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1 Convex non-smooth optimization with proximal operators

Remark 1.1 (Motivation). Convex optimization:
e casier to solve, global optimality,

e convexity is strong regularity property, even if functions are not differentiable, even in
infinite dimensions,

e usually strong duality,

e special class of algorithms for non-smooth, convex problems; easy to implement and to
parallelize. Objective function may assume value +oo, i.e. well suited for implementing
constraints.

So if possible: formulate convex optimization problems.
Of course: some phenomena can only be described by non-convex problems, e.g. formation of
transport networks.

Definition 1.2. Throughout this section H is Hilbert space, possibly infinite dimensional.

1.1 Convex sets

Definition 1.3 (Convex set). A set A C H is convex if for any a,b € A, A € [0,1] one has
Aa+(1—X)-be A

Comment: Line segment between any two points in A is contained in A

Sketch: Positive example with ellipsoid, counterexample with ‘kidney’

Comment: Study of geometry of convex sets is whole branch of mathematical research. See
lecture by Prof. Wirth in previous semester for more details. In this lecture: no focus on convex
sets, will repeat all relevant properties where required.

Proposition 1.4 (Intersection of convex sets). If {C;}icr is family of convex sets, then C :=
Nicr Ci is convex.

Proof. e Let x,y € C then for all i € I have x,y € C;, thus Az + (1 — \) -y € C; for all
A € [0,1] and consequently A-xz+ (1 —\) -y € C. O

Definition 1.5 (Convex hull). The convez hull conv C of a set C'is the intersection of all convex
sets that contain C.



Proposition 1.6. Let C' C H, let T be the set of all convex combinations of elements of C, i.e.,

k
T:= {Z)\Zl‘l

k
keN, zy,...,2 € C, >\1,...,)\k>0,2/\i:1}.
=1 =1

Then T = conv C.

Proof. e Part I, convC C T: T is convex: any x,y € T are (finite) convex combinations of
points in C. Thus, so is any convex combination of x and y. Also, C C T. So convC C T.

e Part II, convC D T: Let S be convex and S O C. We will show that § D T and thus
conv C' D T, which with the previous step implies equality of the two sets.

e We show S D T by induction. By definition, any element in 7" can be represented as
follows: For some k € N, z1,...,z, € C, A,..., A\ >0, Zle A =1 let

k
=1

e When k=1 clearly sy =xz1 € C C S.

e Assume, we have shown that all linear combinations up to & — 1 elements in T are also
contained in S.

e For k> 1set A\; =\;/(1—\;) fori=1,...,k—1. Then

k—1
sk:)\kxk—i-(l—)\k)- 5\1371
i=1
=Sk—1
e We have z; € C C S and by assumption s;_1 € S. Therefore, s, € S. O

Proposition 1.7 (Carathéodory). Let H = R™. Every = € convC can be written as convex
combination of at most n 4+ 1 elements of C.

Proof. Consider arbitrary convex combination z = Ele Aix; for k> n+ 1.
Claim: without changing = can change ()\;); such that one \; becomes 0.

e The vectors {x2 — x1,...,x — 1} are linearly dependent, since k — 1 > n.

e = There are (Ba,...,B:) € RF"1\ {0} such that

k k k
0= Zﬁi (i —x1) = Zﬁwi - Zﬁz‘xl-
i—2 =2 i—2
=—p1

e Define \; = \; — t* 3; for t* = g%* and ¢* = argmin;_; .30 |gj|.
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1.2 Convex functions

Definition 1.8 (Convex function). A function f: H — RU {oo} is convex if for all z,y € H,
A€[0,1] onehas f(A-z+(1—X)-y) <X f(z)+(1—A)- f(y). Set of convex functions over H
is denoted by Conv(H).

e fis strictly conver if for v # yand A € (0,1): f(A-z+(1=X)-y) <A-f(2)+(1=N)-f(y).
e f is concave if —f is convex.

e The domain of f, denoted by dom f is the set {z € H|f(z) < +o00}. f is called proper if
dom f # 0.

e The graph of f is the set {(x, f(z))|z € dom f}.
e The epigraph of f is the set ‘above the graph’, epi f = {(z,7) € H x R|r > f(z)}.

e The sublevel set of f with respect to r € R is S,(f) = {z € H|f(z) <r}.

Sketch: Strictly convex, graph, secant, epigraph, sublevel set

Proposition 1.9. (i) f convex = dom f convex.
(ii) [f convex| < [epi f convex].
(iii) [(z,r) € epi f] < |z € S-(f)]-

Example 1.10. (i) characteristic or indicator function of convex set C' C H:

0 else.

0 ifeeC 1 fzeC
+oo else.

to(z) = { Do not confuse with xo(z) =

(ii) any norm on H is convex: For all z,y € H, A € [0, 1]:

Az 4+ (1 =A) -yl < A2 +[[(1=A) -yl = A [lzfl + (1T =A) - [lyl



(iii) for H = R™ the maximum function
R" 3z +— max{z;[i=1,...,n}
is convex (follows from previous point, since it is also a norm).
(iv) linear and affine functions are convex.

Example 1.11 (Optimization with constraints). Assume we want to solve an optimization
problem with linear constraints, e.g.,

min{f(x)|z € R", Az = b}

where f:R" - RU{oo}, A € R™*" b e R™. This can be formally rewritten as unconstrained
problem:

min{f(z) + g(Ax)|z € R"} where g =1t} -

We will later discuss algorithms that are particularly suited for problems of this form where one
only has to ‘interact’ with f and g separately, but not their combination.

As mentioned in the motivation: convexity is a strong regularity property. Here we give some
examples of consequences of convexity.

Definition 1.12. A function f : H — R U {oo} is (sequentially) continuous in z if for every
convergent sequence (xy); with limit = one has limy o f(xr) = f(z). The set of points x where
f(z) € R and f is continuous in x is denoted by cont f.

Remark 1.13 (Continuity in infinite dimensions). If H is infinite dimensional, it is a priori not
clear, whether closedness and sequential closedness coincide. But since H is a Hilbert space,
it has an inner product, which induces a norm, which induces a metric. On metric spaces the
notions of closedness and sequential closedness coincide and thus so do the corresponding notions
of continuity.

Proposition 1.14 (On convexity and continuity I). Let f € Conv(H) be proper and let xg €
dom f. Then the following are equivalent:

(i) f is locally Lipschitz continuous near xg.
(ii) f is bounded on a neighbourhood of xy.
(iii) f is bounded from above on a neighbourhood of zg.
Proof. The implications (i) = (ii) = (iii) are clear. We show (iii) = (i).

o If f is bounded from above in an environment of zy then there is some p € R4 such that
sup f(B(zo,p)) =n < +o00.

e Let x € H, x # xp, such that a := ||z — x¢]|/p € (0,1]

Sketch: Draw position of z.




e Let & = o+ 1(z—x0) € B(zg, p). Then z = (1 —a)-z¢+a-F and therefore by convexity

of f

flx) < (1—a)- f(zo) +a- f(7)
F@) = f(xo) < a- (1 — f(x0)) = |l — o - 2

Sketch: Draw position of new Z.

e Now let & = g + % (20 — x) € B(wo, p). Thenxozﬁ-:ﬁ—kﬁ-m So:
flxo) < 15 - f(@) + 155 - F(&)
flxzo) = f(z) < 135 - (f(2) = f(2o) + flzo) — f(2))

z) < a-(n— f(x)) = |z — xo - 1L

We combine to get:

|f(z) = f(xo)|] < ||z — 20| - %}IO)

e Now need to extend to other ‘base points’ near xg.

e For every xy € B(xg, p/4) have sup f(B(z1,p/2)) < nand f(x1) > f(xo) — § - n—fp(wo) >

2 f(xo) —n. With arguments above get for every = € B(x1,p/2) that

£(@) = Flan)] < o — || - L5 < fla — ay | - 22=L0D)

e For every z1,x2 € B(xo,p/4) have ||x1 — 22| < p/2 and thus

f(@1) = f(w2)] < [y — g - 22=Ll0d) .

Proposition 1.15 (On convexity and continuity II). If any of the conditions of Proposition 1.14
hold for some xg € dom f, then f is locally Lipschitz continuous on int dom f.

Proof. Sketch: Positions of zg, x, y and balls B(xg, p), B(x,a - p)

e By assumption there is some z¢ € dom f, p € Ry and n < oo such that sup f(B(zo, p))
<.

e For any x € intdom f there is some y € dom f such that x = v -2z¢ + (1 — ) - y for some
v € (0,1).

e Further, there is some a € (0,~) such that B(z,a - p) C dom f and y ¢ B(z,« - p).

e Then, B(z,a - p) C conv(B(zg, p) U{y}).

e So for any z € B(x,a-p) there is some w € B(xzg,p) and some 5 € [0,1] such that
z=p-w+ (1—p)-y. Therefore,

f(2) <B-f(w)+ (1 —=8)- fly) <max{n, f(y)}.



e So fis bounded from above on B(z, « - p) and thus by Proposition 1.14 f is locally Lipschitz
near . O

Remark 1.16. One can show: If f: H — RU{oo} is proper, convex and lower semicontinuous,
then cont f = int dom f.

Proposition 1.17 (On convexity and continuity in finite dimensions). If f € Conv(H = R")
then f is locally Lipschitz continuous at every point in int dom f.

Proof. e Let zg € intdom f.

e If H is finite-dimensional then there is a finite set {z;}ic; C dom f such that zy €
int conv({x; };er) C dom f.

e For example: along every axis ¢ = 1,...,n pick 9,1 = x +¢e-¢;, x9; = x — € - ¢; for
sufficiently small £ where e; denotes the canonical i-th Euclidean basis vector.

e Since every point in conv({z;};csr) can be written as convex combination of {xz;}ier we find
sup f(conv({x; }ier)) < max;er f(z;) < +o0.

e So f is bounded from above on an environment of xg and thus Lipschitz continuous in xg
by the previous Proposition. O

Comment: Why is interior necessary in Proposition above?

Example 1.18. The above result does not extend to infinite dimensions.

e For instance, the H'-norm is not continuous with respect to the topology induced by the
L?-norm.

e An unbounded linear functional is convex but not continuous.

Definition 1.19 (Lower semi-continuity). A function f: H — R U {oo} is called (sequentially,
see Remark 1.13) lower semicontinuous in x € H if for every sequence (x,), that converges to
x one has

liminf f(z,) > f(z).
n—oo
f is called lower semicontinuous if it is lower semicontinuous on H.

0 ifx<0
Example 1.20. f(z) = { ne=

1 ifz>0

. . . 0 ifx<O, .
is lower semicontinuous, f(x) = _ is not.
1 ifz>0

Sketch: Plot the two graphs.

Comment: Assuming continuity is sometimes impractically strong. Lower semi-continuity is a
weaker assumption and also sufficient for well-posedness of minimization problems: If (x;), is
a convergent minimizing sequence of a lower semicontinuous function f with limit x then x is a
minimizer.

Proposition 1.21. Let f: H — R U {oo}. The following are equivalent:

(i) f is lower semicontinuous.

+~ VL1



(i) epi f is closed in H x R.
(iii) The sublevel sets S, (f) are closed for all r € R.
Proof. (i) = (ii). Let (yg, )k be a converging sequence in epi f with limit (y,r). Then

r = lim r;y > liminf f(yx) > f(y) = (y,r) €epif.
k—oo k—o0

(ii) = (iii). Forr e Rlet A, : H - H xR, z — (z,7) and Q, = epi f N (H x {r}). Q, is
closed, A, is continuous.

S, (f)y={zc H|f(z) <r}={z e H|(z,9) € Q,} = A, (Q,) is closed.

(iii) = (i). Assume (i) is false. Then there is a sequence (yx )i in H converging to y € H such that

p = limp oo f(yk) < f(x). Let r € (p, f(y)). For k > ko sufficiently large, f(yx) <1 < f(y),
ie. yp € Sp(f) but y ¢ S,(f). Contradiction. O



1.3 Subdifferential
Definition 1.22. The power set of H is the set of all subsets of H and denoted by 2.

Comment: Meaning of notation.

Definition 1.23 (Subdifferential). Let f: H — R U {oo} be proper. The subdifferential of f is
the set-valued operator

of : H — 21 z—{ue H|f(y) > f(z)+ (y —x,u) forally e H}

For x € H, f is subdifferentiable at x if 0 f(x) # (). Elements of df () are called subgradients of
f at x.

Sketch: Subgradients are slopes of affine functions that bound f from below and are equal to f
in z.

Definition 1.24. The domain dom A of a set-valued operator A are the points where A(z) # 0.

Definition 1.25. Let f : H — R U {oc} be proper. z is a minimizer of f if f(x) = inf f(H).
The set of minimizers of f is denoted by argmin f.

The following is an adaption of first order optimality condition for differentiable functions to
convex non-smooth functions.

Proposition 1.26 (Fermat’s rule). Let f: H — R U {oo} be proper. Then
argmin f = {x € H|0€ df(z)}.
Proof. Let x € H. Then
[z € argmin f] < [f(y) = f(z) = f(z) + (y — 2,0) forall y € H] < [0 € 9f(x)]. O
Proposition 1.27 (Basic properties of subdifferential). Let f: H — R U {oc0}.
(i) Of(x) is closed and convex.
(ii) If z € domdf then f is lower semicontinuous at .

Proof. (i):

of(x)= () {ueH|fly) > fx)+y—=zu)}

yedom f

So Of(x) is the intersection of closed and convex sets. Therefore it is closed and convex.
(ii): Let w € 9f(x). Then for all y € H: f(y) > f(z) + (y — z,u). So, for any sequence (xy)
converging to x one finds

liminf f(zx) > f(z) + liminf (x}, — x,u) = f(z). O
k—o0 k—ro0
Definition 1.28 (Monotonicity). A set-valued function A : H — 2 is monotone if
(x —y,u—v) >0

for every tuple (x,y,u,v) € H* such that u € A(x) and v € A(y).



Proposition 1.29. The subdifferential of a proper function is monotone.

Proof. Let u € 0f(z), v € 0f(y). We get:

fy) = f(@) +(y —z,u)
f@) = fly) + (z—y,0),
and by combining:
0> (y—z,u—v) O

Proposition 1.30. Let I be a finite index set, let H = &),.; H; a product of several Hilbert
spaces. Let f; : H; = R U {oo} be proper and let f: H — RU {oco}, x = (z3)ier — >_;cp fili).
Then 0f(x) = Q;¢; 0fi(i).-

Proof. @,c;0fi(x;) C Of(x): For x € H let p; € Ofi(x;). Then

£U+y Zfz xz+yz >Zfz -Tz yzapi>:f($)+<yvp>'

i€l el

Therefore p = (p;)icr € Of ().

0f(x) C Qier 0fi(x;): Let p= (pi)ier € 0f(x). For j € I let y; € H; and let y = (7;)ic; Where
y; = 01if ¢ # j and y; = y;. We get

x—i—y Zfz xz+yz = Z fz X +f](x]+y])>f Zfz xz y]apj>
iel i€I\{j} i€l
This holds for all y; € H;. Therefore, p; € 0f;(x;). O

Example 1.31. e f(z) = 3|lz||*: f is Gateaux differentiable (see below) with V f(z) = z.
We will show that this implies 0f(z) = {V f(z)} = {z}.

o fz)= [l
— For z # 0 f is again Gateaux differentiable with V f(z) = |x T
— For z = 0 we get f(y) > (y,p) = f(0)+ (y — 0,p) for ||p|| <1 via the Cauchy-Schwarz

inequality. So B(0,1) C 9f(0).
— Assume some p € 9f(0) has ||p|| > 1. Then ”%” € 0f(p). We test: <p -0, ﬁ —p> =

ol — |IplI? < 0 which contradicts monotonicity of the subdifferential. Therefore
9f(0) = B(0,1).
e H =R, f(x) = |z| is a special case of the above.
{-1} ifz<0,
of(x) =4 [-1,1] ifz=0,
(+1} ifz >0

Sketch: Draw ‘graph’ of subdifferential.




e H=R" f(z) = |z|li. The ¢; norm is not induced by an inner product. Therefore the
above does not apply. We can use Proposition 1.30:

of (z) = (X) dabs(xy)
k=1

Sketch: Draw subdifferential ‘graph’ for 2D.

Proposition 1.32. Let f,g: H — RU{oo}. For x € H one finds 9f(z) + dg(z) C I(f + g)(z).

Proof. Let u € 0f(x), v € dg(z). Then

flx+y)+g(x+y) > f(@) + (uy) +g(x) + (v,y) = f(z) + g(x) + (u+v,y) .
Therefore, u +v € (f + g)(z). O

Remark 1.33. The converse inclusion is not true in general and much harder to proof. A simple
counter-example is f(z) = ||z||? and g(x) = —||z||?/2. The subdifferential of g is empty but the
subdifferential of f + ¢ is not.

An application of the sub-differential is a simple proof of Jensen’s inequality.

Proposition 1.34 (Jensen’s inequality). Let f : H = R — R U {oo} be convex. Let u be a
probability measure on H such that

and T € domdf. Then

Proof. Let u € 0f(T).

/ f(@) du(z) > / @) + (& - 7,u) dulz) = f(z) 0
H H

Let us examine the subdifferential of differentiable functions.

Definition 1.35 (Géateaux differentiability). A function f: H — RU {oco} is Gdteaux differen-
tiable in x € dom f if there is a unique Gdteauzr gradient V f(x) € H such that for any y € H
the directional derivative is given by

Jim Sl = (), 9 f(2)

Proposition 1.36. Let f : H — RU{oco} be proper and convex, let = € dom f. If f is Gateaux
differentiable in x then 0f(z) = {Vf(z)}.

Proof. Vf(z) € 0f(x):

e For fixed y € H consider the function ¢ : (0,00) = RU {oo}, a — M

10



e ¢ is increasing: let 5 € (0,«). Thenz+3-y=(1—f/a)-z+ B/a-(z+a-y). So

fla+B-y) <A =p/a)- f(z)+B/a- f(z+a-y),
(1—-B/a)-f(x) + B/a-flz+a-y) - f(x)

P(B) < 5
e Therefore,
.95 = g EECD IO g (0 < fay) — fa).

(We set a =1 to get the last inequality.)
Of(x) C{V[f(x)}:

e For u € 0f(x) we find for any y € H
f(@) + (- y,u) — f(z)

(y’vf(x)>:i1{‘%f(l'+aay)_f($)Z(}élg%) - :<y7u>

e This inequality holds for any y and —y simultaneously. Therefore u = V f(z).

Remark 1.37. For differentiable functions in one dimension this implies monotonicity of the

O

derivative: Let f € C*(R). With Propositions 1.36 and 1.29 we get: if x > y then f'(z) > f'(y).

11
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1.4 Cones and support functions

Cones are a special class of sets with many applications in convex analysis.

Definition 1.38. A set C' C H is a cone if for any x € C;, A € R4 one has A -z € C. In short
notation: C' =Ry - C.

Remark 1.39. A cone need not contain 0, but for any x € C' it must contain the open line
segment (0, z].

Proposition 1.40. The intersection of a family {C;};er of cones is cone. The conical hull of a
set C' C H, denoted by cone C is the smallest cone that contains C'. It is given by Ry, - C.

Proof. o Let C = (;c;Ci. If x € C then x € C; for all i € I and for any A € Ry | one has
ANz e C;forallie . Hence A\-xz € C and C is also a cone.

o Let D =Ry, -C. Then D is a cone, C' C D and therefore coneC' C D. Conversely, let
y € D. Then there are x € C' and A € Ry such that y = A- 2. So z € cone C, therefore
y € cone C' and thus D C coneC. O

Proposition 1.41. A cone C'is convex if and only if C +C C C.

Proof. C convex = C+C C C: Let a,b e C. :%-a+%~bEC:>a+b€C:>C+CCC.
C+CcC = Cconvex: Let a,be C. = a+beCand A-a,(1—X)-be C forall A€ (0,1).
=Aa+(1-XN)-beC. =Ja,b] € C = C convex. O

Definition 1.42. Let C' C H. The polar cone of C is

C® ={y e H|sup(C,y) <0} .

Sketch: Draw a cone in 2D with angle < 7/2 and its polar cone.

Proposition 1.43. Let C be a linear subspace of H. Then C° = C*.
Proof. e Since C'is a linear subspace, if (x,y) # 0 for somey € H, z € C then sup (C,y) = oc.
e Therefore, C° ={y € H| (z,y) =0 for all z € C}. O

Definition 1.44. Let C' C H convex, non-empty and x € H. The tangent cone to C at z is

Tow — cone(C —z) ifzeC,
0 else.

The normal cone to C at x is

Nozx =
else.

{(O—$>9:{UEH|Sup<C—l’,u>§0} ifzedC,

Example 1.45. Let C' = B(0,1). Then for z € C:

o [ e H o) <0} it laf =1,
cr =
H if (|2 < 1.

12



Note: the < in the ||z|| = 1 case comes from the closure in the definition of Toxz. Without closure
it would merely be <.

Y= (" k<
Example 1.46. What are tangent and normal cone for the Li-norm ball in R??
We start to see connections between different concepts introduced so far.
Proposition 1.47. Let C' C H be a convex set. Then 0vc(x) = Nex.
Proof. e £ ¢C: duo(x) =0 = Nex.
e xc(C:
[wedc(x)] & [ely)Zw@) +{y—zu) Vyelle 0=y —xu) Vye ]
& [sup (C — z,u) < 0] < [u € Neoz]

O

Comment: This will become relevant, when doing constrained optimization, where parts of the
objective are given by indicator functions.

Now we introduce the projection onto convex sets. It will play an important role in analysis and
numerical methods for constrained optimization.

Proposition 1.48 (Projection). Let C' C H be non-empty, closed convex. For z € H the
problem

inf{[lz —pll[p € C}

has a unique minimizer. This minimizer is called the projection of x onto C and is denoted by
Peox.

Proof. e We will need the following inequality for any x,y,z € H, which can be shown by
careful expansion:

o —yll? = 2l — 22 + 2 ly — 2[2 = 4| (& + 9)/2 — 2|1

e (' is non-empty, y — ||z — y|| is bounded from below, so the infimal value is a real number,
denoted by d.

Let (pr)rken be a minimizing sequence. For k,1 € N one has %(pk + p;) € C by convexity
and therefore ||z — 3 (px + p1)|| > d.

