = /N a#,u. Seks ww.rloaw o



Convex analysis: separation theorem
Properties of extreme points

Tha. : f/ G +¢ Cd\M-fﬂ.C"Mll WK | ko ext (" + ¢,
‘o;o.ﬂ- Due fo WPQW/ X — le‘ affacns (3 Moy imbam_ oh G af one i,
C&u.'w\. : )_(' E ot G, IP»MIM )?c%‘iz/mf X, (KZGC[X,,:‘-'XQ [ lan

R]" = | 22202 = 2 (1x o) - 1222 < ®IP 4 o

Thm: ext & ¢ relldy G, C

Thim (Minleowrses) : TY ke pack amadd Gout) oo G'= Gonor (ex¢ G),
porvof + Lake ...

& Ge Cofm»/c‘—woéﬂvfrﬂm) 1:/(:1,\.01-0{06'&»» ﬂ#&‘l‘wcfﬂcl Hoen lwy ponk G
5 He cavex omnbnats, Ofa/hml’k-u LafTeme Poi.»"J.




Convex analysis: separation theorem
Faces

:Dl/'. Awwfymwx FCC&:@.ZMdéa.U— qC of /Nﬂwyx,”xdé q,
WCIJ’CX,,,X,_Y/] F +¢ =  [x,x.J < F,

i © X € gxt(C) =D {x} s a(ofoc:mzm\.a/-)/a-u_ofc
e A-olemes;ool /a._ou = b%,u /m
o faoee of pebybucten
4 //-Slqﬂ (S o /c,ce pr & Lovedd st convix

(om : Lt F Lo o focr of Heconex GER", ext (F) € exit (€)
'erm{: AsStumr X € .e.x/F\zX£C', e, /&ur-mx‘,xzéq’ ,X,"’XZ,X=5-":?:£‘,
By definibin. of & face; [x0,%,T € F,ie.x, ,6F =>xdedElf . @



Convex analysis: separation theorem
Exposed faces

Def:-A &Wor;ﬂfa.u_ H,',={xe02“lsrx=rj Sugperd CCR™) of C ovmpletl, Cr
c one af Ao folfipaces {xelR"lsszfjwfxeﬂ"lsTx;«r}_
-Hq,. &’u'p"h’{q Cin xe &, 5/ n 2ot xc H, .,
*FCCcR" (son exponed e if Hure &3 & Supparting hypeoplar.e HoHh F=Ca H .
- Expootot point = O ~dintrsinal Cxpord fac  (cornrr)

o < Q_kpnl.l‘ /G.Cl

et
Q'APZ:_ praad /m
Gl ]
e+ A oA ' it exporect point
e b I LXPRL ﬁau,wa.au., P

preof: Lot F=Cn l—{,’/ov a s‘u.,ﬂpnv’ivnﬁ hwot.r’o&mc HS‘T ((szg, Cc EKGIRKJS'C(_‘T} ).
Lot X%, % € Cp ot e (0,8) L ¢ = ot X, + (1-a)X, EFCH, .
= r= T(ux, t(A-) x,) Nlog aosiumme x,,4 F CHer jie. ST, <1,
= (Tletx, ¢ 1-0) x,) v L; = X, ,x, ¢ F DX, x,J&F. 0
Cor: for CcRanmvrex | F an expostd fore, oxt(F) C ext () (@17 PP redans Lida) .



Convex analysis: separation theorem
Projections
M: « A lowsot nnap P: RY R* @ catls! a porgje i, / Pea P liddewmpooiencs).
v fob VeR" be o fluﬁ'i(/'a.&, R:R >V, x> v forxsv+vte Ve v
0 collest o orfloqoval projecton a6 V.
Eh_w: P, v Loneor rymw;/ﬂ'a, pcouhuv flns - aL%:m'h., Conpotint
N~ Lxpand (WP, 24) , x =R, )+ Pyu ).
Howr 0 genirm e Ha ,rv‘a,d,wb /:re-J'ﬂ.aA'm_ 3o Clned sebs
Voo : P, lo = “Toar Zlly - xl,
proef s Let x = v et e ved V*, #e "I/y el = 2 ly- o+ Ut = o0 i i risec D
Tho : Lot C e bt o oy x& R Hig. y'-u,ﬂ(,)_flly_ w ! atoins i piiminn gr O
proifi Let e §andt S=lyeR™[4,0) 20, ()], Do &s condineona, Gn S i compact
= 4 Lezeribraf " tlr ; f Ror o muinimssn. o §OS andlnes &, O