With the above inequality we find:

lpe = 2all® = 2llp — 2* + 2]lp — @l|* — 41252 — 2| < 2|lpy; — 2|* + 2]|p1 — 2]|* — 42

So by sending k,! — oo we find that (pg)x is a Cauchy sequence which converges to a limit
p. Since C'is closed, p € C. And since y — ||x — y|| is continuous, p is a minimizer.

13



e Uniqueness of p, quick answer: the optimization problem is equivalent to minimizing y —
|z — y||?, which is strictly convex. Therefore p must be unique.

e Uniqueness of p, detailed answer: assume there is another minimizer ¢ # p. Then %(p+q) €
C and we find:

lz—pl*+llz—ql* =2z — i+ )I> = 3Ip—qll* > 0

So the sum of the objectives at p and ¢ is strictly larger than twice the objective at the
midpoint. Therefore, neither p nor ¢ can be optimal. O

Proposition 1.49 (Characterization of projection). Let C' C H be non-empty, convex, closed.
Then p = Pox if and only if

pe CIA[(y —p,z —p) <0forallyeC].

Sketch: Illustrate inequality.

Proof. e It is clear that [p = Pox] = [p € C], and that [p ¢ C] = [p # Pcx].
e So, need to show that for p € C one has [p = Pez| < [(y —p,x —p) <0 for all y € C].
e For some y € C' and some € € R, | consider:
lz—(+e-(y—p)I*~llz—pI*=llp+c- (y =) — IplI* — 2¢ (z,y —p)
=y —pl* = 2¢ (x —p,y —p)

If (x —p,y — p) > 0 then this is negative for sufficiently small & and thus p cannot be the
projection. Conversely, if (x —p,y —p) < 0 for all y € C, then for ¢ = 1 we see that p is
indeed the minimizer of y +— ||z — y||* over C and thus the projection. O

Corollary 1.50 (Projection and normal cone). Let C' C H be non-empty, closed, convex. Then
[p = Pox] & [z € p+ Nop|.

Proof. [p= Pex] < [pe C Asup(C —p,z —p) > 0] < [x —p € Nepl. O]

Comment: This condition is actually useful for computing projections.

Example 1.51 (Projection onto Li-ball in R?). Let C = {(z,y) € R?||z| + |y| < 1}. We find:

0 if |z| + |y| > 1,

{0} if [z + [y < 1,
coneconv{(1l,1),(—-1,1)} if (z,y) = (0,1),
coneconv{(1l,1),(1,-1)} if (z,y) = (1,0),
cone{(1,1)} ifz+y=12¢€(0,1),

Ne(z,y) =

Sketch: Draw normal cones attached to points in C.
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Now compute projection of (a,b) € R%. W.lLo.g. assume (a,b) € R2 \ C. Then

(0,1) ifla+b>1]Ab—a>1],
Pe(a,b) = { (1,0) iflatb>1AJa—b>1],
(1+a—0)/2,(1—a+0b)/2) else.

Comment: Do computation in detail.

Comment: Result is very intuitive, but not so trivial to prove rigorously due to non-smoothness
of problem. Comment: Eistiite.

We now establish a sequence of results that will later allow us to analyze the subdifferential via
cones and prepare results for the study of the Fenchel-Legendre conjugate.

Proposition 1.52. Let K C H be a non-empty, closed, convex cone. Let x,p € H. Then
[p=Pxr] & [peK, z—plpax—pcK®].

Proof. e By virtue of Corollary 1.50 (Characterization of projection with normal cone inclu-
sion) we need to show

[t—peNkp] e pecK,z—plpxz—pcK®|.

e =: Let x —p € Ngp. Then p € K. By definition have sup (K — p,x —p) < 0. Since
2p,0 € K (K is closed) this implies (p,x — p) = 0. Further, since K is convex, we have
(Prop. 1.41) K+ K C K, and in particular K +p C K. Therefore sup (K +p —p,x — p) <
sup (K —p,x —p) <0 and thus x —p € K°.

Sketch: Recall that K + p C K. Counter-example for non-convex K.

e «: Since p L x — p have sup (K — p,z — p) = sup (K, z — p) < 0 since z —p € K. Then,
since p € K have x — p € Nkp. O

Proposition 1.53. Let K C H be a non-empty, closed, convex cone. Then K°° = K.
Proof. e K C K°°: Recall: K°® ={u e H|sup(K,u) <0}.

e Let x € K. Then (x,u) <0 for all u € K©. Therefore sup (x, K) < 0 and so x € K°°.
Therefore: K C K°°.

o KO C K: Let x € K9 set p € Pxax. Then by Proposition 1.52 (Projection onto closed,
convex cone): r —p L p,x—pe K°.

o 1€ K®|AN[r—pe K°] = (z,2—p) <0.
o |lz—pl|?=(z,2—p)— (px—p) <0=2=p=xc K. Therefore K°° C K. O

For subsequent results we need the following Lemma that once more illustrates that convexity
implies strong regularity.

Proposition 1.54. Let C' C H be convex. Then the following hold:

(i) VeeintC,yeC: [z,y) CintC.
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(ii) C is convex.

(iii) int C is convex.

(iv) If int C # () then int C = int C and C = int C.

Proof.

e (i): Assume x # y (otherwise the result is trivial). Then for z € [z,y) there is some
a € (0,1] such that z=a -2+ (1 — ) - v.

Since x € int C' there is some ¢ € Ry such that B(z,e- (2 —a)/a) C C.
Since y € C, one has y € C'+ B(0,¢).
By convexity of C:

B(z,e)=a-z4+(1—a)-y+ B(0,¢)
Ca-z+(1—a) - (C+ B(0,¢)) + B(0,¢)
=a -Bx,e-E2)+(1-a)-C
Ca-C+(l-a)-C=C

Therefore z € int C.

(ii): Let z,y € C. By definition there are sequences (z)k, (yx)r in C that converge to x
and y. For A € [0, 1] the sequence (A-zj + (1 — ) - yg )i converges to A-x+ (1 —A)-y C C.

(iii): Let 2,y € int C. Then y € C. By (i) therefore (z,y) € int C.

(iv): By definition int C' C int C. Show converse inclusion. Let y € int C. Then there is
e € R4 such that B(y,e) C C. Let € int C, x # y. Then there is some a € Ry such
that y+a - (y —x) € B(y,e) C C.

Since y € (z,y + « - (y — x)) it follows from (i) that y € int C.

Similarly, it is clear that intC € C. We show the converse inclusion. Let = € intC,
y € C. Fora € (0,1] let yo = (1 —a) -y + a-z. Then y, € intC by (i) and thus
y = limg_0 Yo € int C. O

Example 1.55. Let H =R, C = QU [0,1]. intC = (0,1) # 0 but C is not convex. We find
intC'=(0,1) #intC =intR=Rand C =R # int C = [0, 1].

We can characterize the tangent and normal cones of a convex set, depending on the base point
position.

Prop

osition 1.56. Let C' C H be convex with int C' # () and z € C. Then

[z € int C] & [Tex = H] < [Nox = {0}].

Proof. o zceintC]) < [Tox = H]: Let D=C —x2. Then 0 € D, [[z € int C] < [0 € int D]]

and Tox = cone D.

One can show: if D C H is convex with int D # @ and 0 € D, then [0 € int D] <

[cone D = H].

16
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Sketch: assume 0 € int D. Then cone D = cone D = H since there is some £ > 0 such that
for any v € H \ {0} one has efun € D- The converse conclusion is more tedious. It relies

on Proposition 1.54. See [Bauschke, Combettes; Prop. 6.17| for details.

[Tex = H] < [Nox = {0}]: Recall Noex = (C —2)® = {u € H : sup(C —z,u) < 0}.
We can extend the supremum to cone(C — z) and we can then extend it to the closure

cone(C — x) = Tox without changing whether it will be < 0 (why?). So Nez = {u € H :

sup (Tez,u) <0} = (Tox)©.
Now, if Tcx = H then Neox = {0}.

Conversely, since for € C, Tow is a non-empty, closed, convex cone, one has (Toxz)®° =
Tex (Prop. 1.53) and therefore Tox = (Nex)©. So if Nox = {0} then Tox = H. O

Comment: Observation: subdifferential describes affine functions that touch graph in one point
and always lie below graph. Similarly: for convex sets there are hyperplanes, that touch set in
one point and separate the set from the opposite half-space. These are called ‘supporting hyper-
planes’. The study of the subdifferential is thus related to the study of supporting hyperplanes.
Supporting hyperplanes, in turn, are again closely related to normal cones, as we will learn.

Definition 1.57. Let C C H, x € C and let u € H \ {0}. If

sup (C,u) < (x,u)

then the set {y € H : (y,u) = (z,u)} is a supporting hyperplane of C' at x and x is a support
point at C with normal vector u. The set of support points of C' is denoted by spts C'.

Proposition 1.58. Let C C H, C # () and convex. Then:

sptsC = {x € C : Nox # {0}}

Proof. Let x € C. Then:

[xesptsC] < [Fue H\{0}:sup(C —z,u) <0] < [0#u€ Nck)

Proposition 1.59. Let C C H convex, int C' # (). Then

bdry C' C spts C and CNbdryC C sptsC'.

Proof. o If C' = H the result is clear. (Why?) So assume C # H.

Let x € bdryC C C. Soz € C'\intC = C \ int C' (Prop. 1.54).

Consequence of Prop. 1.56: Ju € Nz \ {0}.

Consequence of Prop. 1.58: x € spts C. Therefore bdry C' C sptsC.

Show spts C' = C Nspts C: For this use sup <6, u> = sup (C,u) (why?).

Let z €sptsC: = x € C CC,3u#0s.t. sup(C,u) < (z,u). =z € CNsptsC.
Let x €sptsCNC: = 2 € C, Ju#0 s.t. sup<6,u> <(xz,u). = x € sptsC.

So: CNbdryC C CNsptsC = sptsC. O
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Example 1.60. Let H =R, C =[-1,1). Then intC = (-1,1), C = [-1,1], bdry C = {—1,1},
sptsC' = {—1}, sptsC = {—1,1}.

An application of the previous results is to show that the subdifferential of a convex function is
non-empty in a point of its domain where the function is continuous.

Proposition 1.61. Let f : H — RU{oo} be proper and convex and let = € dom f. If x € cont f
then Of (z) # 0.

Proof. e Since f is proper and convex, epi f is non-empty and convex.

e Since x € cont f, f is bounded in an environment of z. Let ¢ > 0, n < +oo such
that f(y) < f(z) + n for ||z — y|| < e. Therefore, intepif # 0 because it contains
B(xz,e/2) x (f(x) +2n,00).

e Further: consider sequence (y, = (z, f(x) — 1/k))52,. Clearly yi ¢ epi f but limy_oc yx, =
(z, f(z) € epi f. Therefore (z, f(x)) € bdryepi f.

e So by Proposition 1.59 there is some (u,r) € Nepif(, f(x)) \ {(0,0)}.

e By definition of normal cone: For every (v, s) € epi f have:

()=o) ()=

e So in particular for y € dom f have (y, f(y)) € epi f and therefore:
(y—zu)+ (fly) — f(z)) - r<0

o If » < 0 we could divide by r and get that u/|r| € df(z). So need to show r < 0.

e Show that r < 0: For any § > 0 have:

essiconso (7)) ()< wsrsumis

e Assume r = 0: Then must have u # 0. Then there is some p > 0 such that ||p-u| < € and
therefore (x + p - u, f(x) +n) € epi f. Then:

K <§&-)p+-z> - (fé:)) ) (3» < 0} & [p- (u,u) < 0]

This is a contradiction, therefore r # 0. O

Corollary 1.62. Let f: H — R U {oo} convex, proper, lower semicontinuous. Then
intdom f = cont f C domdf C dom f

Proof. e The first inclusion was cited in Remark 1.16 (see e.g. [Bauschke, Combettes; Corol-
lary 8.30]).

e The second inclusion is shown in Prop. 1.61.
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The third inclusion follows from contraposition of [x ¢ dom f] = [0f(z) = 0]. O «vi4

Finally, we show that closed, convex sets can be expressed solely in terms of their supporting
hyperplanes.
For notational convenience introduce ‘support function’.

Definition 1.63. Let C' C H. The support function of C' is

oc : H — [—o00, 0], u — sup (C,u) .

Sketch: Definition.

We will later learn that each convex, lower semicontinuous and 1-homogeneous function is the
support function of a suitable auxiliary set.

Sketch: Following remark.

Remark 1.64. If C # 0, u € H \ {0} and o¢(u) < +oo, then {z € H : (z,u) < oc(u)} is
smallest closed half-space with outer normal w that contains C. If x € C and o¢(u) = (x,u)
then z € sptsC and {y € H : (y,u) = oc(u) = (x,u)} is a supporting hyperplane of C at z.

Proposition 1.65. Let C' C H and set for u € H

Ay ={x € H|(z,u) <oc(u)}.

Then conv C = (,cg Au-

Proof. e If C =0 then o¢(u) = —o0 and A, = 0 for all uw € H. Hence, the result is trivial.

Otherwise, oc(u) > —o0. Let D = (), Au.

Each A, is closed, convex and contains C'. Therefore D is closed, convex and conv C C D.
Since D is closed, also convC' C D.

Now, let x € D, set p = P —=x.

Then (z — p,y — p) < 0 for all y € conv C and thus o5m(z — p) = sup (conv C, z — p) =
(p,x —p).

Moreover, x € D C Ay—p. So (z,z —p) < oc(z —p).

Since C' C conv C we get o¢ < 05—

Now: ||z —p||? = (z,2—p) — ({p,x —p) < oc(z —p) — osos(® — p) < 0. Therefore
x = p C convC and thus D C conv C. O

Corollary 1.66. Any closed convex subset of H is the intersection of all closed half-spaces of
which it is a subset.
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1.5 The Fenchel-Legendre conjugate

Remark 1.67 (Motivation). Previous result (Cor. 1.66): closed, convex set is intersection of all
half-spaces that contain set.

Analogous idea: is convex, lower semicontinuous function f pointwise supremum over all affine
lower bounds x — (z,u) — a,,? How to get minimal offset a,, for given slope u?

a, = inf{r e R| f(x) > (z,u) —r for all x € H}

=inf{r e R|r > sup (z,u) — f(x)}
TeH

= sup (z,u) — f(z)
reH

For given slopes and offsets (u, a,), how do we reconstruct f? Pointwise-supremum (= intersec-
tion of all half-spaces containing epi f):

f(z) = sup (x,u) — a,
ueH

Note: same formula for obtaining a, and reconstructing f. Write a, = f*(u) and call this
Fenchel-Legendre conjugate. Reconstruction of f is then bi-conjugate f**. When is f** = f and
what happens if f** #£ f7

The Fenchel-Legendre conjugate and the bi-conjugate are fundamental in convex analysis and
optimization. We start by a formal definition of f*, by studying some examples and showing
some basic properties of f*. We return to a systematic study of f** in second half of this
subsection.

Definition 1.68 (Fenchel-Legendre conjugate). Let f : H +— [—o0,00]. The Fenchel-Legendre
conjugate of f is

f* H — [—o0,00], u > sup (z,u) — f(x).
zeH

The biconjugate of f is (f*)* = f**.

Example 1.69. (i) f(z) = i||=|*:

P ) = sup (e = 3el? = = (fuf ol = (o)) = = inf Fo

zeH

Convex optimization problem. Fermat’s rule (Prop. 1.26): y is optimizer if 0 € 8f(y)
Minkowski sum of subdifferentials (Prop. 1.32): y —u € 9f(y). = sufficient optimality
condition: y = u, so u is minimizer. = f*(u) = %|u||?, f is self-conjugate.

(i) f(z) = ||

f7(u) = sup (z,u) — ||z|
xeH

If ||u|| > 1 consider sequence xj = u - k. Then

I @) fug>1) = lilznsup (1l = flull) - k = o0
—00
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If ||u]] <1 then by Cauchy-Schwarz:
S @<y < sup(fluf - [zl = llzl]) <0
xeH

And by setting = = 0 get f*(u)l[jju)<1) = 0. We summarize

£ () = {—i—oo if ||u| > 1, _, ()

0 ifful<1 BOD

(iii) special case: H =R, f(z) = [z|: f* =11y

(iv) H=R", f(x) = |lzl1 = X ji_ [zxl:

F*(u) = sup {u,z) — f(&) = sup > uy g — ] = D supug -5 [s] = 3 abs” (uy)
kleE

zeH $€Hk:1 k=1
(v) flz)=0:

0 ifu=0,
£ (w) = sup (u,z) = {

z€H +oo else.

From Examples 1.69 we learn a result on conjugation.

Proposition 1.70. Let (Hj)}_, be a tuple of Hilbert spaces, fi : Hi — [—00,00], let H =
k=1 Hi, [+ H = [~00,00], ((wk)k) = k= fe(wr). Then f*((ug)r) = D p—y fi (ur)-

Proof. The proof is completely analogous to Example 1.69, (iv). O
A few simple ‘transformation rules’:
Proposition 1.71. Let f: H — [—00,00], v € Ry .

(i) Let h:x +— f(v-z). Then h*(u) = f*(u/v).

)
(ii)) Let h: x> - f(x). Then h*(u) =~ - f*(u/7).
(iii) Let h: x> f(—x). Then h*(u) = f*(—u).

)

(iv) Let h: x — f(x) —a for a € R. Then h*(u) = f*(u) + a. (Adding offset to function adds
same offset to all affine lower bounds.)

(v) Let h: 2z — f(x —y) for y € H. Then h*(u) = f*(u) + (u,y). (Shifting the effective origin
of a function requires adjustment of all offsets = axis intercept at origin.)

Proof. All points follow from direct computation. O

Proposition 1.72 (Fenchel-Young inequality). Let f : H — R U {oc} be proper. Then for all
x,u € H:

f(@) + () = (z,u)
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Proof. o Let x,uec H.

e Since f is proper, have f* > —oo (why?).

e So if f(x) = oo, the inequality holds trivially.

e Otherwise: f*(u) = supyepy (u,y) — f(y) = (u,z) — f(x). O
Now we establish some basic properties of the conjugate. We need an auxiliary Lemma.

Proposition 1.73. Let (f;)ics be an arbitrary set of functions H — [—o0,00]. Set f : H —
[—00, 00], © — sup;er fi(x). Then:

(i) epif = Nicsepi f;
(ii) If all f; are lower semicontinuous, so is f.
(iii) If all f; are convex, so is f.

Proof. o (i): [(z,r) eepif] @ Ror> f(x)] & [R>r > fi(x) foralli € I] & [(z,7) €
epi fi for all i € I] < [(z,7) € ;e epi fi].

e (ii): If all f; are lower semicontinuous, all epi f; are closed (Prop. 1.21). Then epif =
(Nicrepi fi is closed, i.e. f is lower semicontinuous.

e (iii): If all f; are convex, all epi f; are convex (Prop. 1.9). Then epif = (),c;epif; is
convex (Prop. 1.4), i.e. f is convex. O

Proposition 1.74 (Basic properties of conjugate). Let f : H — [—o00,00|. Then f* is convex
and lower semicontinuous.

Proof. e The result is trivial if f(x) = —oco for some x € H. So assume f > —oo from now
on.

e Can write conjugate as: f*(u) = SUP,edom f (U, ) — f(2).

e So conjugate is pointwise supremum over family of convex, lower semicontinuous functions:
(y = <y,$> - f(x))xedomf-

e By Proposition 1.73 have: f* is convex and lower semicontinuous. O

Now, we return to the initial motivation and start to study the bi-conjugate f**. We first give
some related background.

Definition 1.75. Let f: H — [—o0, o0].
e The lower semicontinuous envelope or closure of f is given by

[ sup{g(a)lg : H — [~o00,00], g is Isc, g < f}.

e The convex lower semicontinuous envelope of f is given by

conv f : x — sup{g(x)|g : H — [—00, 0], g is convex, Isc, g < f}.

Proposition 1.76. f is lower semicontinuous and conv f is convex, lower continuous.
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Proof. This follows directly from Prop. 1.73. OJ

Proposition 1.77. Let f : H — [—00,00]. Then epiconv f = convepi f.

Proof. e The claim is trivial when f = 400 < epif = (. So now assume f is proper: then
both sets are non-empty.

e Set F'=conv f and D = convepi f.

e Since F' < f = epif C epi F. Since epi F is convex, have convepi f C epi F. Since epi F’
is also closed (why?), have D = convepi f C epi F.

e Show converse inclusion. Let (x,() € epi F'\ D. Since D # emptyset is closed and convex,
the projection onto D is well defined. Let (p, 7) = Pp(x, (). Characterization of projection:

<<§:£)7<Z:§)>so for all (y,7) € D )

e For some (y,n) € D, send n — oo (which is still in D, why?). We deduce: ¢ — 7 < 0.
e Assume ¢ = 7. Then (x) implies (z — p,y —p) <0 for all (y,n) € D = convepi f.

e Note: [ n € R s.t. (y,n) € convepi f| < |y € convdom f|. So: (x —p,y —p) < 0 for all
y € convdom f and therefore for all y € convdom f.

e Also note: dom F' C convdom f = E: Define function

mm:{Fm)ﬁer

+oo else.

Since F is closed and convex, and F' is Isc and convex, g is Isc and convex. Since F' < f and
g(x) = F(z) for x € dom f C F, have g < f. Since F' is the convex lower semicontinuous
envelope of f we must therefore have g < F' and therefore dom F' C F.

e So we can set y = z in projection characterization and obtain: ||z — p||?> < 0. Therefore
x = p which contradicts (z,() ¢ D.

e Now assume ¢ < w. Set u = % and let y € dom f, n = f(y) (i.e. (y,n) € epif C D).
Then from characterization of projection get

(u,y —p) + 7 < f(y).
So f is lower bounded by affine function g : y — (u,y — p) + . Therefore, g < F.

e Since (z,() € epi F get

2
r< =P o) < Py < ¢
T—=C
This is a contradiction and therefore there cannot be any (x,() € epi F' \ D. O «vLs

Now some basic properties of the biconjugate.
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Proposition 1.78. Let f: H — [—00,00]. Then f** < f and f** is the pointwise supremum
over all continuous affine lower bounds on f.