Convex analysis: separation theorem
Orthogonal projections

RI:Z’LL" G cR- classedl ol Conygrs, W(W)M,o 'P:FZ“-AC",
R &) -—a-«Jy”' zﬂwy/(/Z ) &8 Callot Ha ar-‘ﬂoljm.a.t,om‘,ecﬁn s (.
Tl«-bw ’P s Lo - 04/04«1 7

prodf; Ondy wnrghenets TChaine %o be hown : Lot Yy, Tt minimesen, )/,:-—Zf%"éq‘f

feGr) -5 (L0n) +filn) = et - x-ya=¥3 + Uil Rxl_2x-y, clpar® + tetozeoy, Ui’
o A 2

4
=3 (it =l 1* + 2y,5) == % ly-y* <04, O
TL"“"':‘?C'OPG =PG -?C' ZiMM<=> Cﬂwsm/@&bp{i&“

Tonsi y =Tl & (x-y) y-p) €0 Vel @$§<

Prba{ =% /af)/é‘ C/M&@,ﬂ]Muﬂt&,@uﬂW Xe= Ve et ()/-/\g,) e¢ e Lﬂ.w.
%"}'x"‘”i"' /x(%rj 3 7& [)Q} = Allyx—x +o<()-,vrjlfz

= 62 wlp-x)-l-n) + 5y %l vour e by ot el e 6,

"e=" Vyed; 02 v )-Cy-Ye) =le—y,‘ll + 0 y)-(y-x) 2 U=yl 2= 3 3 iyl
= e Vi=X ar lx- .\ ¢ lly-xl. =



Convex analysis: separation theorem
Separation of convex sets Dodfopoacs

Thone: Lok G CR* tonae, choveat, x4 G . 7;5\4_,«, exBh SERCE Cox PSup Sy

. H yéc
Prm{ Sof 5= x—'Pq,(k)‘ x S @C

Yor oL yéC’,O?(k-B(x))-(y'afh)) =. (y-x-u') =Sy ~soe sl = Sy €5.x a

ér_: Lot Gr, G C " c&.e.{,dth.ﬂx, u_avau..,oiy, 0(:!(]'04;.,4'. 'I/ C'z_ 3 ﬁua,..ahal,

Wape oxists £ ¢ R™ oL, 3 Sy € min Loy .
J vele |7 vee, @ @
l'”'/’ c C-C=t vyl vieC peCf s couxx: “f“;';':;;ﬂéu

tnoteest; C,xC, 5 tonnx jand C,~C,= c(cxc,) /av A M{f:’!ka"-—)m‘; (a,0)raa-¢
C.- ¢, is closeot , ginee G is choed oudt Ly Covmpacs:

CLMIM Yk = y""_y’! Gc"ci LJ'\:L )/t__)y- C,_Cth-f-a..a‘—';-') ykz——a ylc Cz
up o S triepuct o
= ),‘_‘ =Y, +yk2 — vty €C, (Sont C, dsreet) =5y e c, -G

. vem i for k0,2, -C, TR 0=5.0>fap S.y=Fep €.y, ~imin s 35 [
fore ot foreo, yei, <, g ch, 8 ;?4(: C)’2
Mot - - Sdatntn t Can, be u-rnU ﬂn- C,, C; undroccssled ///////‘
. // CZ
; LYY . . /
3 qufzmt'b em\..ﬂ-x/ naw(,.,...,ovb,dggou.}, auc..!h”;&h’“f&f')’é»mfc:-y ([

ccsork )



Convex analysis: separation theorem
Consequences of separation property: Supporting hyperplanes
Thae (txisderce o/_g'a’g/m_y{y AV/"""“”’"’ )_- Lef G R s p % € G C . There excsty
o rwnoor/r-‘j /Lﬁfxr/oza,hﬁ- vo G e x ’
Iaroaf.' Considr a Segitnce X, ¢ C wibh x,—> x . for eact x, Hotre o s, €R" ek
S (x,h—-y) > 0 V\/e ¢, LM?;, ”shllz =4 = ﬁ« a_sa.fg.uru..z/ sh—-’seS'v:—‘

83 cm-v‘lrm,«:ﬁj Selx-y)30 Vye & = Hslr={yl_§'-)/:fj K /QJH”M
A’&/‘”V“""" /o«- v= 8-X,

h’.rarn-ﬁ:‘., )
Thm: Tor ScR" ar st J.Jf.r,oa_u.f‘ H:.; = {yéR"l .(‘—y_f.-r‘fl Set r
Z.= [GarerR*xr| Se Hiy f ot Co= N H>  The

—Cr,-rJE Z.S' S
e CS= Cono S o  Cone S = R™,

Proe{.“AaSwa conv § + R”, Hrr (GO S,

Mocr b x d T S Seporat {xf ot Cons & by 4 hgptlas H, . ) ic.

£ - x >.>s,‘(:§' Sty =-4, , —_:7(r,,'f;)gZ:‘.,Wx¢(H_‘;ﬂ = x ¢ ¢ . a



Convex analysis: separation theorem
Consequences of separation property: halfspaces & extr. points
Cor e Lot QG R clonid conrex Hor & =C it G X inderstcbin of halfsppucen.
T padvoutas; o polyhdorn. & Hu ivdkrsedin of frnitely mang bablfippace.
T (Mmbiossils) - Tf G R tompoth | Comirtk prbilomply (Htn, €' 2 tomar (0 C).
,;reof- Tedwerinn colos effdin & ; case bo=0 & biviak. Thdhuchn depp bo-n —bk:
Lat x€ & +can Xerlloy € : Thon s a hypeeplore N#Cryofwﬁgcmx
= Co H hoe offire tonsesion. Ebe-4
=5 X S Conyte Comnlrnatin of Cribrermy pochls x; un Co H
x; ase ableo Lxbeme poirk of &7, Since Cp His on u?awdﬁa.
e Cane <l 1ltl; (loove x'+x,x'c
= Lonn J&,WUL x, x' intersech el & o posint ¥z
= Ly fird can | i3 € comir (e C)

2

= x € cowextc) o}



Convex analysis: convex functions

Basic notions

D_eﬁ: - leF C < R™ coptx ./ 2 O Rolees alled omvex /[e ChU'C) y t;f

Wy 0 e (s {(6xe U-8)y) € 6f) ¢ (o) fi). N}

: / (5 Shickl, ConvtlX of Vxwy€C,0€ (o 4) :f(éu(/-a),)(é‘/tx)r(/f-e) &)
f o cmian Lf 2 d s Gwate,
. ww;&’ia( f adte ct 3 f62) | xc denf ]
The goigreploff oo apif ={(ir) € R R ) £ S, %
c The sudrlovelcet of f et v is S (f) ={xeR"| f) ér]. i_}

TLM e (cw..-r‘x = 46‘”""2 Conuitx
. aaamvfxc_n Lpe'fcﬁa'"klp Conuue

- (x,-r) € qu‘z & x e S‘,,-//)



Convex analysis: convex functions
Examples & properties

E_X'. e Chovactrshe or Cnolicartor funotin, of @ Convix CchR"

T, LX):{:"ZC:GC aa,#a:ufpmwxc ”‘/xéc /

. Ah.ﬂ a8 RS & Gt Y x,yellR", Qe¢lo): Iléw(,c—e)yl[éuexuq-A[d—e)ynchlull+ (-9l ll

e Tl niasinpmne /tw-dbn. f(k)'—‘t’k}_ax x; vs Condlx,

* Lineor anst aﬂdu /u.nddtw art cotk | fGer ﬂ/o,f.m.fﬂ & a Za¢yac¢.

%m(Ja.I@chnW@ V/ca,..,frmlx“ ,X&G&M!l 2, 1920, ZQ 4[{&6’1) 29 /(x
,ﬂroa'/ (x,,,ﬂ(k )ez,o / —*> z é; (x,,[(x)) (Z 0 x, Z‘Of(x))s;.'o./ O

i ¥ o

Row : Fewsen s inrguald, alis bollr v cnkgrels . Let L& Cru Sl anst
(ﬂ,Z’,'P) ﬂ;cocprsz-q,@-{ﬁa:vtg fpaoce gAY /(f\(olp) fo(x)dia .

l—w———) &"_ﬁ‘——)
Yo drtn 220 X
Wpechaiim of 4 o Ji9



Convex analysis: convex functions
Convexity and continuity

Thon : Lot f € GurR" . 5 conbinicors om it (clonrf).

froo: -

- Tov veR” snantl Lm.7( r.t RIUGQ,& & [}143 et Qaye

Lot % ¢ Ju/o(au.//' /c'.f Lrourdlsd cr co Mj[.@au.n.’aor( q/}'?