Proof. o [f f =400 then f* = Foo = claim is true. Now assume f is proper.
e We find:
fH(u) = sup (u,y) — f(y)
yeH
[ (@) = sup (u,x) - <Sup {u,y) — f(y)> = sup inf (u,z) — (u,y) + f(y)
u€H yeH uweH YEH

< sup (u,x —z) + f(x) = f(z) (set y =z in infimum)
ueH

e By Prop. 1.72 (Fenchel-Young): f(z) > (u,z) — f*(u) for all z,u € H. So f**(x) =
Sup,ep (u, z) — f*(u) is the pointwise supremum over a family of continuous affine lower
bounds on f.

e So f** is pointwise supremum over family of convex, lsc functions = f** is convex lsc
(Prop. 1.73).

e On the other hand, let g(z) = (v,z) —r < f(z) for some (v,7) € H x R be a continuous
affine lower bound. Then:

f*(v) = sup (v,z) — f(z) < sup (v,x) — (v,x) +1r =7

z€H ~~ z€H
2g(x)
(@) = sup (u, ) — f*(u) = (v,2) = [ (v) = (v,2) =7 = g(x)
ueH N——
<r
So f** is larger (or equal) than any continuous affine lower bound on f. O

We now prove the main result of this subsection.

Proposition 1.79. Assume f : H — R U {oo} has a continuous affine lower bound. Then
= conv f.

Proof. e Let FF = conv f. By Prop. 1.77 have epi F' = convepi f and by Prop. 1.65 epi F' is
the intersection of all closed halfspaces that contain epi f.

e Let (v,r) € H x R be the outward normal of a closed halfspace that contains epi f. Such a
halfspace must exist: f has affine lower bound = epi f contained in some (closed) halfspace.
Halfspace is closed, convex = convepi f also contained in halfspace.

e If r > 0 then epi F = () and then f = 400 = f** and we are done.
e So assume that epi F' # () and therefore r» < 0 for all closed halfspaces that contain epi f.

e Similarly, f** is the pointwise supremum over all continuous affine lower bounds on f.
Therefore, epi f** is the intersection of all closed halfspaces that contain epi f and for
which the outward normal (v, r) has r < 0.
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Therefore, epi F' C epi f** which implies f** < F. (Also follows from f** convex, lsc and
[ < f, why?)

Let (u,a) € H x R such that x — (u,x) — a is a continuous affine lower bound of f. Then
it is also a lower bound on f** and finally F.

Assume (z,() € epi f** \ epi F.

Then there must be a closed halfspace in H x R with horizontal outward normal (i.e. r = 0)
that contains epi I, but not (z,¢). That is, there is some (v,y) € H? such that (z —y,v) <
0 for all z € dom F but (z — y,v) > 0.

Sketch: epi F, (z,(), (y,v) € H x H, (u,a) € H xR

For s > 0 let gs(z) = (u,x) —a+ s - (x — y,v). Recall that gy is a continuous affine lower
bound on f.

For x € dom f C dom F' (follows from F' < f) have gs(x) = go(z) + s - (z — y,v) < f(x).
So for s > 0, g5 is a continuous affine lower bound on f, and thus on f**.

But for s — oo have gs(z) = go(2) + s+ (z — y,v) = 00 > ¢ > f**(2).

This is a contradiction, thus points like (z, () cannot exist and epi f** = epi F. O

We obtain the famous Fenchel-Moreau Theorem as a corollary.

Corollary 1.80 (Fenchel-Moreau). Let f: H — RU {oo} be proper. Then

[f is convex, lsc] & [f™ = f] = [f* is proper] .

Proof. e < of equivalence: If f = f** then f is the conjugate of f*. Therefore, it is convex

and lsc.

= of equivalence: f is convex, Isc. = epif is convex, closed. =- it is intersection of
all closed halfspaces that contain epi f. If f has no continuous affine lower bound then
all these halfspaces must have ‘horizontal’ normals (r = 0) = f(H) C {—o0, +0o0}, which
contradicts assumptions. So f must have continuous affine lower bound.

By previous result f** = conv f which equals f since f convex, lsc.

f* is proper: we have just shown that f has continuous affine lower bound, say f(z) >
(x,v) — a for some (v,a) € H x R. Recall: this implies f*(v) < a. Conversely, f is proper,
ie. f(xg) < oo for some xy and then f*(u) > (xg,u) — f(xo). O

Comment: We showed in proof: A convex lsc function must have a continuous affine lower bound.
This is not true for general convex (but not Isc) functions. Recall: unbounded linear functions

are convex.

A few applications: The following result is helpful to translate knowledge from Of or f* onto
the other. It gives the ‘extreme cases’ of the Fenchel-Young inequality.

Proposition 1.81. Let f: H — R U {occ} be convex, lsc, proper. Let z,u € H. Then:

wedf(@x)] < [flo)+f(w)={@w < [rcif(u]
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Comment: Intuitive interpretation: conjugate f*(u) computes minimal offset a such that y —
(u,y) — a is lower bound on f. If u € df(z) then y — (u,y — x) + f(z) is affine lower bound for
f that touches graph in x. So offset (u,x) — f(x) is minimal for slope wu.

Proof. e Consider first equivalence.
e =: By Prop. 1.72 (Fenchel-Young): f*(u) > (u,z) — f(z).

e Have f(y) > f(z) + (u,y — z) for all y € H. Get:

[ (u) = sup (u,y) — f(y) < sup (u,y) — (u,y —x) — f(z) = (u,z) — f(x)
yeH yeH

* So f*(u) + f(z) = (u, ).

o =

[ (w) = (2, u) — f(z) = sup (y,u) — f(y) = (y,u) — f(y) for ally € H

So f(y) > (u,y —x) + f(z) forally € H. = u € 9f(x).
e For second equivalence, apply first equivalence to f* and use that f** = f. O
Now we can relate one-homogeneous functions and indicator functions:

Definition 1.82. A function f : H — RU{oc} is positively 1-homogeneous if f(A-x) = X- f(x)
forallz € H, A e Ry .

Proposition 1.83. Let f: H - RU{oco}. Then f is a convex, lsc, positively 1-homogeneous
function if and only if f = (1¢)* = o¢ for some closed, convex, non-empty C' C H.

Comment: Relation between indicator functions and support functions: &, = o¢.

Proof. e «&: 1 is Isc and convex. Moreover, for v € H, A € Ry

B\ 2) = 00\ 7) = sup (y, A ) = Asup {g,2) = A - 00 (z)
yeC yeC

So ¢, is positively 1-homogeneous.

=: Observe: f(0) =0 (why?). So

f*(u) = sup (u,z) — f(z) >0 (set z =0 in sup).
zeH

If, for fixed u € H there is some x € H such that (u,x) — f(z) > 0, then

f*(u) > limsup (u, k- ) — f(k-z) =limsupk - ((u,z) — f(z)) = c0.

k—o0 k—o00

So f*(H) C {0,400} and therefore f* = 1o for some C' C H. Since f* is convex, lsc = C
is convex, closed (why?).

Since f is convex, lsc, proper (f(0) =0) have f = f** = .. O

26



This allows us to describe subdifferential of 1-homogeneous functions.

Corollary 1.84. If f : H — R U {00} is convex, lsc, positively 1-homogeneous, then f = o¢
where C' = 9f(0).

Proof. e By assumption, f = o¢ for some closed, convex C C H, f* = 1c.
e Then [u € 0f(0)] & [0 € 0f*(u) = 0c(u)] & [ue (. O

Example 1.85. Go through Examples 1.69 and study biconjugates. Note the relation between
positively 1-homogeneous functions and indicator functions.
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1.6 Convex variational problems

Remark 1.86 (Motivation). We want to find minimizers of functionals. Standard argument:
minimizing sequence + compactness: Weierstrass provides cluster point. Lower semicontinuity:
cluster point is minimizer.

Problem: compactness in infinite dimensions is far from trivial. Example: orthonormal sequences
(zk)ken, (i, xj) = 8 ; (e.g. ‘traveling bumps’ in L?(R) or canonical ‘basis vectors’ in £2(N)). =
closed unit ball in infinite-dimensional Hilbert spaces is not compact.

Recall: avoided this problem for proof of existence of projection via Cauchy sequence, but this
argument will not work in general. = we need a different tool.

Definition 1.87 (Weak convergence on Hilbert space). A sequence (), in H is said to converge
weakly to some x € H, we write x, — x, if for all u € H

lim (u,zy) = (u,x) .
k—ro00

Comment: For now only use weak convergence for Hilbert spaces. More general and detailed
discussion will follow later.

Remark 1.88. Weak convergence corresponds to weak topology. Weak topology is coarsest
topology in which all maps = — (u,z) for all w € H are continuous (this implies precisely that
(u, ) — (u,x) for weakly converging sequences xp — x). So, subbasis is given by all open
halfspaces. Weak topology still yields Hausdorff space (e.g. for any two distinct points x, y € H
can find open halfspace A such that =z € A, y ¢ A). Need Hausdorff property for uniqueness of
limits.

In general it is easier to obtain compactness with respect to the weak topology due to the
following theorem.

Theorem 1.89 (Banach—Alaoglu). The closed unit ball of H is weakly compact.
Corollary 1.90. Weakly closed, bounded subsets of H are weakly compact.

Proof. Let C' C H be weakly closed and bounded. Then there is some p € R, such that

C C B(0,p), which is weakly compact by Banach—Alaoglu. C' is a weakly closed subset of a
weakly compact set, therefore it is weakly compact. O

Example 1.91 (Orthonormal sequence and Bessel’s inequality). Let (zx)gen be an orthonormal
sequence in H, i.e. (z;,x;) = d;j for all i,j € N, and let w € H. Then for all N € N

N 2 N N 2
0<|lu— Z:ck (xp,u)|| = |lul|® -2 <u, Zxk <xk,u>> + Z:ck. (g, u)
k=1 k=1 k=1
N N N
P =23 G + S ) =l — S ).
k=1 k=1 k=1

So [|ul|? > Yo, (u, z)? for all N (which then also holds in the limit N — oo) and (u, zj) — 0
as k — oo. Therefore z, — 0. (But clearly not zj — 0.)

The previous example shows that weak convergence does in general not imply strong convergence.
We require an additional condition.
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Proposition 1.92. Let (xx)ren be a sequence in H and let z € H. Then the following are
equivalent:

[z — ] & [z — x and ||zg| — ||z||]

Proof. e =: For every u € H have y — (u,y) is continuous. Therefore, if z; — x one finds
(u,z) — (u,z) for all w € H, therefore z;, — . The norm function is also (strongly)
continuous, therefore it also implies ||z || — | =]

o —:
e — 2* = ol =2 (zx, @) +l|z]* = 0 L
SN—— SN——
—|z||2 —{z,T)

Remark 1.93. In the previous example we find indeed limy_,~ ||zx|| = 1 # ||0]]. Therefore, the
sequence cannot converge strongly.

Theorem 1.94 (Characterization of infinite-dimensional Hilbert spaces). The following are
equivalent:

(i) H is finite-dimensional.

(ii) The closed unit ball B(0,1) is compact.
(iii) The weak topology of H coincides with its strong topology.
(iv) The weak topology of H is metrizable.

Remark 1.95. Note that item (iv) implies that for the weak topology we can in general not
equate sequential closedness and closedness, as for the strong topology (cf. Remark 1.13). We
will now show that it remains at least equivalent for convex sets (and functions). « VL6

Proposition 1.96. Let C' C H be convex. Then the following are equivalent:
(i) C is weakly sequentially closed.
(i)
(iii) C is closed.
)

i
(iv

C is sequentially closed.

C' is weakly closed.

Proof. e (i) = (ii): Let (zy)x be a sequence in C' that converges strongly to some z € H.
Prop. 1.92: [z, — z] = [z — z]. Therefore, x € C since C' is weakly sequentially closed.
Therefore, C' is (strongly) sequentially closed.

e (ii) < (iii): The two are equivalent because the strong topology is metrizable (cf. Remark
1.13).

e (iii) = (iv): For this need convexity. C is closed and convex. Therefore, C' is the
intersection of all closed halfspaces that contain C'.

e A subbasis for the open sets of the weak topology are open halfspaces. So subbasis for
weakly closed sets are closed halfspaces. C' can be written as intersection of weakly closed
sets. = (' is weakly closed.
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e (iv) = (i): Sequential closedness is implied by ‘full’ closedness. (Proof: Let C' be weakly
closed. Let (zy)x be a sequence in C' with x; — x for some = € H. Assume x # C. Then
there is some weakly open U such that z € U, UNC = (). But since 2 — =z, for sufficiently
large k one must have x € U which is a contradiction.) O

Corollary 1.97. For a convex function f : H — RU{oo} the notions of weak, strong, sequential
and ‘full’ lower semicontinuity coincide.

Proof. When f is convex, all its sublevel sets are convex and for these all corresponding notions
of closedness coincide. O

Corollary 1.98. The norm z +— ||z|| is (sequentially) weakly lower semicontinuous.

Remark 1.99. Note: the norm is not (sequentially) weakly continuous in infinite dimensions.
Recall an orthonormal sequence (zj)ren. Then z — 0 but ||zx|| — 1.

Corollary 1.100. The closed unit ball B(0, 1) is weakly closed. But in infinite dimensions the
(strongly) open unit ball B(0, 1) is not weakly open.

Proof. e B(0,1) is a convex set. Therefore the notion of strong and weak closure coincide.

e Consider once more an orthonormal sequence (zj)ren. Then z ¢ B(0,1) for all k, but
kaAOEB(O,l). O

So in the following we resort to weak topology to obtain minimizers via compactness. We do not
have to worry too much about the new notion of lower semicontinuity. But since (strongly) open
balls are no longer weakly open, we will face some subtleties when we try to extract converging
subsequences from minimizing sequences: we do not know whether weak compactness implies
weak sequential compactness. This is provided by the following theorem:

Theorem 1.101 (Eberleinfgmulian). For subsets of H weak compactness and weak sequential
compactness are equivalent.

Now we give a prototypical theorem for the existence of minimizers.

Proposition 1.102. Let f : H — R U {co} be convex, lower semicontinuous. Let C' C H be
closed, convex such that for some r € R the set C'N S,.(f) is non-empty and bounded. Then f
has a minimizer over C.

Proof. e The sets C and S, (f) are closed and convex. So D = C'NS,(f) is closed and convex
and by assumption bonded.

D closed, convex = D is weakly closed (Prop. 1.96).

D bounded, weakly closed = weakly compact (Cor. 1.90 of Banach—Alaoglu).

D weakly compact = weakly sequentially compact (Thm. 1.101, Eberleinfgmulian).

Since D = CNS,(f) is non-empty, we can confine minimization of f over C' to minimization
of f over D.

Let (x)ren be minimizing sequence of f over D. Since D is weakly sequentially compact,
there is a subsequence of (zy)x that converges to some x € D in the weak topology.
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e Since f is convex and lower semicontinuous, it is weakly sequentially lower semicontinuous
(Cor. 1.97). Therefore, x is a minimizer. O

A useful criterion to check whether the sublevel sets of a function are bounded is coerciveness.

Definition 1.103 (Coerciveness). A function f: H — [~o0,00] is coercive if lim|, o0 f(7) =
0.

Proposition 1.104. Let f : H — [—o00,00]. Then f is coercive if and only if its sublevel sets
Sy(f) are bounded for all » € R.

Proof. o Assume S,(f) is unbounded for some r € R. Then we can find a sequence (z) in
Sy(f) with ||zk|| = oo but limsup_, . f(xg) < r.

e Assume S,(f) is bounded for every r € R. Let (z)r be an unbounded sequence with
limy o0 [|zk]| = oo. Then for any s € R there is some N € N such that =3 ¢ Ss(f) for
k > N. Hence, liminfy_, f(zr) > s. Since this holds for any s € R, have limy_, . f(xg) =
00. O

Once existence of minimizers is ensured, uniqueness is simpler to handle. ‘Mere’ convexity is not
sufficient for uniqueness. We require additional assumptions. Strict convexity is sufficient.

Proposition 1.105. Consider the setting of Prop. 1.102. If f is strictly convex then there is a
unique minimizer.

Proof. Assume z and y € C are two distinct minimizers. Then f(z) = f(y). Then z = (x +
y)/2) € C and f(2) < 3f(z) + 3 f(y) = f(z) = f(y). So neither z nor y can be minimizers. [
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1.7 Proximal operators

Definition 1.106. Let f : H — RU{oo} convex, Isc and proper. Then the map Proxy : H — H
is given by

z +— argmin (3]lz — y|I> + f(y)) -
yeH

The minimizer exists and is unique, so the map is well-defined.

Remark 1.107 (Motivation). Interpretation: near point x try to minimize f, but penalize if
we move too far from z. Intuitively: do small step in direction where f decreases, similarly to
gradient descent, but Proxy is also defined for non-smooth f.

The proximal operator will be our basic tool for optimization. Later we will show that we can
optimize f + g by only knowing the proximal operators of f and g separately. This is the basis
for the proximal splitting strategy. One tries to decompose the objective into components such
that the proximal operator for each component is easy to compute.

Proof that Proxy is well-defined. e Since [ is convex, lsc, proper = f* is proper. Therefore
f has a continuous affine lower bound, which we denote by f:y — (u,y) —r.

For fixed « € H let g : y — ||z — y||%. By ‘completing the square’ we get
f = Lg — o2 —r=Yw w2+
FW) +9(y) = sl —yl” + (w,y) —r = 3lly —vlI” +

for some v € H, C' € R. So sublevel sets of f + g are bounded.

Since f < f have Sy (f+g) C Sr(f+ g), so sublevel sets of f + g are bounded.

Since f is proper and g is finite, there is some r € R such that S,(f + g) is non-empty.

Using Prop. 1.102 with C' = H and f = f 4 g we find that f + ¢ has a minimizer over H.

Since f is convex and g is strictly convex, f —+ g is strictly convex. Prop. 1.105 = this
minimizer is unique. O

Characterization of proximal operator.
Proposition 1.108. Let f be convex, Isc, proper, let x € H. Then

[p=Proxs(z)] < [(y—px—p)+flp)<fy)forallyec H < [z—pedflp)
Proof. e The second equivalence is trivial. We prove the first.

e =: Assume p = Proxs(x), let y € H. For o € [0,1] let po, = a-y+ (1 — ) - p.

o Then f(pa) + 3llz = pall* = f(p) + 3llz — plI*.

e By convexity of f: f(pa) < - f(y) + (1 —a)- f(p).

o We get:

a-fly)+ 1 —a) fp) +5llz—pal® = f(p) + 5l — pl
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e Setting g(a) = o~ f(y) + (1 — a) - f(p) + 3/lz — pal/® this translates to g(a) > g(0) for
a € [0,1].

e Note that g is differentiable, so we must have -Lg(a)|a=9 > 0. This implies:
fy) = fp)+(z—py—p) 20,
e <: For fixed z let g : y — ||z — y||*. Then dg(y) = {y — «}. Then

x—pedf(p)l & [0ep—a+0f(p)=0ag(p)+0f(p)
= (0f +0g C O(f + g),Prop. 1.32) [0€9d(g+ f)(p)]
& [peargmin(g+[f)] & [p=Proxs(z)] O

Comment: Since we did not prove any results of the form 9(f+g) = df+09g we had to ‘manually’
do the =-argument.

Example 1.109 (Projections). Projections are special cases of proximal operators. Let C C H
be non-empty, closed, convex. We find

Pox = argmin & ||z — p||* = argmin 3 ||z — p||* + 1c(p) = Prox,c () .
peC pEH

Then the characterization for projections (Prop. 1.49) is a special case of Prop. 1.108:
[p=Prox,c(z)] < [(y—p.x—p)+ic(p) <ic(y) forall y € H]
& [peCA{y—pax—p) <0forallyeC] < [p= Pox]

Similarly, the characterization of projections via the normal cone (Cor. 1.50) is a special case
of the characterization of the proximal operator via the subdifferential: Recall duc(y) = Ncy
(Prop. 1.47). Then:

[z €p+0wc(p)] & [r€p+ Nepl

So, conversely we may think of the proximal operator as a generalization of projections with ‘soft
walls’: instead of paying an infinite penalty when we leave C, the penalty is now controlled by
a more general function f.

A few more examples, that are not projections:

Example 1.110. Let A > 0.

) f(y) = 3lyll* [p = Proxs(2)] & [z —p € 0f(p) = {X-p}] & [p = «/(L + N)]. So
Proxs(z) = x/(1+ A).

(i1) f(y) = X-|ly||: Recall:

I if y # 0,
B(0,1) ify=0.

8f(y)=>\-{
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If x € A- B(0,1) we find that p = 0 is a solution to x € p + df(p). Otherwise, we need to
solve x = p + ﬁ‘ﬁ for some p # 0. We deduce that p = p - x for some p € R\ {0} (since p
and = must be linearly dependent) and get:

w=p- 2+l el=p+leb=1-12ep=2- 7]

T

We summarize:
0 if x € B(0,\)
r— 2% else.

flll

Proxy(z) = {

Interpretation: if ||z|| > X we move towards the origin with stepsize A, otherwise, go directly
to origin.

Example 1.111 (Comparison with explicit gradient descent). Assume f is Gateaux differen-
tiable. Then 0f(z) = {Vf(x)}. Consider a naive discrete gradient descent with stepsize A > 0
for some initial (¥ € H:

2D — (0 )\Vf(a:(z))
For comparison consider repeated application of the proximal operator on some initial y(o) € H:
Y = Profo(y(e))
We find y©@ €y + X0f (y D) = {5V + AV F (D)}, s0
y(€+1) — y(é) o )\vf(y(f+1)) )

This is called an ¢mplicit gradient descent, since the new iterate depends on the gradient at the
position of the new iterate, and it is thus only implicitly defined. For comparison, the above rule
for z(*+1) is called explicit.

Usually, the explicit gradient scheme is much easier to implement, but the proximal operator has
several important advantages:

e The proximal scheme also works, when f is not differentiable. (But it must be convex.)
e The proximal scheme can be started from any point in H, even from outside of dom f.
e The proximal scheme tends to converge more robustly.
As an illustration of the latter point return to two previous examples:
(i) f(z) = %[|z[/®>. Then Vf(z) = z and we get
2D = 20 Xz = 2O (1 = \)°.

This converges geometrically to () — 0 for |1 —A| < 1 & X € (0,2). For A > 1 the
solution oscillates around the minimizer, for A > 2 the sequence diverges.

For comparison we get
y T =y 1+ X)) =y D+ N

This converges geometrically for all A > 0. For very small positive A we have (1+\)"! ~ 1—
A and the implicit and explicit scheme act similarly (for the first few iterations). Intuitively,
this stems from the fact that if f is continuously differentiable and the stepsize is small,

then Vf(z) = Vf(z(t+D),
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(ii) f(xz)=|z||. Then Vf(x) = x/||z|| for z # 0 and we obtain

2D = o0 e

For ||z|| > A this is the same effect as the proximal operator, but for ||z|| < A it does not
jump to the origin and terminate, but oscillates around the minimizer.