LooletA y Hoart is a R plexc Q=a»..w{x,,...,x,,_f€ ﬂ(m-../ W, X€ud Q.

lef xeQie. x= 20 0B; é&,/ﬂ,é 0:54, Hn /(x) .é?fQ-/&_-) fm:-nxﬂx;}::ﬁ.
=4 ¢

R
Also, foc o= %"Ei‘;’ c(02) s¢f $=%-= (xeh  (lana Toxxs (-0F)
7= 1) o e -Fa
= 07 el elrd @) = f(x)2 AEZUAME L g ey g

cletv e s. b Ktve Q. Fov 2 clod] wella

L+20)-(z) € 3 fzov|ta-n)p) -4B) & 2 (4- )

L—zhz

s e se) -f@) 3 fleon)- (G fG-0)455 Plaenel]=2 (flemo)-fr-r)sZiy

-P@mmay, |£(%+2v) ~J&)| & 22 m LﬂqumM%ane@,«f

=> /L‘J foaﬂg Lipsctite Condtrnrony . o

Note : Mot frue b Glreral o = it Sital dp (24 (e.f_ ”'"H" € Cnuy (H”wi!ﬂ, WO~ ||-IIL1.),'

Wis Hurt exst diseondinsan Livear funttsoneds o o - dipmts Sionet Bamodn $oaito)



Convex analysis: convex functions
Convex and affine functions

?_ l
vuad.rq_,,-a

d
Tha: Let f€ GrR", W x, € rclins dlomf FseR*, £ >/&J+s (x- %) Ve R

proef- - Kot a// epif = (off dow f)xR \/

Al a//pam.f =X, +Vﬂ¢arw€;a/a¢a\/cf(>“ N\

f

wa\.-w

N~

(%o £,)) € releckey (epif) = 347,1,/,£m Waf"7 %F o (’Co/‘éjc))l
BscvocéﬂZ(fio 5t ( (ﬂ(ﬂ) V (x 'r)éf-f%,

in pacticehor —AT 2 -'ol’[(x. ) +5- (x Xo) ﬂwwef Xedom fy 1

'D(Co.fu\.db&ﬂ(‘ﬂ#'ﬂz-f—3‘b fhsw O(éol

= Z(K)

ok L=0 Cwplss 025 (x-%) ¥V x€ olmn £, (6. 3= 0,0 orfrasliction.

- :Dim'ﬂﬁrﬁ by -v, Q&) 2 ,Z(x,)"'r-[x’x,) for 5= X
Unat 5 < if [ i differesioMe cn X, z

a



Convex analysis: convex functions
Differentiable convex functions

7‘5\,__,.,._; leé CcR" optaytonx , /. C> R al.,/w
2 i &&f%) Comrix on £ &= J <) 2 (3) L) + Vfx)-be -%o) Vot x,€C
,onse(:"'—“? “Lot £ B (stricH, )eomvex [ o € (o,4), Hote
£ Cxot ot b)) ) = P ot e G o)~ fs) § )+ Ca-f) -} o ($60- )
:Dividd.ﬂ Iryoz ool &#‘7 L >0 yidoh flc,) (x- )€ f)-J6o).
T4 cqualohy dateln st | & slrichlyy omrex [ fod &= Ox, + (1-0)x | Hetm
4 G)<ofle) (- o)) = /(x,)+\7_//x,)'(x— x,) (#~®) =//x,J*V/(xo)-(2 -%,) LL¢
bt . [} X.tx, € G < & (0,4, xo =otx, t(a-d)x, Q.
(E:)  fe) 340 » Tl (x:-x,)

w(E)lr-2)(Er) i o fle)e =) ) 3 fle,)sTpl)-lorx, = (medx, - %, )

= Al (1-0)5) & <) ¢ (0o flx) ~ o



Convex analysis: convex functions
Convexity and monotonicity of first derivative

Them i Lot CoR comimn {1 CSR liffercetcolile. Tf DY is(chictly) momotoma , i.e
(D((k) D/(r)) le=y) 2 (3) © thye C) toe /,” (s (-rha"y)w‘x

proef: Let x,, %, € C /azel A X =(A-2) X, ¢ 0e Xy =X, ¥t (x,-X,)€C, X,z x+5 (- %)
769 -/(x,/ AP0 O dr € Ph)= [l D) ey ) ot (€D

(1o (€) - 2(€) = f63=Uoddls) + )l ) o »[»,mu, o [Dp6)A) (%),
= ot (- .()of D/(x“ ) -Df(x_ Yoli (x,- x,,) £(<) 0. 0

+O-ol)s

Thin : Lok CeReonvex, f: CoR oliffertbialle. flordy) Convex D DY ndly)ugroiont.
2 ) B 6D =306q)(xamw) L Jl) Gy flad MU, (nym,)
MNow s Lok h«.ofwué/w,. B
Loy (o CR™ s, f: OoR bne fluantiallt. Then & fobie in gocmt !
(0 ) DY Colocity) poribin defonite = P Utnioty) Comrx (8] fOrvte 3B po. se -
prost:  (cdict) pontin Afaitence of DY <:; Citict) wmmobomiciky of DP. a



Convex analysis: convex functions
Operations preserving convexity

Yww t)ltt Lo,y ff € CotrR™ £, t 20 | X, eR™with [,0).s [ 6o)<P.

T sen fé [, € CnsR".

i) (et PE G R", A: R"R™ affiut uritty P A o] # .
Voo /’A ¢l R”

i) fot f€ CowtR, icd, Xo€ R* it [: ()M o Vic ]
fla, x = Guup /‘.(K) ¢ G, R*

i) Zb//é&wi?"}w%e&.ﬂ? Wnenodoniailly, W.‘,f,x,éﬁ?“aﬁ/f» i) ¢ o b.. bofeoni®”

V)&#,ZGGMKR“‘XR“’, C e R™ (,._.;u,,[xh}c%{: /(x,y}. ¥ JBI>-o x e® ,3&6\.:@24‘
Escanplei Movtas - Voside approxinatin for P R/ >0 :

()= in Gle L U x- Il;"
ot D) e b 163+ & v

i!—l Lbl#(")= fu-p ﬂ (!() Zr# =/)} -2’0;!,' LS domwex .
V) e,o( {(k(é)lgyed' Cx, 5. -t)é'lf (} “ R (a,ao ﬁ);.'rc-n,;cx |



Convex analysis: convex functions
Semi-continuity

_Dfﬁ: / RO R Joo} 5 callod Mowte stumi - @nbnsous of Z};’w;;;{/(/} /() YxeR",

> _—
To: [of /: R~ Ry [} The %ﬂmﬂv Cure afﬂq:ménj-'
@) [is ot Stuni - ok iunipone
() 2pi f & closest in R™<R
(c) The wblovt sets C (F) ave chnieol frroll R
prosf : @) 2(2): Lof (y‘,ﬁ)ee,zf,(,,f)sé-;: Gar ).
T2l 2 fmi f0g) 2 B P63 6 b Grrdéaud.

PP
@z)=)@): [¢o¢ A,r(x) ='(><,‘T)/ Q, = ZP;/ N (m"" '},""}) aT &rfé"“(/ A,C”-'M'
S 4) < &xeﬂ“] =) 4-fj-= A;ZQ,-) & cloed. 22,

28,
Cc):s(u\; Aj‘.rmc Cn) $ /alle / c.2. 3 B> x /4 fi= {:‘;—: l[}t) (F(x)_ Lel-r—é(ﬁf?&))
$or 0. > L, Lorge Loyl f(/.)é-rl,l[x) (e Mc 5-(f) \1’&>Z°,,6¢J‘y¢_§r(f)él_‘)



Convex analysis: convex functions
Closed convex functions

Rtg_: - A vﬁlpn&(\-hv & colled clove CJZ o i Are on R™ (avl‘f.l.,ai/i! CZo:.EV{).
¢ The vchasation (or Wfrw-mﬁa‘.mwuy:&:re) a»/a, 74,.‘;1‘4&,4 ir
ooQ/c‘Ma{ V'WL Z(H ::-02/(:(} -"-z;M;hf g(y) o ,zr);, Z: W,J'Z

>

Tho; /é G ﬂzh = _.{76 Ca—..qrmhl andl f:jm veldiut 0(«"\/

foresf - /C.W,c: = opi f o = epi f=api f Convx =D [ Coue,
Also /15 4—/$ 0 ongt f -0 Vx (dw, W minorysa hon. hyaﬂfuﬁu.)
: //%M{ 35 Conbimunoa on  1thisht o )
e [/.//,1.,.../ = ﬂfa#m.; - !l.#m o ebont tomaf
D f f o vl A f O