The examples indicate that Proxy(x) moves from 2 towards a minimum of f. We also observe
that a prefactor A acts like a stepsize. We establish a few corresponding results.

Proposition 1.112. Let f: H — R U {oco} be convex, lsc, proper. Let A € R, ;.
(i) [z € argmin f] © [z = Prox(z)].
(i) [z ¢ argmin f] = [f(Prox;(z)) < f(z)].

(iii) Let p = Proxy(x), C' = Sy (f). Then p = Poux.

(
)

(iv) The function A — ||z — Proxys(z)|| is increasing.
(v) The function A — f(Proxys(x)) is decreasing. ~ VL7

Proof. e (i): [z = Proxy(z)| (Characterization of Prox, Prop. 1.108) < [z € z 4+ 0f ()] &
[0 € 0f(x)] < (Fermat’s rule, Prop. 1.26) |z € argmin f].

(ii): By assumption z ¢ argmin f. Let p = Prox(z). By (i) p # = and then
sllz =pl? + f(p) < 5lle — 2] + f(2) = f(2)
which implies f(z) — f(p) > 3|z — p||> > 0.

. (111) By construction p € C. Let p' = Pox. So p' € C = Sy = f(p') < f(p). Assume
p' #p. Then ||z —p|| > ||z — || (p’ is point that minimizes dlbtance to x among all points
in C'). Then

slle =217+ f(0) < glle —pl* + F(p)
and therefore p’ is a better candidate for Prox () than p. Therefore we must have p’ = p.

e (iv): We use the monotonicity of the subdifferential for this (Prop. 1.29). Let 0 < A1 < Aa.
Let p; = Proxy, f(«) and set u; = x — p; for i = 1,2.

o Let Au=up —u1, Ap=pz — p1. From @ = p; + u; we get Au= —Ap.

e By characterization of the proximal operator we find: u; € A\; Of (p;).

Sketch: z, p;, up, then transition from p; to po ‘towards’ x and change of u; to uo as
dictated by Ao > A1 and monotonicity of subdifferential.

e By monotonicity of the subdifferential:
0< <,T2 - )Tlap2 —p1>
0< <u2 — ﬁul,Ap> <Au — 22 Alul,Ap> = —||Ap||® — 22221 (uy, Ap)
We deduce (u1, Ap) < 0. Then
I =llz —p1 — Ap|®
= llz = pul® = 2 (ur, Ap) + [|Ap]* > [l — pu]*.

lz = p2|l* = llz = p1 — (p2 — p1)
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e (v): Use notation from previous point. Assume f(p2) > f(p1), let C' = Sy, (f). Then
p1 # p2 and p; € C. By (iii) have po = Pox, therefore ||z — paf| < || — p1]|, which
contradicts (iv). Therefore we must have f(p2) < f(p1). O

It turns out that there is a surprisingly simple relation between the proximal operators for f and
f*. This can be used to compute one via the other, in case one seems easier to implement.

Proposition 1.113 (Moreau decomposition). Let f : H — RU{oo} be convex, lsc and proper,
x € H. Then Prox(z) + Prox(z) = .

Proof. Let p € H. Then:

[p = Proxs(z)] & [z —p € Of(p)] & (Prop. 1.81) [p € df*(z — p)]
& [z —(x—p) € 0f (z — p)] & [r — p = Proxy«(z)] O

Example 1.114 (Moreau decomposition for projections). Let C' be a closed subspace of H.
Then ¢ is convex, Isc. Consider the conjugate

ve(x) = sup (z,y) — tc(y) = sup (z,y) = =101 ()

yeH yelC

0 ifx LyforallyeC,
+oo else

So 1¢ is the indicator of the orthogonal complement of C. Then Prox,, = P¢ and Prox% = Po1
and the Moreau decomposition yields:

x=PFPox+ Pouix

which is the orthogonal decomposition of x. So we may interpret the Moreau decomposition as
a generalization in the same sense that the proximal operator generalizes the projection.

Example 1.115. In an implicit descent scheme z(‘*1) = Prox;(z(*)) we now find that z(**1) +
Prox s« (x(e)) =20, = g+ = 2O _ PI‘OXf*(l'(E)), so Proxy« gives the ‘implicit gradient steps’
Ag(6+1)

Let f(z) = ||z||. Then f* =

and

UB(0,1)

0O=z—2x ifze B(0,1),

xz ifx e B(0,1),

Proxy(z) = { Prox«(z) = { -

T — 15 else. = else.
([l ]l
Interpretation: if (¥ € B(0,1) then Az(+D) = —z() (ie. we jump directly to the origin).
Otherwise we move by —%.
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1.8 Proximal algorithm

Now we discuss the simplest possible algorithm built from the proximal operator: simple iteration
of the proximal operator of the objective. We have already discussed this in the context of
simple examples (Example 1.111) and shown some preliminary results that support our intuition
(Prop. 1.112).

Proposition 1.116 (Proximal algorithm). Let f : H — R U {occ} be proper, convex, lsc with
argmin f # (. For some v € R, and 29 € H set

1) = Proxﬁff(x(é)) .

2(
Then
(i) (z9); is a minimizing sequence of f.
(ii) (), converges weakly to some point in argmin f.

For the proof we need to gather some auxiliary definitions and results.

Definition 1.117. Let C C H be non-empty. Let (zx); be a sequence in H. (xg)r is Fejér
monotone with respect to C' if for all y € C' and k € N

k1 =yl < ller =yl

Proposition 1.118 (Basic consequences of Fejér monotonicity). If (x) is Fejér monotone with
respect to some C' then:

(i) (xg)k is bounded.
(ii) For all y € C the sequence (||zx — yl|)x converges.
(ili) Let do(z) :=infyecc ||y — 2||. The sequence (dc(xy))s is decreasing and converges.
Proof. e (i): Let y € C. Then by definition ||z —y| < ||zo—v]|, so (zx)x is in B(y, |[zo — y]|).

e (ii): By definition, the sequence (||zx —y||)x is decreasing and bounded from below. There-
fore limy o0 |74 — yl| = infy lzr, — yll.

o (iii): We find: do(zp41) = infyec |21 — yl|| < infyec ||k — y|| = do(xy). Therefore, the
sequence is decreasing. Also clearly dc(zx) > 0 for all k. Therefore the sequence (dc(zk))k
is converging. O

Lemma 1.119. Let (zx)r be a bounded sequence in H. Then (zy)x converges weakly if and
only if it has at most one weak sequential cluster point.

Proof. e Assume (xy)r converges weakly. Since the weak topology is Hausdorff, it has a
unique limit which is its only cluster point.

e Assume (z); has at most one weak sequential cluster point. Since (xj)i is bounded, by
Banach—-Alaoglu and Eberlein-Smulian (Theorems 1.89 and 1.101) it has at least one weak
sequential cluster point. So it has precisely one. Let this cluster point be x.

e Assume xj does not converge weakly to . Then there is a weakly open environment U of
x such that H \ U contains an infinite number of elements of the sequence.
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U is weakly open = H \ U is weakly closed = weakly sequentially closed.

Apply Banach—Alaoglu and Eberlein-Smulian to the sequence in H \ U to get a cluster
point in H\ U.

This cluster point cannot be x which contradicts the assumption of a unique cluster point.
Hence, x; must converge weakly to x. O

Remark 1.120. One can in fact show a slightly stronger result: [(xy)r converges weakly| <
[(zk)k is bounded and has at most one cluster point|. See [Bauschke, Combettes; Lemma 2.38|.

Lemma 1.121. Let (xg); be a sequence in H, let C' C H nonempty. Suppose that for every
y € C the sequence (||zx — y||)r converges (to a finite value) and that every weak sequential
cluster point of (xy)x lies in C. Then (xy), converges weakly to a point in C.

Proof. e By assumption (z)g is bounded. Therefore by Lemma 1.119 it suffices to show

that (zy)x can have at most one weak sequential cluster point.
Let « and y be two weak sequential cluster points of (xj)x, i.e. x5, — « and z;, — .
By assumption z,y € C. Therefore (||xx — z||)x and (||zx — y||)x converge.
Therefore, by
Ik = ylI2 = llzw — )2 = Iyll? + ll2]12 = 2 (@, 2 — y)
we find that ((zx,z — y))r converges, call the limit r € R: limg_,oo (xg, 2 —y) =7 € R.

Further, by weak convergence of the two extracted subsequences we find

lim (z,z—y) = (2,2 —y), Jm (2,2 —y) = (y,z —y).

k—o0

Both sequences are subsequences of the converging sequence ((zy,z —y))r. Therefore,
their limits must therefore coincide and equal 7:

lim (x;,,z—y) = kli_)ngo (j,x—y) = kh_}n;() (xg,x—y) =7

k—o0
=(z,z—y) =(y,x—y)
Then
lz —yl> = (z—y,x—y)=r—r=0
and therefore the two cluster points must coincide. O

Corollary 1.122. Let (x)r be Fejér monotone with respect to C' and every weak sequential
cluster point of (zy)x is in C. Then (zy); converges weakly to some z € C.

Proof. e From Prop. 1.118 (ii) the sequence (||zx — y||)x converges for all y € C (to a finite

value).

Then the result follows from Lemma 1.121. O

Finally, we can give the proof for the convergence of the proximal minimization scheme.

38



Proof of Prop. 1.116. e Let z € argmin f. From z(*t) = Proch(m(é)) we deduce z¥) —
2D € Aa f (D). Therefore:

F(2©) > fD)y ¢ <$(e> — D) 2O _ e+ > I,

f(z) = faD) + <Z _ ) 50 _ et >/’Y

e The first inequality implies that (f(z(©)), is decreasing.
e The second inequality implies:

2+ = 22 = [z = 20) - (2 - 2O

= |z — 2O 4 ||z — 202 — 2 <x<e+1> — O (gD ey $<Z>>
= [|2® — 22 — |2+ — 2©)2 4 2 <Z — D) 2O _ 9E(zz+1)>

<[l = 2|7 + 29(f () - f@ )

e Therefore, (2(9)), is Fejér monotone with respect to argmin f.

e Summing the above inequality over £ =0, ..., N we obtain:

N N
Z [ (e+1)) ] < %Z [Hx(é) |2 — [ - 2”2}

/=0 =0
N
= & (2 = 22 = 2@ — 2)?) < o

e (i): So (f(z9) — f(2))¢) is monotone decreasing, nonnegative (since z is minimizer) and
the sum over its elements is bounded. Therefore limy_,o f(z¥) = f(2) and (), is a
minimizing sequence.

e (ii): Let z be a weak sequential cluster point of (z(9)),. Since f is convex and lsc, it is
weakly sequentially 1sc (Cor. 1.97). Therefore, x € argmin f.

e Now apply Cor. 1.122. O

Remark 1.123. Observe that the proximal algorithm converges for all step sizes v > 0, unlike
the explicit gradient step scheme.
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1.9 The Douglas—Rachford algorithm

Now we introduce the first true proximal splitting method that minimizes the sum f + g of
two convex lsc proper functions by only applying the proximal operators of f and g separately.
The algorithm will therefore be much more practical and easier to implement than the simple
proximal algorithm. But its convergence analysis is more involved.

Proposition 1.124 (Douglas—Rachford algorithm). Let f and g be convex, lsc, proper such
that 3 z € H with 0 € 8f(z) + dg(z). Further, let A € (0,2) and v € Ry,. For some z(®) ¢ H
set by iteration for £ =0,1,.. .

YO = Prox,yg(l‘(g)),
20 = Proch(Qy(e) — 2,
ﬂun:xw+k.ew_ym>
Then there exists some x € H such that
(i) Proxyy(z) € argmin(f + g).
(i) ¥ — 2 — 0 strongly.
(iii) =) — z weakly.
Remark 1.125. One can in addition show that y() — Prox.,(z) € argmin f.
We start by going through an explicit example.

Example 1.126. Let H = R?. f(z) = %||z|?, C = {z € H|x1 = 1}, g(z) = tc(z). Then

Prox,f(x) = ﬁx Further Prox,4(z) = Pox. Recall [y = Pcx] < [y € C Az € y+ Ney]. For
the normal cone we get:
if C
New = 0 ifzd¢C,
R-(1,0) else.

This implies

()= () (o)

We obtain A =z — 1, y1 = 1, yo = z2. So Po(x1,22) = (1,22). For the iterations we get:

y® = (Lxge)), 0@ = 24O _ 40 — (2 — xge)wge))
14 14 {4 A(1-= 4
0= he—aflal) a0 = (o) (1= )+ 20200 (- 2))

Iterations for xgg) and xy) separate. Both are affine maps. For the slopes we find:

1—ﬁ<1, 1—ﬁ>—1,
A A
(1-2%) <1, (1-345) > -1,
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So by the Banach fixed-point theorem both coordinates converge to a unique limit. Determine

the fixed point of x&z):

A(1—
r=r-(l-29)+2420 o r=1-4

For the fixed-point of my) we immediately find 7 = 0. So we deduce () — = (1 — ~,0). Note
in particular that this is not optimal (in fact g(z) = +00). Then y) = Poz® — y = (1,0)
which is indeed the minimizer. Further, v = 2y — 2() — 2y — 2 = (1 + ~,0) such that
2() = Prox., s (v¥)) = ﬁv(@ — (1,0) = y.

Remark 1.127 (Interpretation of Douglas—Rachford algorithm). The goal is to find a minimizer
y = z and an offset vector Az such that x = y + Az ‘lies on the f side of the minimizer’ and
v =y — Az ‘lies on the g side’, i.e. y = Prox,4(y + Az) = Prox,;(y — Az). Unless argmin f N
argmin g # () there can be no such point for Az = 0, which is why mere alternating application of
Prox,; and Prox, is in general too simplistic and a more sophisticated combination of proximal
operators is required.

()

Sketch: Compare interpretation with example: x5’ iteration simply approaches 0. For x
iterations the sign of the xgg)—update depends on whether J:SZ) was too close to 0 or too close to
1.

Now we start proving Prop. 1.124. We need considerable auxiliary definitions and results.

First note, that if argmin f contains more than one element, then Prox; has more than one
fixed-point (Prop. 1.112 (i)). So Prox; cannot be a contraction and therefore convergence proofs

cannot rely e.g. on the Banach fixed-point theorem. We need a refined notion of contraction.

(o)
1

Definition 1.128. A map T : H — H is called

(i) nonexpansive if it is Lipschitz continuous with constant 1. That is

IT(z) = T(y)ll <z -yl forall =z,yeH;

(ii) firmly nonexpansive if

IT(2) = TW)II* + [(T(z) — 2) = (T(y) = y)|” < llz —y||* forall z,yeH.

Proposition 1.129. Let f: H — R U {oo} be proper, convex lsc. Then
(i) Proxy is firmly nonexpansive.
(ii) id — Proxy is firmly nonexpansive.

(ili) 2 Proxy —1id is nonexpansive.

Proof. e (i) Use monotonicity of subdifferential. Let z,y € H, set p = Proxs(z), ¢ =
Prox¢(y). Denote Ax =2 —y and Ap=p—q.

e From x —p € df(p), y — q € 0f(q) and monotonicity of the subdifferential we get:

[{(z—p) = (y —a)sp—q) 2 0] & [(Az — Ap, Ap) > 0] & [2]|Ap||* — 2 (Ap, Az) < 0]
& [1apl* + [Apl* =2 (Ap, Az) + | Az|* < [|Az]*] & [[|Ap]° + | Ap — Az|* < [|Az]?]
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e (ii) By the Moreau decomposition (Prop. 1.113), id — Proxy = Proxg«. Since f* is convex,
Isc, proper, Proxy is firmly nonexpansive by (i).

e (iii) Use the above notation. Then we need to bound:

12p — ) — (2¢ — ) |I> = [|124p — Az|* = 4| Ap|* — 4 (Ap, Az) +||Az|* < [|Az|> O

<0, see (i)

We need a result to identify fixed-points of nonexpansive maps in the context of weak convergence.

Proposition 1.130. Let 7': H — H be nonexpansive. Let (x)r be a bounded sequence in H
and let x € H. If z, = x and , — T'(zx) — 0 then z = T'(x).

Proof.

|z = T(2)|1* = [I(z = zx) — (T(x) — )|
= ||lz — zp||* + | T(z) — zx|* = 2(z — 2, T(x) — x + = — 3)
=T (x) = @x))? = |z — 2x)|* = 2 (z — a4, T(2) — z)
= |(T(2) = T(xy)) = (wr — T(@p)lI” = |l — 2x* = 2 (& — 23, T(x) — 2)

(use nonexpansiveness of T' to bound ||T(x) — T(x)|| < ||l — zx]|)
< g = T(xp)1? = 2(T(x) = T(ax), xp, — T(ag)) — 2 {x — 23, T(x) — )

Now, recall x, — z, z;, —T'(x) — 0 and (zx); bounded, i.e. ||zg]| < C for some C; < +o0.
Further, since T' is nonexpansive: ||T(xg)|| = [|T(xr) — T(0) + T(0)|| < ||T(xr) — T(0)]| +
IT(©)] < C + |T(0)] := C5. Then

lzx, = T(xx)|* = 0,

limkSUP [(T(x) = T(2x), wn — T(xp) | < 1imksup(||T(ﬂf)|| +C) - |lzg = T(ak)| =0

(here have used Cauchy-Schwarz and || T(z) — T'(x)|| < [|T(2)|| + 1T (zk)|| < ||T(x)] + C2)
(x — g, T(x) —2) = (x —x,T(x) —x) =0.

Therefore, by going to the limit in the above upper bound on ||z — T'(z)||* we get ||z —
T(x)|| <0,ie T(x)=x.
O

Definition 1.131. In the following, for an operator T': H — H denote by

FixT = {x € H|T(xz) = x} the set of fixed-points of T'.
zerT = {x € H|T(x) =0} the set of ‘roots’ of T'.

Analogously, for T': H — 2H let
zetT ={xr € H|0 € T(zx)}.

We will shortly show that the Douglas—Rachford iteration can be compactly rewritten as an
iteration as analyzed in the following Proposition.
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Proposition 1.132. Let T': H — H be nonexpansive, let FixT # @, A € (0,1) and z(©) ¢ H.
Set

2 = 2O L X (T (20) — 2.
Then:
(i) (z(9); is Fejér monotone with respect to Fix T
(ii) (T(z®) — ), converges strongly to 0.
(iii) (z(9), converges weakly to a point in Fix T

Proof. e For the proof we use the following equality which can be verified by expansion: For
Ae0,1)], z,y € H:

INa+ (1 =Nyl = Azl + (1= Nlyl* = A1 = Nllz - y]*
e (i) Let y € FixT. Then
12D — g2 = [1(1 = M) (@ =) + AT(0) = )|
= (L= N~y + NTEO) = T~ AL~ N~ T(O)?
< e —y|? = A1 = N2 = 7))
So (), is Fejér monotone with respect to Fix T'.
e (ii) From the above bound we find:

S oA =Nl = TEO) P < a0 — |2 = 2+ — |2 < o0

N
(=

0
Therefore ||z — T(2O)|| — 0 = 2@ — T(x®) — 0. (Here use that A(1 — \) > 0.)

o (iii) (z(9), is bounded due to Fejér monotonicity (Prop. 1.118). From (i) we have T'(z(9)) —
£ — 0. So by the previous result, Prop. 1.130, we obtain that any weak sequential cluster
point of (z(9), is in Fix T

e [t follows then from Cor. 1.122 that (:L‘(e))g converges weakly to a point in FixT. O
Proposition 1.133. Let f,g: H — R U {occo} be proper, convex, lsc. Let
Ry = 2Proxy —id, Ry = 2Prox, —id.

Then zer(0f + 0g) = Prox,(Fix Ry Ry).

Comment: We will shortly show that fixed-points of (#(?)), in the Douglas-Rachford iterations
are precisely the fixed-points of Ry R,.
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Proof. We find:

[0 €0f(x)+ 0g(x Jue H: uE@f(x)]/\[—ueag(a:)]]

ol |
S [eH:[x—yecdf(x)Aly—aedg)]

& [Jy € H : [z = Proxy(2z — y)] A [z = Prox,(y)]]
& [Jy € H : [z = Proxs(Ry(y))] A [z = Prox,(y)]]

(=1 Ry(y) = 2Proxy(y) —y = 20—y = y = 22— Ry(y) = 2Prox(R,(y)) — Ry(y) = Rp(Ry(y)),
(< y=Ry(Ry(y)) = 2Proxs(Ry(y)) — 2Proxy(y) +y = = = Proxy(y) = Prox;(Ry(y)))

[y € H:ly=R(Ry(y))] A lo = Proxy(y)]] O
Now we are ready to assemble the proof of Prop. 1.124.
Proof of Prop. 1.124. o Let
Ry = 2Prox,y —id, R, = 2Prox,4 —id, T =Ry R,.

e Conversely Prox,, = %(Rg +1id). Then we can rewrite the Douglas-Rachford iterations as
follows:

L+

=z 4+ x. Proxwf(2y(£) — 2y - y(z))

=z ). (Proch(Q Prox.q(x Oy — 4Oy — Proxvg(ac(é)))
- (Prox, s (Ry () = 4Ry () — 32

Note that z() — 40 = %(T(x(f)) —20),
e Apply Prop. 1.133 to vf and ~g to obtain
zer(0f + 0g) = zer(Oyf + 0vg) = Prox,(FixT).
Since by assumption zer(9f + dg) # () this implies also Fix T' # 0.
e In view of (i) we note that for every x € FixT have therefore Prox,q(x) € argmin(f + g).

e Due to Prop. 1.129(iii) the operators Ry and R, are nonexpansive. Then so is their com-
position T'= Ry R,.

e (ii) From Prop. 1.132(ii) we find 2(9) — y(® = %(T(m(f)) — 2) = 0 strongly.

e From Prop. 1.132 (iii) we get: there is some z € FixT such that z(©) — 2 weakly. Since
Prox.,4(z) € argmin(f + g) (see above) this establishes (i) and (iii). O « vL

44



1.10 Primal-Dual Methods

In this subsection we study an alternative approach to optimizing objectives of the form f + g
that is intimately linked to conjugation.