Convex analysis: conjugate functions
The conjugate function
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Convex analysis: conjugate functions
The biconjugate
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Convex analysis: conjugate functions

Examples
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Convex analysis: conjugate functions

Calculation rules
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Convex analysis: conjugate functions

Coercivity and the conjugate
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Convex analysis: the subdifferential
The subdifferential
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Convex analysis: the subdifferential
Subdifferential and directional derivatives
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Convex analysis: the subdifferential
Relation to differential
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Convex analysis: the subdifferential
Examples and properties
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Convex analysis: the subdifferential
Examples and properties cont'd
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Convex analysis: the subdifferential
Subdifferential and conjugate
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Convex analysis: (strong) duality
Slater's constraint qualification
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Convex analysis: (strong) duality
Slater's constraint qualification cont'd
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Convex analysis: (strong) duality
Slater's constraint qualification - geometric intuition
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Convex analysis: (strong) duality
Implications of constraint qualification
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Convex analysis: (strong) duality
Fenchel-Rockafellar-duality
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Convex analysis: (strong) duality
Fenchel-Rockafellar-duality cont'd
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Convex analysis: (strong) duality
Fenchel-Rockafellar-duality: extensions
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Convex analysis: (strong) duality
Fenchel-Rockafellar-duality & Lagrange-duality
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Optimization algorithms: Simplex method (linear optimization)
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Optimization algorithms: Simplex method (linear optimization)
Examples
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Optimization algorithms: Simplex method (linear optimization)
Basic solutions & extreme points
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Optimization algorithms: Simplex method (linear optimization)
Simplex method: the idea
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Optimization algorithms: Simplex method (linear optimization)
Simplex method: the algorithm
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Optimization algorithms: Simplex method (linear optimization)
Simplex method examples
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Optimization algorithms: Linesearch methods for unconstrained optimization
Structure of Linesearch methods
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Optimization algorithms: Linesearch methods for unconstrained optimization
Stepsize control: Armijo condition
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Optimization algorithms: Linesearch methods for unconstrained optimization
Stepsize control: Wolfe conditions
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Optimization algorithms: Linesearch methods for unconstrained optimization

Global convergence
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Optimization algorithms: Linesearch methods for unconstrained optimization

Optimality bounds from gradient
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Optimization algorithms: Linesearch methods for unconstrained optimization

Gradient descent, steepest descent, Newton's method
Def i+ Th gradket deicnS dischin s pf= - VPG

 Let NNk oo with sl o Ny, s cltapect Asce F oLrechin. s
pa. > 1v20)1l, 73"7’ DlGe, ) v (gradicnt desced = Shepuat descnct ik, )
(scA,L;yU s =Dpe) < 1Pl I )
The Nustor sbp & p"= - DY) VE0)
Curn: I O & poesibir Afni | all above e o scent olireovin~s, [ oleesdy
D/ 6} B’ = - 1Dz <o, DGR, =~ ”V[(x,,)”:“’, D/(:,),ak-nw (xﬁ\ll;?&‘fq
Ren.. : The Myerbow Skip Lids puinem b (v a singhe chp if L is quactadc amo oep
J0) =% xTAx % miimiad oy X*=ATl , and %y 4o =X A B E) = x*
Cor - 1‘/ wI EDYG cNT VxR, M & Jui‘t/y%rlrwa Ua%& tndibins , Hen,
DPbo) g2 0 for  prucdent [Shipe b Kpuston Aetinrt
preef. Follows fro Pocdndifh s Bt K (004 A for gradint Ao |
oy 2 T for Newhn s melbod; 08, > 7 for skepactssanst 1K clllelly Sy, T2




Optimization algorithms: Linesearch methods for unconstrained optimization
Experimental convergence rate

function experimentalConvergenceRate
% f(x) = xXNL/4-5xN3/3+3xXA2
% £'(x) = x*(x-2)*(x-3) = XA3-5xXA2+6X;
f = @(x) x.N/4-5*x . N3/3+3*x.N2;
df = @(x) x*(x-2)*(x-3);
d2f = @(x) 3*xA2-10*x+6;
fun = @(x) combineFunctions (x,f,df,d2f) ;

global minimum at O

x = -1:.01:4;
plot (x, f (x), 'Linewidth',5) ;
pause;

x0 = 1.3;

maxIter = 100;