Definition 1.134. e For convex functions f,g: H — RU {oo} let
Pz) = f(z) +9(x), D) =—f"(-y)—g"(¥), Llzy)=[f(z)—g W)+ (z,y).

e The problem inf,ey P() is called primal problem, the problem sup,cy D(y) is called dual
problem and L is called Lagrangian.

e Note that since D is concave, the dual problem is also a convex optimization problem.
e For all (z,y) € H? one has
P(z) 2 L(z,y) = D(y).
This follows quickly from the Fenchel-Young inequality (Prop. 1.72).
e In particular:

P(x) > inf P(z') > sup D(y') > D(y)
z'eH y'€eH

e So for every feasible pair (x,y) € H? of primal and dual problem the value A(z,y) =
P(z) — D(y) is an upper bound on the combined suboptimality of z and y with respect to
primal and dual problem. Therefore A(x,y) is called the duality gap.

e If A(x,y) =0 then z and y must be optimizers of primal and dual problem respectively.
We give a simple variant of the famous Fenchel-Rockafellar duality.

Proposition 1.135 (Duality). Assume there exists some xoy € H such that f(zg) < oo, g(xo) <
oo and f is continuous in xy. Then

inf {f(z) +g(x)} = rynea;;{—f*(—y) -9 (y)}-

In particular, a maximizer for the dual problem exists.

Comment: Sometimes one tries to show that a given optimization problem is the dual problem
of some auxiliary problem to use the above Proposition for showing that a solution exists.

For the proof we need an auxiliary result on separating points from convex sets via hyperplanes.

Proposition 1.136. Let C C H be convex, 0 ¢ int C, int C' # (). Then there is some z € H\ {0}
such that (z,z) > 0 for all z € C.

Comment: This means, the hyperplane with normal z through the origin separates C' from 0.

Proof. e Let D = C. By Prop. 1.54 we have int D = int C' # () and in particular 0 ¢ int C' =
int D.

e Since D is closed and convex, it is the intersection of all closed halfspaces that contain D

(Cor. 1.66).
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If 0 ¢ D there must be a closed halfspace A, = {z € H| (u,x) —r > 0}, u # 0, such that
DcA,and 0¢ A,.

0¢A, = (0,z) —r<0=1r>0.

xeDCA,=0< (u,x) —r < (u,x). So setting z = u we have found an appropriate z.

Alternatively, must have 0 € D, but 0 ¢ int D. Then by Prop. 1.56 there is some u € Np0
with u # 0. By definition sup (u, D) < 0. Then set z = —u above:

(—u,z) > inf (—u, D) = —sup (u, D) >0 O

Proof of Prop. 1.135. e The inequality infyepy P(z) > sup,ey D(y) is clear by Def. 1.134.
We need to show the converse inequality.

e Denote by m = inf ey P(z). We have m < f(xo) + g(xo) < oo. If m = —oo the converse
inequality is trivial. Hence, assume m € R.

e Assume we had some z € H such that for all a,b € H one has
fla) +g(b) + (z,a—b) = m.
e Then we find:

sup —f*(~y) — g"(y) = sup inf [f(a) - (a,~y) + g(b) — (b,v)]
yeH yeH a,be H

> inf [f(a) +g(b) + (z,a—b)] >m

a,be H

e Since also sup,cy —f*(—y) — g*(y) < m, z must therefore be a dual maximizer and primal
and dual problem have the same optimal value.

e Now we show existence of a suitable z.
o Let

A={(a,\) € HxRI|X> f(a)},

B={(b) € HxR|u<m—g(b)}.
e A and B are convex. Since f is continuous in xg and f(zg) < oo, we have int A # (.
e Assume there were some (a,\) € AN B. Then we would find

fla)+gla) <A+ (m—X) =m
which is a contradiction. Therefore AN B = ().

e This implies 0 ¢ A — B and in particular 0 ¢ int(A — B). A — B is convex. Also,
() #int A— B C int(A — B). So by Prop. 1.136 there is some (u,r) € H x R\ {(0,0)} such
that ((u,7), (a, X)) >0 for all (a,\) € A — B. This implies

(), (@, W) > (), (b)) & (wa)+r-A> (wb)+r-p

for all(a, A\) € A, (b,u) € B.
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e Since we can send A — oo and p — —oo (and remain in A, B respectively) we find that
r>0.

e If r = 0, we can violate the inequality by setting b = ¢ (where g is finite) and a = zg—¢-u
for sufficiently small € > 0 (which works since f is continuous in zg). So must have r > 0.

e Set now z = u/r. The above inequality yields
(z,a—b)y+A—pu>0

for all A > f(a), p < m —g(b), i.e. for A — p > f(a)+ g(b) — m. Therefore, the given z is
as needed above and the proof is complete. O

Remark 1.137. There are considerably more general variants of Prop. 1.135 on Banach spaces
and their dual spaces. Then the auxiliary separation result, Prop. 1.136, must usually be provided
by the Hahn—-Banach theorem.

Proposition 1.138. A pair (x,y) € H? are solutions to the primal and dual problem if and
only if z € ¢*(y) and —y € 0f(x).

Proof.

[(z,y) are solutions| < [P(z) = D(y)] & [f(z) + g(z) = —f*(~y) — 9" (y)]
< [(f(x) + [ (—y) = (z,—y)) + (9(z) + ¢"(y) — (z,y)) = 0]

(By Fenchel-Young (Prop. 1.72) this is 0 if and only if both parantheses are 0, which, by
Prop. 1.81, is equivalent to:)

< [[~y € of(@)] A [z € Bg*(y)]] O

We provide a few observations that provide some intuition for the dual problem and the optimality
conditions.

Remark 1.139. e Recall: [z € argmin(f + g)] < [0 € O(f + g)(z)] < [0 € Of(z) + Og(x)].

e Now start from the stronger condition for the existence of a minimizer:

[Frxe H:0€ df(x)+ 0g(z)] & [Bx,y € H: —y € 0f(x) Ny € dg(x)]
S [Ar,ye H:x € 0f (—y) Nz € 09™(y)]
& [Fr,y e H: —z € (0(f*(—)))(y) Az € dg*(y)]
& [Bye H:0e (3(f(—))(y) + 09" (y)]
e So: dual optimal y is slope of g at x and negative slope of f at x.

Remark 1.140. e Reconsider sets from proof of Prop. 1.135:

A={(a,\) € HxR|X> f(a)},
B={(b,u) € HxR|p<m—gb)}.

e We look for a hyperplane that separates A and B with normal vector (z,7). We have shown
that one must have r > 0, so w.l.o.g. set » = 1 (by rescaling z appropriately).
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e When 7 is a primal minimizer, set A\ = f(a). Then (a,\) € AN B. So the sets almost
touch in (z, \).

e (z,1) is the normal of a hyperplane that separates A and B (and a dual solution). We then
see that z must be compatible with the ‘slopes’ of A and B at (z, ).

e A sufficient condition for (z,1) being the normal of a separating hyperplane is that —z €

Of(z) and z € dg(x).

Finally, we give another proximal splitting algorithm, specialized for primal-dual problem pairs
as above.

Proposition 1.141. Assume that f and g are proper, convex, Isc and that primal and dual
problem have solutions. For 7 € (0,1) and z©,4©) € H set

2D Profo(x(Z) — 7y,
y ) = Prong*(y(ﬁ) + 7 (22D — 2Oy,
Then (z(9), and (y9), converge weakly to solutions of the primal and dual problem, respectively.

Remark 1.142. For more details on such algorithms and generalizations, see for instance |[Cham-
bolle, Pock: A First-Order Primal-Dual Algorithm for Convex Problems with Applications to
Imaging, 2011].

Remark 1.143. The strategy for the convergence proof of Prop. 1.141 is as follows: we show
that the optimality condition of Prop. 1.138 can be written as zeros of a monotone operator
acting on the pair (z,y). These zeros can be identified with fixed-points of carefully constructed
firmly nonexpansive operators and corresponding metrics. If we choose the right metric, this
operator can be identified with the iterations of Prop. 1.141. We then generalize the original
proximal optimization algorithm (Prop. 1.116) to firmly nonexpansive operators.

Proposition 1.144. Let A : H — 2% be monotone. Let M : H — H be linear, continuous,
self-adjoint and positive definite, i.e. (z, Mx) > C|/z||?> for some C € R,,. Let the operator
T : K — H be given by

ly=T(2)] & [Mz € My + A(y)]
where K C H is the set such that the above inclusion has a solution y for fixed x € K.
(i) This inclusion has at most one solution, i.e. T is well-defined on K.
(ii)) FixT = zer A.

(iii) T is firmly nonexpansive with respect to the inner product induced by M, (z,y),, =
(z, My).

Proof. e (i) For fixed x € H and y1,y2 € H assume:
[Mz € My + A(y1)] A [Mx € Mys + A(y2)]
By monotonicity of A we get:
0 < (M(z—y1) = M(z = y2), 31 — y2) = — (M(y1 — 92), (11 — 92)) < =Clly1 — w2?

Therefore y; = y2 and thus, T is well-defined on K.
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o (ii)
[x € zer(A)] & [0 € A(z)] & [Mz € Mz + A(x)] & [T'(z) = z] & [z € Fix T
o (iii) Let p=T(z), ¢ =T(y), Az =2 —y, Ap =p — q. Then
M(z —p) € A(p), M(y —q) € A(q).
By monotonicity:
[(M(z—p) =My —q),p—q) = 0] < [(Az — Ap, Ap),, = 0]
< [Apli; — (Ap, Az)y, < 0]
< lp—als + 1o —2) = (g = i < lz =yl
O
Now we generalize Prop. 1.116 to arbitrary firmly nonexpansive operators. + VLI10

Proposition 1.145. Assume 7 : H — H is firmly nonexpansive and FixT # §. For (0 ¢ H
set

) = 7(z®),
Then (2(9)),; converges weakly to some point z € Fix T
Proof. e Let z € FixT. Then by firm nonexpansiveness:
2D — 2 = | T@) = T(2))? < 29 = 2)° = |(T() = 2D) = (T(2) - 2)|”
= (120 — 2| — |T(@0) — 292
e So (), is Fejér monotone with respect to Fix T
o Further Y7 [|T(x®) — 20]12 < [|2(® — 2||2. Therefore T(z()) — 2() — 0 strongly.
e By Prop. 1.130 every weak sequential cluster point of (x(z)) ¢ 1s a fixed-point of T
e By Cor. 1.122 (¥ — g for some z € Fix T O

Proof of Proposition 1.141. e Define set valued operator A : H x H — 2 x 28 as follows:

@ of (x) +y )
H *
<y> <89 (y) —=
e By Prop. 1.138 the primal and dual optimizers are given precisely by zer A, and therefore

by assumption zer A # ().

e Note that 27 x 2H can be identified with a subset of 27*H)  So formally A can be
interpreted as H x H — 2H0>xH

e A is monotonous: let [a; € Of(z;) Ab; € 9™ (yi)] & (ai +yi, by —x;) € A(zmi,y;) for i =1,2.
Denote by Az, Ay, Aa, Ab all pairwise differences. Then by monotonicity of f and dg*:

((a2 + y2,b2 — x2) — (a1 + y1,b1 — 21), (22 — 21,92 — 1)) =
((Aa+ Ay, Ab— Ax), (Az, Ay)) = (Aa, Azx) + (Ay, Az) + (Ab, Ay) — (Az, Ay) >0
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e Now set M : H? — H? as

Lid —id
M= (—id 1id>

M is continuous, linear and symmetric. Furthermore, it is positive definite, since for
z,y € H:

((@,9), M(z,y) = Zll=* + Zllyl* = 2¢2,9) > (7 = 1) - (=l + Iyll*) + ll= = ]*

e Now analyze operator T' constructed from A and M via Prop. 1.144: From (a,b) = T(z,y)
we obtain the following inclusion condition:

lr—La—y+b df(a)+b
<:><i b—$+a> < (89*(b)—a>

T —TY c a+ 0t f(a)
y+7(2a — x) b+ 01g*(b)
& a=Prox,;f(x — 7y) Nb=Prox,¢(y + 7(2a — x))

So the iterations of the algorithm, Prop. 1.141, correspond to the induced operator T,
ie. (xHD) yEDY = 72 4©) This also implies that the domain of T is H?.

e By Prop. 1.144 (ii) have FixT = zer A # ().

e Now consider the Hilbert space H x H, equipped with the inner product induced by M.
Note that the topology induced by M is the same as the product topology on H x H.
Therefore, both topologies induce the same weak topology.

e On this space T is firmly nonexpansive by Prop. 1.144 (iii). So by Prop. 1.145 the sequence
(2@, D), converges weakly to some (z,y) € FixT = zer A, which is therefore a pair of
solutions to primal and dual problem.

e Note: the iteration would converge to a fixed-point for every positive definite M. We
chose M carefully such that computing zt1) does not depend on y**1) and thus the two
updates can be computed subsequently and separately. O

Remark 1.146. e Prop. 1.145 studies convergence to fixed-points of general firmly non-
expansive operators, it is a generalization of Prop. 1.116, which only treated the special
case of the proximal operator.

e Prop. 1.144 defines a firmly nonexpansive operator from a monotone operator. 7" is usually
called resolvent of A. This is a generalization of the relation between the subdifferential
and the proximal operator, Prop. 1.108.

e Generalize minimization problems to finding zeros of monotone operators via their resol-
vents. Douglas—Rachford algorithm can also be generalized to finding zero of sum of two
monotone operators. In fact, this was application of the algorithm in first publication.
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1.11 Dykstra’s projection algorithm

As an illustrative example for convex analysis and optimization via splitting we discuss Dyk-
stra’s famous projection algorithm for the projection onto the intersection of two convex sets by
computing only projections onto the two sets separately.

Definition 1.147 (Dykstra’s projection algorithm). Let C, D C H be closed, convex sets with
C N D # (. Then the projection onto C' N D is well-defined. For r € H let 20 =, p® =0,
¢© = 0. Then the algorithm is given by

YO = Po(a® 4 p®)
PHD Z 0 | (O _ 0

It can be shown that () — Poqpr and y© — Poapr.
Remark 1.148 (Reformulation).

e Consider:

k
pFD gt 1) — (1) _ () gl+1) _ gl0) = D) ) 4 g0+ _ (0
(=0

k
=3 [ — O 4 4O _ D] = O gD (k)
=0

o So: 20 4+ p = p — ¢ and y® + ¢ = g+ 4 ¢+ = p — p(E+D  The algorithm
becomes:
y O = Po(r — ) DD 0 4 O O — O
2D — pp(r — pHD) gD Z g0 4 (O _ g (e+D)

Convex analysis and optimization provide a good perspective to get intuition on the algorithm
and to prove convergence.

Proposition 1.149 (Dual projection problem). Let C' C H be closed, convex, non-empty,
r € H. Then

I

min 3|z — r|[* = max 3|z = rl|* + 3[Ir[|* — oc(2)

p and z are solutions to the left and right side if and only if z =7 — p and z € Nep.

Proof. e We apply duality. Let f(z) = 3|z —r|> = 1[|7||?, g(z) = oc(z). Then the right side
equals —inf,ep f(2) + g(2).

e f is finite and continuous, g(0) = 0 (since C' non-empty). Therefore by Prop. 1.135 (dual
problem):

- zi?fff(z) +9(2) = min [ (=z) +g"(z)
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g = oc = . Since C is non-empty, closed, convex = ¢g* = 177 = (¢.
Direct computation: f*(z) = ||z + r||%. So:

sopkl * :-1_2
min f*(~) + ¢ (z) = min o 7]

Check primal-dual optimality conditions, Prop. 1.138:
—p€df(z)={2—-r} & z=r—p peIg(z) < z€09g°(p)=0c(p)=Ncp
Minimizer p for projection exists, here also provided by duality.

For given minimizer p find via optimality conditions that z = r — p is dual solution. O

Remark 1.150 (Dual interpretation of Dykstra’s projection algorithm).

Analogous to Prop. 1.149, consider dual problem for projection onto intersection. We
introduce two auxiliary primal variables:

mip Yl I+ onp(e) = min e ol a0y o) +icl) + ()
=tc(z)+ip(z) =f(z,y) =g(z,y)

Now dualize analogous to simple projection. Careful: role of primal and dual problem is
switched due to ‘constraint qualification’. Get:

F*(v,w) = sup (z,v +w) = gllr — = = gllv +w+r* = 37|
€T

9" (v,w) = Sup (z,0) + (y,w) —c(x) +1p(y) = oc(v) + op(w)

So:

min f(z,y) + g(z,y) = sup —gllv+w —r|* + 3|7|* = oc(v) - op(w) (*)
z,yeH v,weH

Compare with Prop. 1.149 Solve (x) over v while fixing w is (up to constant) equivalent
to solving the dual projection problem Po(r —w) and consequently the optimal v is given
by v = r — w — Po(r — w). Conversely, fix w and optimize over v, get dual to projection
Pco(r — v) and solution is given by w = r — v — Po(r — v).
Let now v(® = w(©®) = 0. Define recursively for £ = 0,1, .. .:
yO = Po(r —w®)

D = — (0 — (0

:L,(E-H) _ PD(T o U(f-l—l))
0+1) +1) _ o (041)

w =r — ol

If we set (O = (x(o) does not appear in this algorithm), then we find:

and thus alternating optimization of this dual is equivalent to Dykstra’s projection algo-
rithm.
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Not shown in lecture: alternating optimization of (x) actually converges.

So get intuition on mechanism of algorithm, as well as potential path to convergence proof.

Remark 1.151 (Douglas—Rachford interpretation of Dykstra’s algorithm).

Dykstra’s algorithm can be interpreted as extreme special case of the Douglas—Rachford
algorithm. Set: f(z) = 3llz — 7||? + tc(2), g(z) = 3|z — r||* + tp(z). Then

Ponp(r) = argmin f(z) + g(z) (%)
x
We can attempt to solve this with Douglas—Rachford algorithm. Need proximal operators
of f and ¢g. Find:

Prox;(z) = argmin 5|z — y|* + 5lly — r|* + wc(y) = Pe(*5")
Y

Analogous: Proxy(z) = Pp(%").

Apply Douglas—Rachford to (x) for 7 = 1 and extreme case A = 2 (switch roles of f and g,
names of x and z, and slightly alter the numbering scheme):

r+2
v = Po(™57)
WD) = 240 _ (0

x(£+1) PD(rJrv;Z-&-l))

A (0 |9 (6+1) _ 9y (0

Compare this line-by-line with Dykstra’s algorithm, as given Remark 1.148.
First, identify z(® and y® in both algorithms.

Identifying arguments for Po yields: 2(r — q(z)) =7+ 20 = 200 = —2¢). Compare
with fourth line of DR (use Dykstra rule for ¢+ update):

A0 19z (HD) _9y(0) — o) 4 (O _ pHDY a4 _ (041)

Identify arguments for Pp, get: 2(r —pt1)) = p 4o+ = (D = —25(t+1) - Compare
with second line of DR (use Dykstra rule for p{*1) update):

So Dykstra can be identified with a particular instance of Douglas—Rachford. However, the
convergence proof for DR does not apply directly, since we set A = 2.

93

<~ VL11



2 Optimization in Banach spaces

Remark 2.1 (Motivation). e We go through some fundamental aspects of analysis in Ba-
nach spaces. Goal: ensure that minimization problems are well-defined (e.g. minimizers
exist, sufficient and necessary criteria for optimality).

e For numerical solution we need to discretize, i.e. approximate by finite-dimensional prob-
lem. Must ensure ‘quality’ of approximations. Will introduce I'-convergence, essentially
notion of convergence for minimization problems.

e Discrete problems always finite dimensional. Still: must analyze infinite dimensional prob-
lems, to ensure that limit of solutions as we choose finer and finer discretizations is reason-

able.

Remark 2.2 (Convexity in Banach spaces). The notions of convex sets, convex hull, convex
functions, lower semicontinuity and cones can be defined on Banach spaces just as in the previous
part, since these do not rely on the inner product. For definitions such as subdifferential, normal
cone, conjugation we need to be more careful, but generalizations exist. Some more details later.

Definition 2.3. Throughout this subsection V is a real vector space.

2.1 Foundations

Definition 2.4. e Afiniteset {x1,...,x,} C V is linearly independent if for all (o;)}_; € R"
one has Y " -2, =0 = a; =0.

The span of a finite set {z1,...,z,} is span{z1,..., 2z} = {d 1 s - 2 | (), € R"}

A basis of V is a linearly independent finite set X C V such that span X = V.

The dimension of V' is the cardinality of any basis. If no basis exists, the dimension is oc.

On an co-dimensional normed vector space a Schauder basis is a sequence (xy) in V such
that for any « € V' there is a unique sequence (Ag)x such that

k=1
We recall a few basic facts about topologies.

Proposition 2.5. Let {T;};cr be a set of topologies over a set X, where I is an arbitrary index
set. Then their intersection T, where t € T iff t € T; for all ¢ € I, is a topology.

Definition 2.6 (Induced topology). Let (f; : X — Y;);c; be a family of maps from X to
topological spaces Y;. Then the intersection T of all topologies (T}) ;e such that all maps (f;)icr
are continuous is the induced topology. Since T only contains sets that are contained in all other
T;, T also referred to as coarsest topology in which the family (f;)ics is continuous.

Remark 2.7 (Metric topology).

e Let (X,d) be a metric space. The metric topology on X is the topology induced by the
family of maps (y — d(x,y))zex from X to R where R is equipped with the standard
topology.
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e For x € X, ¢ > 0 the set B(x,¢) = {y € X|d(z,y) < ¢) is called the open ball of radius ¢
around z. B(z,¢) is open in the metric topology.

e Any open set in the metric topology can be written as union of open balls.

e The metric topology is Hausdorff. That is, for every distinct pair x1,z9 € X there are
open sets A1, Ay C X with x; € A;, A1 N Ay = 0.

e Let A C X be open. Then for every z € A there is some € > 0 such that B(z,e) C A.
e Convergence in the metric is equivalent to convergence in the metric topology.

We list a few exemplary Banach spaces that serve as toy cases throughout the lecture.
Let Q@ C R"™ be open, bounded, non-empty. For a ‘multiindex’ a € {0,1,2,...}" let |a| =
a1+ ...+ a, and D f = ol g

aj a
o51 . am

Definition 2.8. The space of k times continuously differentiable functions on Q is denoted by
C*(Q). It is a Banach space when equipped with the norm

=, := max max |D®f(z)].
|l = mas max D (z)

Remark 2.9. The maximizer in the definition of the norm exists since D®f is continuous for
la| < k and 2 is compact (since € is bounded).

We give a prototypical result for the relation between different function spaces.

Proposition 2.10 (Relation between C*([0,1])). For any integer k& > 0 the space C°([0,1]) is
the completion of C*([0,1]) with respect to the norm || - lco(o,1)- More precisely,

(i) any sequence (f;); in C*([0,1]) that is Cauchy with respect to the norm || - lco(o,1)) has a
limit in C°([0, 1]),

(ii) and any f € C°([0,1]) can be reached as limit of such a sequence.

Comment: Result sometimes allows to ‘temporarily’ restrict an optimization problem to a space
with higher regularity, since the regularity is only lost ‘in the limit’.

Comment: Approximating sequences are in general not Cauchy in C*([0, 1]).

Proof. e (i) follows directly from C*([0,1]) € C°([0,1]). We turn to (ii).

e By the famous Weierstrass approximation theorem any f € C°([0,1]) can be approximated
to any given precision € > 0 in the norm || - [[co(o,1) by a polynomial, see e.g. [Narici,
Beckenstein: Topological Vector Spaces; Section 16.5].

e So any f can be written as limit of a convergent (in [| - [|co(jo,17)) sequence (f;); of polyno-
mials; therefore (f;); is Cauchy with respect to this norm. And clearly f; € C*([0,1]). O

The following family of spaces will often serve as instructive examples.
Definition 2.11. For p € [1,00] let ## = {x = (x1,22,...) € RN|||zl» < 0o} where

_ {(Zfol |xi‘p)l/p if p < oo,

sup; || if p = oo.



The following inequalities are often useful when one must derive upper bounds. They would also
allow to prove that ¢P is a Banach space.

Proposition 2.12 (Hélder inequality for ¢). For p,q € [1,00] with % + % =1l,zelP yecll

TP
we have > 27 |z yi| < ||z|lee - [|y]lea. For p,q € (1,00) there is equality if and only if ( | ) =

l<llep
( vl )q
Myllea ) -

Comment: Generalization of Cauchy-Schwarz inequality

Proposition 2.13 (Minkowski inequality for /7). For p € [1,00] find z,y € /P = z+y € (P with
|z +yller < [|z|ler + ||yllea. For p € (1,00) there is equality if and only if 2 = ¢ -y for some g > 0.

Other prominent examples that are also very common in applications are LP spaces and Sobolev
spaces.
2.2 Compactness and separability

We introduce the topological dual of a Banach space, which can be interpreted as an ‘approxi-
mation’ for an inner product on Banach spaces. We study related questions on compactness and
see how far we can adapt notions of convex duality to this setting.

In Hilbert spaces we have shown that projections onto closed convex sets, i.e. points of minimal
distance, exist (and are unique). This is in general no longer true in Banach spaces, due to a
lack of a notion of orthogonality.

To gain some intuition, we first give an example where projections exist and then give a coun-
terexample.

Example 2.14. e Let X = CY(]0,1]), equipped with the norm || - || = || - llco(ro,1))-
o Let Y ={feX| fol f(z)dz = 0}. Y is a closed subspace of X.
e Consider now the projection problem from X onto Y. For f € X study inf,cy || f — gl

e Intuition: for given f ¢ Y, how do we change ‘mean’ of f with minimal perturbation in
the norm? =- change each point of f by same value.

e Let g€ Y and set h = f — g. From fol gdxz = 0 we find that we need to find h € X with
fol fdz = fol hdz that has minimal norm.

e This implies that ||| > |f01 fdz| (otherwise \fol hdz| < fol |h||dz < |f01 fdx|).

e Try constant function h(z) = fol f(y)dy. This satisfies integral constraint and we find
12l =1Jy f(v)dyl. So his optimal and g(x) = f(x) = Jy f(u)dy.

e Note: h is unique. Assume, h were not constant. Then ||| > | fol hdzx|.

Now, by giving a counterexample, we show that projections onto closed convex sets do not always
exist in Banach spaces.

Proposition 2.15. For a Banach space (X, || -||) and a closed subspace Y C X and some fixed
x € X, there is not always a minimizer of infycy ||z — y||.
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Proof. e The proof is a slight modification of the example above.

e Let X = {f € CO([0,1])| £(0) = 0} with norm || || = |- oo,y X is a closed subspace
of C°([0,1]) (why? check Cauchy sequences) and therefore X is a Banach space.

o LetY = {g€X|f0 x)dz = 0}.

e Analogous to above: fix f € X \ Y, rewrite problem. Let g € Y, set h = f — g. Solve s =
inf{||h|||h € X | fol hdz = fol fdz}. Almost as above, but now have additional constraint
h(0) = 0, since we may not change f(0) = 0.

e So constant shift no longer works, infimal norm of h cannot be smaller than above, i.e. s >
| fol fdz|. Since feasible h cannot be constant, must have ||| > | fol fdzx| for all feasible h.

e Now show that infimum s = | fol fdz| which then implies that no minimizer exists. Do
this by ‘approximating’ constant shift as good as possible, while obeying the h(0) = 0
constraint.

. Set hi( fo 14+1/d) -2t/ hi(0) = 0, [y hi(x)dz = [} f(y)dy and |[hi]| =

| = \fo dy| 1 + 1/1) So (h;)i is a minimizing sequence.

Sketch: h;, approximation of constant shift.

Comment: (h;); is not Cauchy. Its pointwise limit is hoo(z) = 1 for z € (0, 1], h(0) = 0,
which is not in X c C?([0, 1]).

O

So the projection does not exist, but we can find a sequence (h;); that is approximately orthogonal
to the subspace. Such a sequence exists in general.

Proposition 2.16 (Almost orthogonal element). For a Banach space X let Y be a subspace,
Y # X. For any x € X and 6 > 1 there are some xy € X, yyp € Y such that x = zy + yp and
dist(z,Y) = dist(zg, V) < ||zg|| < 0 - dist(z,Y).

Proof. e dist(z,Y) = infyey ||z — y| is finite and non-negative.

o Let yg € Y such that ||z — yp|| < 6 - dist(z,Y) (take from a minimizing sequence) and set
g =T — Yg-

o dist(zp,Y) = inf ey ||z — yp — y|| = infyey ||z — y|| = dist(z, V). O

Remark 2.17. If Y is not closed, then may have dist(z,Y) = 0 even when =z ¢ Y. Then
l|zg|| — 0 as 6 N\ 1.

Corollary 2.18. If Y is closed and Y # X then for any 6 > 1 there is some zy with [|zg| = 1
and dist(zg,Y) > 5.

We have learned that an important ingredient for existence of minimizers is compactness. Now
study (strong) compactness on Banach spaces.

Proposition 2.19. On a metric space (X,d) the notions of compactness and sequential com-
pactness are equivalent.
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Proof. e compactness = sequential compactness: Let A C X be compact, let (x); be
a sequence in A. Assume (xj), has no cluster point. Then Yy € A 3§, > 0 such that
Ny ={k € N:x, € B(y,6y)} is finite.

e The sets B(y,d,) for y € A form an open cover of A. Since A is compact, there is a finite
subcover for some (y1,...,Yn):

AcC U B(y,éy) = AC OB(yiaéyi) = N= ONZ.
yeA i=1 i=1

e This implies that N is finite. So (xj); must have at least one cluster point and thus A is
sequentially compact.

e sequential compactness = compactness: For any € > 0 can cover A with finitely
many e-balls (otherwise, we could define sequence in A without cluster points via xj €

ANUE Bz, 0)).

e For an open cover A C | J,;;
Prove this by contradiction.

Ui, 3eo > Osuch that Va € A3i, € I such that B(z,g9) C I;,.

e Assume V k € N 3z € A such that V¢ € T B(ag,1/k) ¢ U;. Since A is sequentially
compact, (zy )y has cluster point x € A. Let (zy,); be subsequence converging to x. 3§ > 0
such that B(z,d) € U; for some i € I.

e 1Jj € N such that % < % and d(zy;, ) < g = B(xy,;,1/k;) C U;, which is a contradiction.

e So for this g9 chose x1,...,x, € A such that
n n
AC UB(xk,Eo)C UU“k ]
k=1 k=1

Corollary 2.20. Projections onto compact sets exist in Banach spaces.

Proof. Can extract cluster point from any minimizing sequence of dist(x,Y"). Is minimizer (and
therefore, projection) since y +— d(z,y) is continuous (by construction of metric topology). [

Proposition 2.21. For a Banach space X we find: [B(0, 1) compact| < [X is finite-dimensional]

Proof. e =: B(0,1) € Uyepo1) B, ) = (finite subcover from compactness) B(0,1) C
U’?:l B(:Uh %)
e Y =span{yi,...,yn} is closed subspace. Assume Y # X.

e By Corollary 2.18 for § > 1 there is some xg with ||zg|| = 1 and dist(xg, {y1,...,Yn}) >
dist(zg,Y) > 1.

e But since ||2g|| = 1 = zp € B(0,1) € U, B(yi,3) = dist(zg, {1,...,yn}) < 3. For

0 < 2 this is a contradiction. So Y = X and X is finite-dimensional.

e «: If X is finite dimensional, identify it with R™. All norms are equivalent on R™. There-
fore compactness of B(0,1) follows from Heine-Borel. O
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So B(0,1) in C°([0,1]) is not compact. However, one can show that B(0,1) of C*([0,1]) is
compact with respect to the C°([0,1]) topology.

Definition 2.22 (Equicontinuity). A family of functions f; :  — R, ¢ € I is equicontinuous if
for any x € Q and € > 0 there is some § > 0 such that |f;(y) — fi(z)| < € for all y € Q with
ly —z| <0d,i€l.

Proposition 2.23 (Arzela-Ascoli). A set A C C9([0,1]) is (sequentially, equivalent, why?)
pre-compact (the closure of A is compact) if and only if it is bounded and equicontinuous.

Corollary 2.24. The set A = B(0,1) of C'([0,1]) is pre-compact with respect to the C°([0,1])
topology.

Proof. For every f € A, x € [0,1] have |f(z)| < 1 and |f'(z)| < 1. Therefore A is bounded in
C%(]0,1]) and A is equicontinuous: |f(z) — f(y)| < |z — y. O

Definition 2.25 (Separable metric space). A topological space X is separable if it contains a
countable, dense subset A.

Remark 2.26. A dense in X means that any point in X can be reached as the limit of a
sequence in A, or equivalently that any non-empty open set in X has non-empty intersection
with A. Intuitively, separability is a bound on the cardinality of the space. Even if X is
uncountable, it can be ‘reasonably approximated’ by a countable set of elements. On separable
spaces many proofs are constructive and one can avoid the axiom of choice.

Example 2.27. (i) The set R with the usual topology is separable, as Q is dense in R.

(ii) The set R with the discrete topology (all sets are open) is not separable, since the only set
that is dense in this space is R itself, which is not countable.

More examples:
Proposition 2.28. A compact metric space (X, d) is separable.

Proof. e For n € N have X C (J,cy B(z,2) as an open cover. Therefore, there is a finite
subcover X C Ufgl B(n, 2).

e The countable set A = |Jo~ ;{@n1,...,ZTnk,} is dense in X: For z € X and € > 0, set
n>1/e, then x € B(xn,i, ) C B(zn,,e) for some i € {1,...,n;}.

e So we can generate a sequence in A that converges to x. O
Proposition 2.29. An infinite-dimensional Banach space with a Schauder basis is separable.

Remark 2.30. The converse implication is not true in general, see e.g. [Narici, Beckenstein:
Topological Vector Spaces; Section 11.1] (which is primarily a very interesting brief historical
summary of the mathematical life of Stefan Banach).

Proof. e Let (x;); be a Schauder basis of X. In particular it is countable. W.l.o.g. we can
assume that {||z;||}; is bounded by some C < oo.

o Let A, = {>°1" | s;z4](si)i € Q"}. Since Q is countable and A,, is a finite union of countable
sets {Q - z;}, A, is countable.
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Let A ={J;7, Ay. Since A is a countable union of countable sets, A is countable.
Fix now z € X and some € > 0.

By definition there is a (unique) sequence (o ); in R such that lim,, o [|[2 = ;| o 23] — 0,
in particular there is some n such that ||z — Y1 | a5 24 < e/2.

Let now 3; € Q such that |o; — Bi] < 571 Let 2z, = Yo T, Yy =y Bz € A.

n n
Iz = yall < llz = zall + llzn +ynll < §+ D loi = Bil -llzs < §+eY 277" <e O
=1 =1

Proposition 2.31. C°([0,1]) is separable.

We use a small auxiliary Lemma for the proof that is often helpful when working on compact
spaces.

Lemma 2.32. Let (X,d) be a compact metric space. A continuous function f : X — R is
uniformly continuous, i.e. Ve >0 3 § > 0 such that |f(z) — f(y)| < € when d(z,y) < .

Proof. e For every ¢ >0, z € X 3 6, > 0 such that |f(z) — f(y)| <e/2if y € B(z,dz).

The sets (B(z,05/2))zcx form an open cover of X and X is compact = there is a finite
subcover with midpoints {z1,...,z,}. Let 6 = min{dy,,...,d,} > 0.

Now let z,y € X, d(z,y) < §/2. Then = € B(z;,0d;,/2) for some i and therefore y €

So [f(x) = f(y) < [f(2) = f(@i)| + |f(y) = flai)] <e. .

Proof of Proposition 2.51. e By Lemma 2.32 any f € C°([0,1]) is uniformly continuous. So

for any € > 0 can find n € N such that |f(z) — f(y)| < € for |z —y| < 27™. So we can

uniformly approximate f by piecewise affine interpolation between values at points - 27"
for i € {0,...,2"}.

Define set of ‘tent functions’ of scale n for i € {0,...,2"}:

0 if o —i-27 > 2,
frilz) = { | |

1— 2"z —i| else

Sketch: Tent functions.

So piecewise affine interpolation with resolution n can be written as superposition of func-
tions fn ;. The functions (f,;}n:) are an ‘overcomplete’ Schauder basis of C°([0,1]). The
decomposition may not be unique, since the f,,; are not all linearly independent.

Could re-establish uniqueness, by iteratively removing linearly dependent elements. But
reasoning of Prop. 2.29 does not depend on uniqueness of the decomposition. So separability
of C([0,1]) follows. O

Remark 2.33. (i) Since C*([0,1]) can be parametrized by C°(]0,1]) and a finite number of

integration constants, this argument extends to C*([0,1]).
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(ii) For spaces X that can be written as completions of C*([0, 1]) with respect to coarser norms
by construction C¥([0,1]) is dense in X and thus X is then also separable. This covers
many spaces of integrable functions and Sobolev spaces.

Comment: Many ‘practical’ spaces remain separable, even if they ‘look’ very high dimensional.
For this need ‘sufficiently coarse’ topology. (Recall R with discrete topology is not separable.)

Proposition 2.34. The spaces ¢ for p € [1,00) have a Schauder basis and are separable.
Proof. o Let e; € (P with e; ; = 0; ;. Claim: (e;);cn is a Schauder basis of 7.

o Let x € /P. Set z; = Z;‘:l € Tj, Zij = Xj 5j§i~ Find:

00 00 00 7
lz = zillfy = > oy — ziglP =Y log —aj6i<il’ = D Nayl? = ||2llfp = D la/” >0
7j=1 7j=1 Jj=i+1 j=1

as ¢ — 00. S0 z; — T.

e This decomposition is unique. Let (y;); be another sequence such that lim; , v; — z for
v; = Z;‘:l i - €; with |y;, — x4,| > ¢ for some ig. Then |lv; — x| > 6 for all i > iy and thus
this sequence cannot converge to x. O

Proposition 2.35. The space £*° is not separable.

Proof. e Let A C ¢ be countable, i.e. A = (aj)pen where for each k € N have aj, =
(ag1,ak2,...) € £°.

e Define sequence (by)r by
age + 1 if |age| <1,
bk; — ) ] )
0 if |agk| > 1.
o sup,cy bk <2, ie. ||b]lge <2 and thus b € £,

o ||b— agl|lp~ > |br —api| > 1 for all k& € N. Therefore, b cannot be approximated by a
sequence in A and thus no countable set can be dense in £°°. O

Proposition 2.36. An infinite-dimensional Hilbert space H is separable if and only if it has a
orthonormal Schauder basis.

Proof. e «<: If H has a orthonormal Schauder basis, separability follows from Prop. 2.29.

e =: Let {ar}r be a countable set that is dense in H. Apply Gram-Schmidt orthonormal-
ization to (ay)r to generate orthonormal sequence (x;);. (Start with smallest k& such that
ar # 0, set 1 = ag/||ag||, © = 1. Then increase k until ay ¢ span{xj};-zl. Add orthonormal
component of a; as new basis vector to (x;);, increase 7. Since H is infinite-dimensional
and {ay}x is dense, ¢ will tend to co. Note that i < k throughout the process and that
ay € span{a:j}?:l at all steps.)

e (x;); is orthonormal by construction. Show that it is Schauder basis.
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e By construction a; = Zle x; (x;,ar). For any z € H by density there is a subsequence

(ak,); that converges to z. So

k;
3 (| < e -l +
i=1

k;
Zl‘i <$i, ak]. - Z>
i=1

k; k; 1/2
J J
< e —an,ll + <le (zia; = 2), le (s, ar; — Z>>
i=1 i=1
(Bessel inequality, cf. Example 1.91)
<2[|z —apl =0 asj— oo
e By orthonormality of (x;); the coefficients (z;, z) are unique. O

Corollary 2.37. Every separable Hilbert space H is isomorphic to £2, i.e. there is a bijection
¢« H — ¢* such that (z,y); = (¢(x), d(y)) .
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2.3 Linear transformations and topological dual

Definition 2.38 (Linear transformations and functionals).

e For two normed spaces X, Y, D C X amap T : D — Y is called transformation from X
to Y with domain D.

e A transformation T : D — R is called functional.
o I': X = Yislinear it T(az+by)=aT(z)+bT(y) for all z,y € X, a,b € R.

e The operator norm of a transformation T : X — Y is defined as

T(x
HTH = sup H ( )HY
zeX\{0} ]| x

T is called bounded if ||T|| < oc.
e The set of bounded linear transformations from X to Y is denoted by L(X,Y).
Proposition 2.39. Let T be a linear transformation from X to Y.
(i) [T continuous in 0] < [T continuous on X|
(ii) |7 bounded| < [T continuous|
Proof. e X and Y normed spaces = “e-d-notion” of continuity is sufficient.

e (i) Letze X, e>0.[36>0: |T:)|y <eif|z|x <6< [36>0: ||T(x)-T®H)|y =
|T(x —y)lly <eifye Bx(z,9)]

e (ii): =: [T bounded| = [Vz € X: ||T(z)|ly < [|IT] - ||=z]lx = [T continuous in 0] < [T
continuous.

o «<:let £ > 0. [T continuous in 0] = [ > 0: | T(z)|ly <eif |z]|x <]

e for any y € X \ {0} find:

2|lyllx 5
ITWlly _ ~s 1T Gr=y)lly . L
lyllx lyllx )
e This bound is uniform for all y € Y\ {0}, therefore ||T|| < %5. 0

Proposition 2.40. L(X,Y) is a vector space and the operator norm is indeed a norm on
L(X.,Y).

Proof. e For S\T € L(X,Y), a,b € R clearly (a S+ bT) : x — aS(x) + bT(z) is a linear

transformation.
e | T|| > 0 by definition. [|T']| =0] < [T(z) =0 for all z € X| < [T = 0].
o lla-T| = la] - || by homogeneity of | - 1y

S(x)+T (x S(x S
o [IS+T = supyex oy EEHETEI < sup, e o) B sup, ey g0y LT = |51+ |171)
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e Since || - || is subadditive, whenever S and 7" are bounded, so is S + 7. So L(X,Y) is a
vector space. O

Proposition 2.41. If Y is a Banach space, then so is L(X,Y’) when equipped with the operator
norm.

Proof. e Let (T},), be a Cauchy sequence in L(X,Y). = for any ¢ > 0 3 N € N such that
| T — Tn|| < € for m,n > N.

e For m,n> N, x € X get [|[Tr(z) — Th(z)|y <ellz]x. So (Th(x)), is Cauchy in Y. Since
Y is Banach, sequence has limit.

o Set T': x> limy, 00 Ty ().
e 7T is linear:

T(ax+by) = li_>m Th(az+by) = 1_>m aT,(x)+bT,(y)

n

(sum of Cauchy sequences is Cauchy)
=aT(x)+bT(y).
e T is bounded: let x € X \ {0}, n > N.

IT(@)ly < |T(2) = Ta(2)lly + I Ta(@)lly = Tim |[Tn(z) = To(2)|ly + [[Tu(2)lly
<e-llellx + [[Tall - =]l x

where we used ||T),(z) — Tn(x)|ly < €l|z||x for m,n > N. Divide by |lz|x # 0 to get
uniform bound on ||T(z)||y/||x||x and thus that T" has finite norm. O

Definition 2.42 (Dual space).

e For a normed space X the Banach space of functionals L(X,R) equipped with the operator
norm is called the topological dual space of X and denoted by X*.

e Every t € X* is a bounded linear functional on X. The application ¢(x) is often also
denoted as (t, )y« x-

e The map X* x X — R via (t,z) — (t,2) .,y is called duality pairing. The subscript
X* x X is dropped when the context is clear.

e From linearity of ¢t and since X* is a vector space, the duality pairing is bilinear.

Proposition 2.43. The duality pairing X* x X — R, (¢t,z) — t(z) is jointly continuous in the
product topology of the (strong / norm) topologies on X* and X.

PrOOf. ° Lit (S,Q?) e X" XX, e > 0. Set 0= min{l, m} Then ¢ S m
S Tl Helx s
e Now let t € Bx+«(s,0), y € Bx(x,9). Get
s(z) —t(y)| < |s(z) — s(W)| + Is(y) —t@)] < [Isll lz —yllx + s — ¢l [lyllx
<|slfé+d(llzllx +9) <e O
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Definition 2.44 (Weak topology).

e The topology induced on X by the family of maps X* (see Def. 2.6) is called weak topology
on X.

e [t is the coarsest topology in which all maps ¢t € X* are continuous.
e We denote convergence in the weak topology by z,, — x.
o |z, — x| & [t(x,) — t(x) for all t € X*|.
Definition 2.45 (Weakx topology).
e For fixed x € X consider the map f, : X* - R, t — (¢, z).
e The weak+ topology on X* is the topology induced by the family of maps {f,|z € X}.
e Weaks convergence is denoted by ¢, — t.
o [t, 2 t] & [(tn,z) — (t,x) for all z € X].