[X,iterSteepest] = descendSteepest( fun, x0, maxIter, true
[x,iterNewton] = newtonMethod( fun, x0, maxIter, le-26, true );
semilogy(l:1length(iterSteepest) ,abs(iterSteepest),'r', 'Linewidth',5, ...
l:length(iterNewton) ,abs (iterNewton), 'g', 'Linewidth',5) ;

) ;

end
o
function [A,B,C] = combineFunctions(x,a,b,c) i
A = a(x);
B = b(x);
C = c(x);

end




Optimization algorithms: Linesearch methods for unconstrained optimization

Convergence rate gradient/steepest descent 2uz by s g,
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Optimization algorithms: Linesearch methods for unconstrained optimization

Acceptance of Newton step by mprbert §
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Optimization algorithms: Linesearch methods for unconstrained optimization

Convergence rate Newton's method
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Optimization algorithms: Linesearch methods for unconstrained optimization
Complexity of Newton's method ;. ., i< x*l < min (2, c)%
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Optimization algorithms: Linesearch methods for unconstrained optimization
Modified Newton's method
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Optimization algorithms: Linesearch methods for unconstrained optimization

Quasi-Newton methods
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Optimization algorithms: Linesearch methods for unconstrained optimization

Low-rank updates
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Optimization algorithms: Linesearch methods for unconstrained optimization
SR1, Davidon-Fletcher-Powell, Broyden-Fletcher-Goldfarb-Shann
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Optimization algorithms: Linesearch methods for unconstrained optimization
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Optimization algorithms: Linesearch methods for unconstrained optimization
Linear convergence of BFGS
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Optimization algorithms: Linesearch methods for unconstrained optimization
Superlinear convergence of BFGS/NJMJ;%,M,C,M doniin 5.6, DH)T
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Optimization algorithms: Projection methods for equality-constrained optim.
Simple treatment of linear constraints
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Optimization algorithms: Projection methods for equality-constrained optim.
Projection methods for linear constraints
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Optimization algorithms: Projection methods for equality-constrained optim.
Projection methods for nonlinear constraints
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Optimization algorithms: Projection methods for equality-constrained optim.
Projection onto constraint set
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Optimization algorithms: Projection methods for equality-constrained optim.
Convergence rate of proj. grad. desc.: preliminaries
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Optimization algorithms: Projection methods for equality-constrained optim.
Convergence rate of proj. grad. desc.: geodesics & Lagrangians
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Optimization algorithms: Projection methods for equality-constrained optim.

Convergence rate of proj. grad. desc. (atserme f € 7))
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Optimization algorithms: Projection methods for equality-constrained optim.
The Kantorovich inequality
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Optimization algorithms: Reduced methods for equality-constrained optim.
Linear constraints
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Optimization algorithms: Reduced methods for equality-constrained optim.
Nonlinear constraints
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Optimization algorithms: Reduced methods for equality-constrained optim.

Convergence rate of reduced gradient descent
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Idea of interior point methods
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Barrier methods: barrier functions
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Barrier methods: algorithm
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
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Optimization algorithms: Interior point methods for ineq.-constrained optim.

Barrier methods: finding a feasible starting point
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Barrier methods: phase | termination near phase Il central path
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Barrier methods: complexity of phase |
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Primal dual interior point methods
Simlor b (omty mg blads [ lack : + no dniner/owke Ghradons
¢ Searcl pirchont from Meshnn s ppHoool apolaol b5 KKT condifinn
+ primal h ok ibaks not necesesily fensibl
* Com ExhlF Supeineas Lomprgnce
* can ke appled of prollevn nof skl taasith,
Ren.: Ta Fhe me‘/AM;c borrivg loadtod , Hhe Neorbon clogo py of boa insur ilerations sols

- AR AR IO AV AU A7 XA T T
(PFeoet o)(A)__(foot J)_ (%)
This cam L inhpreteol 0 o Newslon sk for solirivg Ha rsolifiact WKT yston.
Dfo () + . i DY (<) + KA =0
' pifi(x) =g g = (- ki)
Ax - L =0

Tunolewd t&m;ko‘kt‘j i —afe f: (), Hor alove Lreonio Wf,&)r-z-bé(xh)ﬁw, Ax-& =0

for wwhich &) is a Newkbon skep starfing frow am (x,\) wift Ax=t, N~ 0.
The primod = Aiat seard donedon (U b a Newdon Jk’o%_r (- kkT) en Ocp ),