Example 2.46. e By the Riesz representation theorem any bounded linear functional ¢ on
a Hilbert space H can be identified with a unique y € H such that t(z) = (z,y) . So H*
can be identified with H itself and the duality pairing is given by the inner product.

e The identification is not necessarily unique. Let H,J be Hilbert spaces with J C H, but
J is equipped with different inner product. Then J* can be identified with J via inner
product (-,-); or with subspace of H via inner product (-,-) -

The following Proposition simplifies study of dual spaces on Banach spaces with Schauder bases.

Proposition 2.47. Let (z,), be a Schauder basis on a Banach space X. Then any element of
X* can be identified with a unique real sequence (A, )y.

Proof. e For x € X let (a;); be the unique sequence such that x = lim,_,~ x,, where x,, =
Z?:l oy * 25,
e Let t € X*. By continuity of ¢ find ¢(z) = limy, o0 t(2r) = limy, 00 > i g @ - t(25).

e Can represent t by sequence (A\; = t(2;));: t(z) = limy o0 D 1y @ - Ai

e Representation is unique: let ¢, t be represented by two sequences (A, )n, (S\n)n Assume

)\z‘ 7é ;\z Then t(Zi) = )\z‘ 75 ;\z = f(zi), sot 75 £ O

Remark 2.48. The above proposition does not specify which sequences (\,), represent some
t € X*. Doing this helps to fully characterize X*.

Proposition 2.49. For p € [1,00) the dual space of /P is isomorphic (exists bijection that
preserves norm / metric) to ¢¢ where ¢ € (1, 00] such that % + é =1.

Proof. e First treat p > 1. By Propositions 2.34 (¢F has Schauder basis (e;);) and 2.47 (¢P)*
can be identified with subset of real sequences.

o Let y € (2. Define t(z) = limp 00y q @i y;. Holder inequality: sequence converges
absolutely, limit exists and is finite. = This defines linear functional.
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[t(x)] < ||z||er|lyllea = functional is bounded. For every y € £? can find x € (P s.t.
|t(z)| = ||z||er|lyllea (for construction of x,, see Prop. 2.12), so operator norm of ¢ equals ¢4
norm of y. So can identify ¢¢ with subset of (¢7)*.

e Assume y ¢ ¢7. So > 7, |y;|? is unbounded as n — oo.
o Let U = (Un,1,Yn,2,-..) be real sequence where

)y ifi<n,
Yni 0 else.

| Gnllea < 00, (§n)n is unbounded sequence in £9.
o Let @y, € (P such that Y1 | i Uni = [|Znller]|nlles With &, ; = 0 for i > n.
1

. o0 A 1 o0 A~ A~ A
e Consider P Yo Yiln = W Yooy Unyi Tnyi = ||Unlles = 00 as n — oo. So y does

not represent a bounded linear functional on ¢7.
e So can identify dual of /7 with ¢9 for p € (1, 00).

e Now: p=1,g=o0c. Let z € £1. If y € £>° then | > 22, x; 4| < ||z |lylles=. So y induces
bounded, linear functional on ¢! as above.

e Assume y ¢ (*°. Then exists unbounded subsequence (yy, );. Set Z = ey, , 50 ||Tkllew = 1.
Then | "2, yi Tk = |yn,| — 00, therefore y does not represent bounded functional. [

Remark 2.50. Since £°° has no Schauder basis, cannot use this trick to study dual space of £*°.
Will later see indirectly that it cannot be identified with ¢.

Remark 2.51. e Let Y be a subspace of a Banach space X.

e Any bounded linear functional on X is bounded linear functional on Y. So X* is subset
of Y*.

e But Y* may be strictly larger: there may be linear functionals on X that are bounded on
Y but not on X.

Example 2.52. /! is a (strict) subspace of £? (why? careful: not true for ‘big LP’ spaces!)
and (2 = (£2)* is a strict subspace of £*° = (¢1)*. (In the presence of a canonical isomorphism
between two isomorphic spaces, we sometimes simply treat two isomorphic spaces as one. Here:

() =)
Definition 2.53. (i) The dual of the dual of a Banach space is called bidual space.
(ii) When a Banach space can be identified with its bidual, a space is called reflexive.

Remark 2.54. Any z € X defines a bounded linear functional on X* via t — (t,2) v+ x, see
Def. 2.42. So X can be identified with subspace of X**. On a reflexive space, any bounded linear
functional can be identified with some x € X.

Example 2.55. (i) Hilbert spaces are reflexive.

(ii) ¢P for p € (1,00) are reflexive.
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(iii) Will soon see: ¢! is not reflexive, since (£>°)* # (1.

Now that we have introduced dual spaces and the weak and weak# topologies, we can collect a
few facts on corresponding compactness.

Theorem 2.56 (Banach—Alaoglu). Let X be a normed space and X* the induced topological
dual space.

(i) The closed unit ball of X*, Bx+(0,1) is compact in the weak# topology.
(ii) If X is separable, then Bx+«(0, 1) is sequentially weak compact.
We also quote a generalization of the Eberlein-Smulian theorem.

Theorem 2.57 (Eberleinfgmulian). Compactness and sequential compactness are equivalent in
the weak topology of a Banach space.

Comment: On Hilbert spaces H = H*, weak and weaks topology coincide. Therefore, we were
able to use both Banach—Alaoglu and Eberlein—Smulian in Section 1.
And a related result:

Theorem 2.58. X is reflexive if and only if Bx(0,1) is (sequentially) weakly compact.
With this result we can see that (£°°)* # (1.
Corollary 2.59. [I! is not reflexive] < [(£>°)* # (]
Proof. e The equivalence in the statement follows from (¢1)* = ¢>° (Prop. 2.49).
e By Theorem 2.58 it suffices to show that By (0,1) is not weakly compact.

e Sequence (e,),, of canonical Schauder basis vectors lies in 1. Let (e,, ) be any subsequence.

e Let z € £*° be given by

{(—1)k if i = ny, for some k € N,
Z; =

0 else.

e Then (z,en, ) joo ot = 2n, = (—1)F. So the sequence ({2, en, ) joo, 1) iS DOt converging in R
and thus (e, )r is not weakly converging.

e Since this holds for any subsequence of (ey),, the sequence has no cluster point. Thus

Byi(0,1) is not weakly sequentially compact, which by Thm. 2.57 implies that it is not
weakly compact. 0 «vLi3
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2.4 Hahn—Banach theorem and convex duality on Banach spaces

Comment: Hahn—Banach theorem is fundamental in functional analysis. For us useful to prove
existence of minimizers for problems formulated on a dual space.

Theorem 2.60 (Hahn-Banach). Let X be real vector space. Let f : X — R be positively
1-homogeneous and sub-additive, i.e.

flaw)=af(x),  flet+y) <flz)+fly) forall z,yecX,acRy.

Let Y C X be a subspace and let ¢ : Y = dom(¢) — R be a linear functional on Y that is
majorized on Y by f, i.e. t(x) < f(x) for x € Y. Then, there is a linear extension 7" : X — R of
t that is majorized by f on X, i.e.

T(x)=t(x) for z€Y and T(z)< f(z) for zeX.

Comment: The proof relies fundamentally on the axiom of choice, in form of Zorn’s Lemma.

A few applications:

Proposition 2.61. Let Y be a subspace of a normed space X and ¢ € L(Y,R). Then there
exists some T € L(X,R), such that T'|y =t and ||T|| = ||t||. Here T'|y denotes the restriction of
TtoY.

Proof. e Apply Hahn-Banach to ¢ defined on Y with f(z) = |||l ||z]|.

o Get linear 7' : X — R with Ty =t and T'(z) < f(x) = ||t| ||z]|. So ||T"|| = ||| and in
particular T' € L(X,R). O

Comment: Above proposition is ‘boring’ if we know how to project onto Y. Then set T' = to Py.
But as we have seen, this projection does not always exist.

Proposition 2.62. Let X be normed space, x € X. Then there exists some 7' € X* \ {0} such
that T(z) = | T 2]

Proof. e Trivial if z = 0. So assume z # 0.
e Set subspace Y =span{z}, t: Y — R, a -z +— «llz||. Note: [[t]y~ =1. f(z) =] =]

e Apply Hahn-Banach, get T : X — R. T(ax) = t(ax) = aflz|, T'(z) < ||z = |T|| =1 =
T(x) = ||z[| = |T]| [|=]|. O

Remark 2.63. e Conversely, for fixed ¢ € X* there is not always z € X \ {0} such that
t(x) = el ]l

e Example: (y;); € £ ~ (£1)* where y; = (1 — 1/7). ||y|les = sup; |y:| = 1.
e Let z € 1, 2 #0. Then ||z|p = Y00 o] > Y00, yi xi = y(@).

Between a normed space and its topological dual we can now introduce notions analogous to
orthogonality.

Definition 2.64. Let X be a normed space and X™ its topological dual space.

(i) t € X* is called aligned with z € X if t(z) = (t,z) v« x = ||t]| x=|z] x-
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(ii) z € X, t € X* are orthogonal if t(z) = 0.
(iii) The orthogonal complement of Y C X is Y+ = {t € X* : t(x) = 0Vz € Y}.
(iv) The orthogonal complement of Z C X* is *Z = {x € X : t(z) = 0Vt € Z}.

Proposition 2.65. L[Y+] =Y for any closed subspace Y C X.

Comment: Compare to polar cone, Def. 1.42 and Prop. 1.43.

Proof. e LY DY [zeY]=[tlx)=0Vte Y = [z e Y]

e LYY CY: Fory ¢ Y define t € L(V =Y @ span{y},R) by t(z + Ay) = X for every
v=2x+ Ay € V (the decomposition is unique). We get

_ t(x+Ay)| AL 1
It = sup ———== sup —————= sup ——— <0
cevaer: [T+ Ayl cevvioy, Iz + Ayl zevvioy Iz + 9l
T+Ay#0 AER\{0}

since dist(y,Y) > 0 (Y is closed).
e Use Hahn-Banach via Prop. 2.62 to extend t to T' € L(X,R).
e T(x)=t(z)=0forallz Y. = TeY"
o T(y)=t(y) =1#0. Soy ¢ Y] O

Now we very briefly generalize a few concepts of convex analysis from Hilbert spaces to Banach
spaces.

Definition 2.66 (Subdifferential). Let X be a normed space. For a function f: X — RU {oo}
the subdifferential of f at x € X is given by

of(x) ={te X*‘f(y) > f(@) + (t,y — @) yux forallye X}.

Definition 2.67 (Fenchel-Legendre conjugates). Let X be a normed space. For a proper func-
tion f: X — RU{oo} the Fenchel-Legendre conjugate f*: X* — R U {00} is given by

[H(t) = sup (t,2) oy x — f(2).
reX

The preconjugate of a proper function g : X* — R U {00} is given by

“g(x) = sup (t,2) x-, x —9(t).
teX+

In complete analogy to Prop. 1.73 (pointwise suprema over families of convex, Isc functions
remain convex, Isc.), Prop. 1.74 (basic properties of conjugate), Prop. 1.72 (Fenchel-Young) and
Prop. 1.81 (‘extreme points’ of Fenchel-Young) we can show:

Proposition 2.68. For a normed space X let f: X — RU{oc}, g: X* = RU{oo} be proper.
Then

(i) f* and *g are convex, lsc.
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(ii) f*(t) + f(z) > (t,x) and g(t) + *g(z) > (¢t,x) for all (t,z) € X* x X.
(iii) [t € 0f(z)] & [f(t) + f(zx) = (£, z)].

Remark 2.69. Since X** « X in general, one has to be somewhat careful with statements
about *¢g and in particular *(f*). The situation is a bit simpler on reflexive spaces.

We have already seen that the Hahn—Banach theorem can be invoked to imply existence of many
particular elements of the dual space. We now give a geometric variant, that we can then use to
prove an adaption of the Fenchel-Rockafellar theorem.

Theorem 2.70 (Hahn—Banach: separation form). Let X be a normed space, C' C X convex,
intC # 0, x ¢ int C. Then 3¢ € X*\ {0} such that t(y —x) >0 for all y € C.

For the proof we need the following auxiliary result.

Proposition 2.71 (Minkowski functional). Let X be a normed space. Let C' C X be convex,
0 € int C. The Minkowski functional of C is defined as

pc: X = R, x> inf{r e Ry |z € rC}.

pc is nonnegative, positively 1-homogeneous, continuous and subadditive (this implies convexity).

Proof. e pc is indeed real valued: since 0 € int C' 3 i > 0 such that B(0,7) C C and thus V
reX \ {0} get x € Hl‘HB(O, 1) = @B(O,T}) C IILWHC = pc(x) < @

e nonnegative and positively 1-homogeneous are immediate.

e subadditivity: assume z,y # 0, otherwise the result is trivial. Let x € r - C, y € s - C, set
a=x/r,b=1y/s, then a,b € C. Then

r+y=ra+sb=(r+s) (#a—krﬁb) €(r+s)-C
So for any x,y € X:
po(xz) +po(y) =inf<r+s|rseRy,zerCyesC
—_———

=z+ye(r+s)C
>inf{r+seRy|z+yec(r+s)C}=pc(z+y)

e continuity: for x € X, e > 0set 6 =n-e. For y € B(z,0) find

pe(y) = pelz + (y — x)) < polz) +pely — ) <pe(e) + § < po(z) + ¢,
pe(z) =pcy + (x —y) <pcy) +pc(z —y) <pc(y) +¢
So |pc(x) —pc(y)| <e. O

Proof of Theorem 2.70. e W.lo.g. assume 0 € int C' (otherwise, simply translate).

e Define ¢ : span{z} — R, t(Az) = A.
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o Set f(2) = pintc(z). Since z ¢ int C = f(x) > 1. For A > 0: t(Az) = A < A\f(x) = f(Ax).
For A <0: t(Ax) =X <0< f(Ax). Moreover, f(y) < 1if y € int C and by continuity for
yeC.

e Now apply Hahn—Banach to ¢, majorized by f. Get T' € X* (T bounded since T'(z) < f(2)
which is 1-homogeneous and continuous) with T'(x) = t(z) =1 (so T # 0), T(y) < f(y) <1
foryeC. SoT(y—xz)=T(y) —T(x) <0. Use =T to obtain sought-after functional. [

With this result we can now proof the analogue to the Fenchel-Rockafellar theorem, Prop. 1.135.

Proposition 2.72. Let X be a normed space. Let f,g: X — RU{oco} be convex. Assume that
there exists some z¢ € X such that f(xg) < 00, g(xo) < oo and f is continuous in xg. Then

inf {£(w) +g(x)} = max{—F*(~t) —g" (1)}

teX*
In particular, a maximizer for the dual problem exists.

Proof. The proof is completely equivalent to Prop. 1.135 except that we replace Prop. 1.136 by
the above Hahn—Banach separation theorem. O

Example 2.73. e Recall subspace projection problem on Banach space. Let Y be closed
subspace of normed space X, z € X \ Y.

dist(z,Y) = Jnf (lz = yll + v ()

o Let f(y) = ||z —yl|, g(y) = ty(y). Brief calculation yields:
fr(t) = (&) + vgEo(h), g (t) = 1y (1)
e By above duality we find:

dist(z, V) = max {(t, z) |t € B(0,1) N YL}
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2.5 [I'-convergence

Remark 2.74 (Motivation). Gamma convergence is a notion of convergence for minimization
problems and their solutions. We give a few intuitive examples where we ignore technical regu-
larity considerations.

Example 2.75 (Phase transitions). e Let 2 C R" be a spatial domain in which we want to
find the optimal configuration of two immiscible phases 0 and 1. We describe the domain of
the two phases by a set A C €2, where z € A indicates that x belongs to phase 1, otherwise
phase 0.

e A function s: Q — R indicates the affinity of each point to the two phases (s(z) large <
x prefers phase 0). The total volume of both phases is fixed. So [A] = [,dz = ¢ for a
constant c.

e In addition, there is surface tension between the two phases, which encourages the interface
to have small length / surface area. The total surface tension energy is assumed to be
proportional to the perimeter of A, denoted by Per(A).

e The energetically best configuration will be given by a minimizer to the following optimiza-
tion problem for sets A:

min {/A s(x)dz + Per(A) ' ACQ Al = c}

e This is an optimization problem over sets. Could try to define sufficiently regular classes of
sets for which Per is well defined, topology for sets, with notions of compactness etcetera.

e Alternative: try to approximate problem. Let u : © — [0, 1] indicate ‘concentration’ of
phases. u(z) =1 < phase 1 and vice versa. Ideally, u only takes values 0 and 1.

e But approximate perimeter term via gradient of u. So allow u to take values in [0, 1].
o Let W(z) be a ‘double well’ W(0) = W (1) =0, W(z) > 0 for z € (0,1).
Sketch: W

Let € > 0. Approximation for perimeter of ‘region’ described by w is then given by
/ (W(“($)) e |Vu(a:)|2> dz.
0 £
e The full problem can then be approximated by

min { /Q (s(x) u(z) + W +e |vU(x)|2> dz

e Correspondences: s-term, volume constraint. As e — 0 double well penalizes u(x) ¢ {0, 1},
so wants to ‘jump’. But gradient term wants smooth transition. Transition between 0-
phase and 1-phase will be determined by trade-off with optimal profile (for small ¢). For
transition region: has ‘width’ O(¢), ‘length’ L = Per(A), cost of W-term O(L - e/e = L),
gradient term: |Vu| = O(1/e), so cost O(L -¢-e72.e = L). Choose W careful, to get
precisely L in limit.

u:Q—>[0,1],/

Q

u(z) dz = c} .
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Example 2.76 (Homogenization). e Stationary heat equation on domain 2 with spatially
varying thermal conductivity a : @ — Ry and source f : @ — R and homogeneous
boundary conditions. Stationary heat energy distribution given by solution to

—div(a-Vu) = f on €,
u=20 on ).

o (Weak) solutions to this equation can be identified with minimizers to
min{/ (%|Vu|2 —uf)dzju: Q= Ru(z)=0forz e 39}.
Q

(of course need to identify reasonable subspace for candidates u).

e Now assume a contains ‘microscopic periodic’ structure at scale €. Solution will probably
also contain microscopic structure.

Sketch: a. with periodic cells with inhomogeneous content. Possibly breaks spatial sym-
metry.

e As we look at solution from far away, can no longer directly ‘see’ microscopic structure.
Only see ‘average’ of u over areas of much larger scale than . Corresponds to sending
e = 0.

Sketch: Oscillating u, local average.

Want to show: in limit get effective homogeneous equation

—div(AVu) = f on €,
u=0 on 0f).

and optimization problem
min{/ (3 (Vu,AVu) —u f)dz|u: Q@ = R,u(z) =0 for z € BQ}.
Q

with matrix A (can now contain spatial symmetry breaking).
e How do we formalize transition between minimization problems?

Example 2.77 (Dimension reduction). Consider again stationary heat equation on domain
Q2% [0,¢], i.e. a ‘thin film’. As e — 0 the temperature in every ‘column’ {z} x [0, ¢] for z €  will
probably be approximately constant, compared to variations along the film (for suitable boundary
conditions and assumptions on the source f). So we want to approximate the n + 1-dimensional
problem on Q x [0, ] by an n-dimensional problem on .

Example 2.78 (Discretization). In theory often analyze infinite-dimensional optimization prob-
lems. Numerically, can only solve finite-dimensional problems. Need to ensure that our solu-
tions to finite-dimensional approximations ‘converge’ to a solution to the underlying infinite-
dimensional problem in a suitable sense, as we increase the dimension of the numerical approxi-
mations. + VL14
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Remark 2.79. Throughout this subsection let X be a topological space. We will focus on
sequential notion of I'-convergence. As before, it is possible to introduce more general topological
definitions.

Definition 2.80 ((Sequential) I'-convergence). A sequence fi, : X — R U {oo}, k € N is said to
(sequentially) I'-converge to f: X — R U {oo} if for all x € X we have

(i) (lim inf inequality) for every sequence (zy); converging to z

f(z) < 1i]ginffk($k);

(ii) (lim sup inequality) there exists a sequence (xy); converging to = such that

f(x) > limsup fr(xp).

k—o0

The function f is called the I'-limit of (fx)r and we write f = I-limy, f.

Remark 2.81 (Recovery sequence). Let () satisfy the lim sup inequality. It must also satisfy
the lim inf inequality and therefore

f(a) 2 limsup fi.(zx) > iminf fi(zx) 2 f(z).

k—o0

So limg o fr(zk) = f(x) and (x)g is referred to as recovery sequence.

Remark 2.82 (Motivation of definition). The main motivation of I'-convergence is to study the
‘limits’ of sequences of minimization problems. The sequence may be thought of as approxima-
tions to the limit problem. The two conditions serve two purposes:

(i) (lim inf inequality): ‘the approximations add no new minimizers’: whenever (xj); is a
converging sequence of minimizers of (fx)g, zx — x, then f(x) < liminfy fi(zx). So the
limit problem is potentially ‘even better’.

(ii) (lim sup inequality): ‘the approximations do not remove minimizers’: for any x we can find
a recovery sequence (xy)r such that f at x can be approximated by (fx(x))r. Note: not
every minimizer of f can be written as limit of minimizers of (fx)x, but as limit of ‘almost
minimizers’.

Comment: As seen in intro: sometimes limit is approximation of sequence, e.g. in homogeniza-
tion.

Remark 2.83. In the above examples it is not always clear, whether the sequence of problems
and the limit are indeed defined on the same space. Usually must find one big ‘summary’ space
X that contains all subproblems.

(i) phase transitions: limit problem on sets A C €2, sequence on differentiable functions wu :
Q — [0, 1]. Possible solution: reasonable extension of function space, to handle both limit
and sequences.

(ii) dimension reduction: limit problem on functions u : @ — R, sequence on functions u :
Q2 x[0,e] — R. Rescale sequence problems to functions u : Q2 x [0, 1] (remove & from space),
limit problem on functions u :  — [0, 1] — R, add constraint u(zx,-) = const(x) for every
xz €.
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Definition 2.84 ((Sequential) I'-limits). For a sequence of functions (fx)i, fr : X — RU {00}
and some z € X the quantities

(P—lir]lcl inf fr)(z) = inf{limkinf fre(xe)|(zk)g : 2 —
(F-linI sup fi)(z) = inf{limksup fi(zi)|(zp)k © zp — 2}
are called sequential I'-lower and upper limit of ( fx)x at x, where the infima are over all sequences

(xk)r converging to x. If both limits coincide, we call (I'-lim infy, f)(x) = (I'-lim supy, fx)(z) =
(T-limy, fx)(x) the sequential I'-limit of (fx)x at .

Proposition 2.85. If the sequence (fx)r I'-converges to f the I'-limit of (fy)x exists for all
z € X and equals f(z).