Optimization algorithms: Interior point methods for ineq.-constrained optim.
Primal dual interior point methods: algorithm
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Optimization algorithms: Interior point methods for ineq.-constrained optim.
Primal dual interior point methods: linesearch
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Optimization algorithms: Noninterior methods for ineq.-constrained optim.
Penalty methods
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Optimization algorithms: Noninterior methods for ineq.-constrained optim.
Penalty methods: convergence
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Optimization algorithms: Noninterior methods for ineq.-constrained optim.
Active set methods
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Optimization algorithms: Noninterior methods for ineq.-constrained optim.
Active set methods: convergence
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Optimization algorithms: Primal-dual methods

Local convexity oo e o€ C
op e tffomtJar " fr

x)‘{:,[;(x) 5s.t, CE(k)'—'(g,,,...,jr)(k)'zbl q[ﬁ:(ﬂ,_,_,/_) (x)¢0 CT)
lLet x* Le o Local wnliininn .{(?) L Lok id fe o -ryh.la_,/oof‘.v’ ot s Conchraisbs,
J a\*é' mri/n*é'[o/”)m : Dﬂ, (x*J ¥ A"ID S Ge) "'/«*TDCI =0 ) /-?,/,-(k")‘:O s @nek

o L, (80)) = DY 6 +£ By D},(x') +;§ pi DY OB positin fe -definile o the

lu.(/d‘r,aaa To S bothe ackore au:&-uklrﬁc.cE (=0 and L; () 50 frvi€F=fici.., -.fI/,.(x'J- f)

M: L cntt Lyx (x*,/«*,,\") 1} ,oaa:!t-vl D{C/Eh-:/! ~ R (C)

'H""' éml thvmt? Mfuwly 14-0--

’”"-_"". Umlw(é), X"i-f a local nainemenm %"ﬂu u,hcap(#qjmo(/nﬂ?&m ;:\;‘Zc:_ K(R)#ig&)?*a(x)_
A&'o, /mr ang (/-, )\) (o @ My“awbwlo/[/«f)‘.? T A /4,-:0/.,«- L‘glfl J[,,[\c)-l-\rcE(w)*-/.Tirﬂ
bozs g Lscal mininen X 1elr X * INCYWR)

rrov/ . X;.SQ.A'J/C-L' He secrmot ovolr m%éa&..f Con elitaorm (ﬂ 0’0 Amﬁo&"?

cngelicet fon Vo
~ Ly, (x";/-",,\") pos. oef. bl > Lx(x,f,,\)-:olm bscat solesin. x(e,h)
abso,Locotly L,ﬂéc,/s,a\)pn. Af. =5 Secrdl oroler J‘U%‘t!é...f Con. itasrm (nr OPA.‘MA&"? )&J/:llullj




Optimization algorithms: Primal-dual methods
Local duality (.hwjz,w Aeiolily flre comvee prokflons)
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Optimization algorithms: Primal-dual methods

Dual problems and penalty functions
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Optimization algorithms: Primal-dual methods
Augmented Lagrangian method: Motivation by dﬁLL)JpIity
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Optimization algorithms: Primal-dual methods
Augmented Lagrangian method: Motivation by penalty

o o oy AERT
Q;{t £,6) st celI=o & i [0+ Ne(x) st cpG=o

- perally meHod o0rpchin (c, % = ,(x)*XrC G J-‘E.‘I/C',,.-(x)":
P q(< £ L VCe

' ‘z/ N =4* L L Lﬂl]-rﬂ.vL mslbiy oo of e gl frrmnilatin, Lhe- Yot g v indt of hon
peonthy ofljeckin, D, () 42 DepleM) 4 ¢ ¢ D), is 2emo

=7[°’-n~4§ metbod U Lxatt trin for ,’t’m’é o ! = Heoston ebler coptteimant |

 opinal point ratifies O = DY, (x*) ,\*BCE(K*)
foonatty meftwol cheate cadksfin O = 'D/, (xg) + (z\‘: ce, (x,‘J)TDcE (x.)

= chone >‘h4 a )\t= >‘£. + cce(xh)



Optimization algorithms: Primal-dual methods
Augmented Lagrangian method: algorithm
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Optimization algorithms: Primal-dual methods
Augmented Lagrangian method: example
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Optimization algorithms: Primal-dual methods
Augmented Lagrangian method: convergence rate
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