Proof. e For all sequences (xf); with limit 2 have by lim inf condition f(x) < liminfy fi(zk).
Therefore, this condition holds after taking infimum over all such sequences and therefore
get f(z) < (I-lim infy fi)(z).

e Let (z1)x be recovery sequence at z. Then
f(z) 2 limsup fi(zx) = (I-lim sup fp)(z) 2 (T-lim inf fi)(2) = f(2).
k k

Therefore, both limits must coincide. O

Remark 2.86. This implies that I'-limit f of sequence (fx)x is unique (if it exists) since I'-
lower and upper limit do not depend on f. Can conversely show that if ['-lower and upper limit
coincide at all points x then their value determines the I'-limit function f.

Proposition 2.87 (Stability under continuous perturbations). Let (f;)x be a sequence of func-
tions with I'-limit f. Let g be a (sequentially) continuous function. Then f + g = I'-limy fi + g.

Proof. e Let (zx)x be a sequence converging to x. Then

lim inf(fi.(zx) + g(w4)) = liminf fi(zx) + lim g(ay) > f(2) + g(x).

e Let (zx)x be a recovery sequence for z. Then

limksup(fk(a:k) +g(zg)) = lillcn fr(zr) + liling(l’k) < f(x) + g(z).

Comment: lim inf argument would work if g is Isc, lim sup argument does not.

Some examples.

Example 2.88. e Set

+1 ift=1,
g(t)y=49 -1 ift=—1,
0 else.
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o Set fr(t) = g(kt) and

ft) =

0 ift#£0,
1 ift=0.

e Proof that f is I-limit of f: let z # 0, xx — . 3 N € Ns.t. |z > 1/k for all k > N. So
fe(zr) = gz k) = 0 = f(x). So any sequence will satisfy lim inf and lim sup condition.

o Let z = 0. Since f(z) = —1 < f(¢) for all k and ¢, the lim inf condition is clear. As
recovery sequence set xp = —1/k. Then fi(zx) = g(—1) = —1 = f(x).

e Note: limg o fr(x) = 0 for all z. So the I'-limit does not necessarily coincide with the
pointwise limit.

Example 2.89 (Constant sequence). e Let

i) = (@) = {“ e

0 if x > 0.
e Since f is not lower semicontinous, f is not the I'-limit of (fx)g: Let zx = 1/k. Then
fi(zg) =0 but f(0) = 1.

e A function f is the I'-limit of the constant sequence (f)x if and only if f is (sequentially)
lower semicontinuous.

As illustration we prove a slightly more general result.

Proposition 2.90. Let (X,d) be a metric space. If f : X — RU{oo} is a I'-limit of some
sequence (fx)r then f is sequentially lower semicontinuous.

Proof. o Let (z)r be a sequence in X with limit x € X.

e For fixed k let (xy;); be recovery sequence in X with limit x;. By the lim sup condition
we obtain

flar) = jlif?o fi(wr ).

In particular there is some Nj, such that f(zy) > fj(zx;) — + and d(zy;,2x) < 1/k for
7 > Np.

Let (ji)x be an increasing sequence of indices with ji > Ny for all k. Let

L Ty, it j = jp for some k,
/ x else. ‘

Then d(z, zj) < d(x, xk) +d(vk, 21j,) < d(x,x)+1/k if j = jj for some k and d(x, z;) =0
else. Therefore z; — x.

e Now:

limkinff(xk) > limkinf Fin(@r ) — % = limkinf fin(@r ) > liminf f;(z;) > f(x). O
J
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Now give simple prototypical results that show how sequence of minimizers of (f)x is related to
minimizers of [-limit f.

Proposition 2.91. Let (fx)r be a sequence of functions X — R U {oo} as well as f : X —
R U {o0}.

(i) If (frx)r and f satisfy the lim inf inequality, Def. 2.80(i), and K is a sequentially compact
set then

inf f <liminfinf f;.
BT < T inf gt f

(i1) If (fx)r and f satisfy the lim sup inequality, Def. 2.80(ii), and U is an open set then

inf f > limsupinf fg.
U k—oo U

Proof. e (i): Let (Z)r be a sequence in K such that liminfy infx fr = liminfy fi(Zx) and
let (ikj ); be a convergent subsequence (exists due to sequential compactness of K) such
that liminfy fx(Zx) = lim; flcj (fkj) with limit jk]- —zTeK.

e Set
oy = Tg; itk =kj,
T if k# k;Vj.
Then zp, — .

e With the lim inf condition we get

i?(ff < f(@) < limkinf fr(zr) < limjinf Ir; (Zn,) = lijm Ir; (Tn,) = limkinf i}l{f fr-

e (ii): Fix 6 > 0. Find = € U such that f(z) <infy f+ 0. Let (z)x be a recovery sequence
for . Since U open, have eventually x;, € U for k sufficiently large. Then

i?]ff + 0 > f(x) > limsup fi(z) > limsup iII}f fr-
k k

e Result follows since true for all § > 0. O

Define (sequentially) compact notion of coerciveness. Recall: Def. 1.103 defined coerciveness via
boundedness.

Definition 2.92 (Variants of coerciveness). e A function f: X — RU {oo} is sequentially
coercive if for every r € R the sublevel set S,(f) is sequentially precompact.

e A function f is mildly sequentially coercive if there exists a non-empty sequentially compact
set K C X such that infx f = infg f.

e A family of functions (f;)ics is equi-mildly sequentially coercive if there exists a non-empty
sequentially compact set K C X such that infx f; = infg f; for all i € I.
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Proposition 2.93 (Convergence of minimizers). Let (fx)r, fr : X — RU{oo} be a sequence of
equi-mildly sequentially coercive functions and let f = I-limy, fr. Then

i f — min f — liminf £
min f min f im i fr
Moreover, if (zy)x is a precompact sequence such that limy fi(zr) = limg infx fr then every
cluster point of (xx)g is a minimizer of f.
Proof. e Let K be the sequentially compact set on which infg fi = infx f for all k.
e Apply Prop. 2.91(i) to K and (ii) to U = X to obtain:
inf f <inf f <liminfinf fr = liminfinf f; <li inf f, <inf
iny f< inf < im inf in: fr im inf iny fi < 1mksup inf fr < inj f
e So infy f = limginfx fr. Since infx f = infg f, by sequential compactness of K, a
minimizer for f exists.

e Let (wx;); be convergent subsequence of () with limit 7. ‘Replace’ all indices k # k; for
all 7 by Z, as in proof of Prop. 2.91. Call this sequence (Zj)r. Get via lim inf condition:

inf f < f(z) < liminf fi(Z4) < lim inf £, (zk;) = lim fi(2x) = liminf fi = inf f
So T is minimizer.
e Now let (zx)x be sequence in K such that limg fx(x) = limy infx fi, for instance choose

xy such that fi(zr) <infx fr + % This is possible since (fx)x is equi-mildly sequentially
coercive. Then (z)x has cluster point, which must be minimizer of f, thus infy f = infg f.

O
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3 Optimal transport

Comment: References:
Villani: Topics in Optimal Transportation, 2003,
Villani: Optimal Transport: Old and New, 2009

Remark 3.1. Throughout this section (£2,d) is a compact metric space. Most result extend to
non-compact spaces (with appropriate modifications) but the arguments become more technical.

3.1 Reminders on measure theory

Comment: Reference: Ambrosio, Fusco, Pallara: Functions of Bounded Variation and Free
Discontinuity Problems, Chapters 1 & 2.

Definition 3.2 (c-algebra). A collection €& C 2% of subsets of a set X is called o-algebra if
i) De&[Acl]l=[X\Acf;

(ii) (closed under countable unions) for a sequence A, € € = J,~ A, € .

Comment: Closed under finite unions, intersections and countable intersections. AN B = X \

(X\A)U(X\ B)).

Comment: Elements of £: ‘measurable sets’. Pair (X,£): ‘measure space’.

Example 3.3. Borel algebra: smallest o algebra containing all open sets of a topological space.
Comment: Intersection of two o-algebras is again o-algebra. ‘smallest’ is well-defined.

Definition 3.4 (Positive measure and vector measure). For measure space (X,€) a function
p: €+ [0, +00] is called ‘positive measure’ if

(i) p(@) = 0;
(ii) for pairwise disjoint sequence A, € &€ = u(Up_y An) = D peo 1(An)

For measure space (X, €) and R™, m > 1, a function p : £ — R™ is called ‘measure’ if u satisfies
(i) and (ii) with absolute convergence.

Comment: Measures are vector space, measures are finite, positive measures may be infinite.

Example 3.5. Examples for measures:

(i) counting measure: #(A) = |A| if A finite, +o0 else.
(ii) Dirac measure: §,(A) =1if z € A, 0 else.
(iii) Lebesgue measure L([a,b]) =b —a for b > a.
)

(iv) Scaled measures: positive measure y, function f € L'(u), new measure v = f - . v(A) :=
Ja f (@) dp(z).

Definition 3.6 (Total variation). For finite measure p on (X, £) the total variation |u| of A € €

is

|1l (A) = sup {Z |1(Ap)]
n=0

o
A, € &, pairwise disjoint, U A, = A} .

n=0

|p| is finite, positive measure on (X, &).
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Definition 3.7 (Negligible sets). A set N C X is p-negligible if 3 A € £ with N C A and
p(A) = 0. Two functions f, g : X — Y are identical ‘p-almost everywhere’ when {z € X|f(z) #

g(z)} is p-negligible.
Example 3.8. Null sets are Lebesgue-negligible sets.
Definition 3.9 (Measurable functions, push-forward). Let (X, &), (Y, F) be measurable spaces.

A function f: X — Y is ‘measurable’ if f~1(A) € € for A € F.
For measure 4 on (X, €) the ‘push-forward’ of p under f to (Y, F), we write fyu, is defined by

fip(A) = p(f~1(A)) for A € F.
Change of variables formula:

/g(f(x))du(x)Z/g(y)dfw(y)
X Y

Sketch: Varying densities.

Example 3.10 (Marginal). Let proj; : X x X — X, proj;(xo,x1) = ;. Marginals of measure 7
on X x X:

projosv(4) = v(4 x X), projy y7(4) = y(X x A).

Sketch: Discuss pre-images of proj;.

Definition 3.11 (Absolute continuity, singularity). Let u be positive measure, v measure on
measurable space (X, ). v is ‘absolutely continuous’ w.r.t. pu, we write v < p, if [u(A) = 0] =
[v(A) = 0].

Sketch: Density < Lebesgue, density <« density when support different, Dirac measures &«
Lebesgue, mixed measures « density, mixed measures < mixed measures when Diracs coincide.

Positive measures u, v are ‘mutually singular’, we write u L v, if 3 A € £ such that u(A) = 0,
v(X \ A) = 0. For general measures replace u, v by |u|, |v|.

Definition 3.12 (o-finite). A positive measure p is called o-finite if X = [J72 , A, for sequence
A, € € with p(4,) < +oo.

Example 3.13. Lebesgue measure is not finite but o-finite.

Theorem 3.14 (Radon-Nikodym, Lebesgue decomposition [Ambrosio et al., Theorem 1.28]).
Let p be o-finite positive measure. v general measure.

Radon-Nikodym: For v < pu there is a function f € L'(u) such that v = f - pu. f is unique
p-almost everywhere. It is called ‘density of v with respect to i’ and usually denoted by f = S—Z.
Lebesgue decomposition: there exist unique measures v,, vs such that

V=V, + Vs, Vg K Wy vs Lp.
Note: v, = f - u for some f € L' ().

Corollary 3.15. A real-valued measure v can be decomposed into v = vy — v_ with vy, v_
mutually singular positive measures.

Proof. Since v < |v| there exists f € L'(|v|) with v = f-|v]. Set A, = f~1((0,+0)),
A_ = f71((~00,0)) and set v+ (B) = [v(B N AL)|. O
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Comment: f is only unique |v|-almost everywhere.

Definition 3.16 (Support of measure). Let (€2,d) be a compact metric space with its Borel
o-algebra and p € M (Q). The support of pu, denoted spt i is the smallest closed set A C Q
such that p(A) = p(Q). For x € spt u one has pu(By(z)) > 0 for any r > 0.

Definition 3.17 (Radon measures). Let (£2,d) be compact metric space, let £ be Borel-o-
algebra. A finite measure (positive or vector valued) is called a ‘Radon measure’. Write:

o M, (Q): positive Radon measures,
e P(Q2) C M (92): Radon probability measures (total mass = 1),
o M(Q)™: (vector valued) Radon measures.

Theorem 3.18 (Regularity [Ambrosio et al., Proposition 1.43]|). For positive Radon measures
on (£2,€) one has for A € £

w(A) =sup{u(B)|Be€ &, BCA, Bcompact} =inf{u(B)|Be&, AC B, B open} .

Theorem 3.19 (Duality [Ambrosio et al., Theorem 1.54]). Let (€2, d) be compact metric space.
Let C(£2)™ be space of continuous functions from  to R™, equipped with sup-norm. The
topological dual of C(Q)™ can be identified with the space M(Q2)™ equipped with the total
variation norm |[|pu|| o := |p|(€2). Duality pairing for p € M(Q)™, f € C(2)™:

u(F) = (s ) e = /Q £ () du(z)

Comment: Notation: C(2) = C°(Q) from Def. 2.8 (examples for Banach spaces).

Corollary 3.20. Two measures u, v € M(Q)™ with u(f) = v(f) for all f € C(Q)™ coincide.
Remark 3.21. e By Theorem 2.56(i) (Banach—Alaoglu) Ba(0,1) is weak* compact.

e Analogous to Prop. 2.31 (C([0,1]) is separable) can show that C(£2) is separable. So by
Theorem 2.56(ii) (‘sequential’ Banach—Alaoglu) Ba(0, 1) is sequentially weak compact.

3.2 Monge formulation of optimal transport

8th

Comment: Gaspard Monge: French mathematician and engineer, 18" century. Studied problem

of optimal allocation of resources to minimize transport cost.

Sketch: Bakeries and cafes

Example 3.22 (According to Villani). Every morning in Paris bread must be transported from
bakeries to cafes for consumption. Every bakery produces prescribed amount of bread, every
cafe orders prescribed amount. Assume: total amounts identical. Look for most economical way
to distribute bread.

Mathematical model:

e O C R2: area of Paris
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w € P(Q): distribution of bakeries and produced amount of bread,

v € P(Q): distribution of cafes and consumed amount of bread

Cost function ¢ : 2 x Q@ — Ry. ¢(z,y) gives cost of transporting 1 unit of bread from
bakery at x to cafe at y.

Describe transport by map 7' : Q — Q. Bakery at x will deliver bread to cafe at T'(z).
Consistency condition: Tyu = v.

Comment: Each cafe receives precisely ordered amount of bread.

Total cost of transport map

Car(T) = /Q e, T(x)) du(x)

Comment: For bakery at location x pay c¢(z,T(x)) - u(x). Sum (i.e. integrate) over all
bakeries.

Definition 3.23. Monge optimal transport problem: find T that minimizes Cjy.
Problems:

e Do maps T with Typ = v exist? Can not split mass.

Sketch: Splitting of mass.

e Does minimal T" exist? Non-linear, non-convex constraint and objective.

Comment: = problem remained unsolved for long time.

3.3 Kantorovich formulation of optimal transport

Comment: Leonid Kantorovich: Russian mathematician, 20'" century. Founding father of linear
programming, proposed modern formulation of optimal transport. (Nobel prize in economics
1975.)

Do not describe transport by map 7', but by positive measure 7 € M (Q2 x Q).

Definition 3.24 (Coupling / Transport Plan). Let u, v € P(£2). Set of ‘couplings’ or ‘transport
plans’ II(u, v) is given by

(p,v) ={m e P(Ax Q) ’projoﬂw = W, Projyym = v} .

Example 3.25. II(u,v) # (0, contains at least product measure p@v € I(p, v). (u@v)(AxB) =
w(A) - v(B) for measurable A, B C Q.

Definition 3.26. For compact metric space (Q,d), u, v € P(Q), ¢ € C(2 x Q) the Kantorovich
optimal transport problem is given by

Cluv) = inf{/gxﬂc(x,y) dr(z,y)

€ I, y)}
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Comment: Linear (continuous) objective, affine constraint set.

Comment: Language of measures covers finite dimensional and infinite dimensional case.

Proposition 3.27. Minimizers of Kantorovich problem (Def. 3.26) exist.
For proof use following result.

Proposition 3.28. The set II(u, v) is weakx sequentially closed.

Proof. e Let (m,), be sequence in II(j,v), with m, — 7 € M(Q x Q).

e Positivity: 7 is a positive measure. Otherwise find function ¢ € C(Q x Q), ¢ > 0, with
Joxq @dm < 0 (use Cor. 3.15 and Thm. 3.18 for construction) which contradicts weaks
convergence since f ¢odm, >0V n.

e Unit mass: (2 x Q) = foQ 1dm = limy,— o0 foQ 1dm, = limy, 500 mr (2 x Q) = 1.

e Marginal constraint: For every ¢ € C(2)

/gf)dprojoﬁﬂ':/ ¢ o projydm
Q QxQ
= lim ¢ o projydm, = lim /(;Sdprojoﬂﬂn:/gi)du

n—oo QAxO
So projyym = p. Analogous: proj,ym = v. O

Proof of Proposition 3.27. e Let m, be minimizing sequence. Since m, € P(Q x Q) have
|7 ||m = 1. By Banach-Alaoglu (Thm. 2.56) 3 converging subsequence. After extraction
of subsequence have convergent minimizing sequence 7y, Ao

e By Prop. 3.28 w € II(u, v).

e Since ¢ € (2 x Q) and 7, — 7 have

/ cdm = lim cdmy, .
axQ =0 JOaxQ

Therefore, 7 is minimizer. O

Comment: For proof under more general conditions see for instance |Villani, 2009, Chapter 4].

Relation to Monge problem:

Proposition 3.29 (Kantorovich is a relaxation of the Monge problem). Assume 7" : Q —  is
a feasible transport map for the Monge problem between p and v, Definition 3.23. In particular
Tip = v.

Let

(id,T): Q@ — Q x Q, x> (x,T(x)).

Then m = (id, T')4p € II(p, v) and

| ean= [ (o7 duta).
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Proof. e Clearly m € P(2 x Q): non-negative, unit mass.
® projom = projo4(id, T)sp = (projg o (id, T))yp = (id)yu = p.
e proj, ;7 = projy(id, T)su = (proj, o (id, 7))y = Ty = v.
e Equality of cost:

/ (2, ) d((id, T)ym) (z, ) = / (co (id, T))(2) dyu(z) = / o(e, T(2))du(z). O
QxQ Q Q

Remark 3.30. Under suitable conditions (e.g. € compact subset of R? with Euclidean distance,
c(z,y) = ||z — y|?, 90 Lebesgue-negligible, u Lebesgue-absolutely continuous) one can show
that the optimal coupling indeed corresponds to an optimal Monge map and thus both problems
are equivalent. Proof is beyond scope of lecture. But shows: difficult non-convex problems can
sometimes be rewritten as equivalent convex problems in higher dimensions.

3.4 Duality

Now we study the corresponding dual problem.

Proposition 3.31. Given the setting of Definition 3.26 one finds

C(,u,u)—sup{/ﬂad,u—k/gﬁdu

Proof. e Problem of Prop. 3.31 can be written as
Clu,v) = —inf { f(e, B) + g(A(e, B))|(a, B) € C()?}

a, B € C(Q),a(x)+ B(y) < c(z,y) for all (z,y) € QQ}

with
f:C(Q)? =R, ) — /adu /Bdu
‘ 9 if ¥(z,y) < c(z,y) for all (x,y) € Q2
g:C(Q%) - RU{c0}, Y {—i—oo clse.

A:0Q)? = C@%),  [Ale,B))(z,y) = alz) + B(y).
e f g are convex, Isc. A is bounded, linear.

e Let (o, B) be two constant, finite functions with a(z) + 8(y) < min{c(z’,y')|(2/,y') € Q2}.
Then f(a, ) < 00, g(A(a, B)) < oo and g is continuous at A(«, 5). Thus, by the Fenchel-

Rockafellar theorem (an extension of Prop. 2.72 to account for the linear transformation
A4)

C(p,v) = min { f*(—A*r) + g*(n)|m € M(Q?)}.
e One obtains:

f*(—p,—a)—sup{—/gadp—/gﬂda%—/ﬂad,u—i—/gﬁdu

_{0 ifp=p,o=v,

(a,8) € C<Q>2}

+oo else.
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(Reasoning similar than for positivity of limit 7 in proof of Prop. 3.28.)

g*(m) = sup {/QQ Ydr|p € C(Q%),4p(x,y) < c(x,y) for all (z,y) € QQ}

_ {fm cdr if T € M (Q?),

+00 else.

e Adjoint of A:

(m, A, B)) pmaxe)xc@xe)

[a(z) + B(y)] dm(z,y)

(A, (o, B)) me2 <)

)

X

[ 0 proj, + o proj;] dm
X

o d(projoym) + /Q 5 d(proj, )

I
S— 5— 5—

= A*m = (projoym, proj ym).
e Summarize:
[ (=A*m) + g"(m) = f*(=projyym, —projy4m) + g"(m)

| Jqpedn if e I(p,v), .
B +00 else.

Remark 3.32 (Economic Interpretation of Kantorovich Duality). Bakeries and cafes hire a
third-party company to do the transportation and agree to split the transport cost. When
picking up bread at bakery x in the morning, the company charges an advance payment o(x)
per unit of bread for the transport. Upon delivery at a cafe at y it charges a final payment S(y)
per unit of bread from the cafe.

The total payment to the company will be fQ adp+ fQ B dv and they will try to maximize their
profit. It is left to the company to decide which bread to deliver where, the bakeries and cafes do
not know which bread goes where. (Of course, ‘internally’ the company will probably also need
to minimize the total transport cost, i.e. to find the global minimum of foQ cdm, or maybe they
have more efficient means of transportation.)

For every bakery = and cafe y the prices that the company charges must satisfy a(x) + 8(y) <
c(z,y). Otherwise, bakery x and cafe y could hire another driver who transports bread between
them at lower cost ¢(z,y).

Proposition 3.33 (Primal-dual optimality conditions). A pair (7, (o, 8)) € M(2 x Q) x C(2)?
is optimal for C(p, v) in formulations Def. 3.26 and Prop. 3.31 if and only if 7 € TI(u,v), a(x) +
B(y) < c(w,y) for all (z,y) € Q% and sptw C {(x,y) € Q| a(z) + B(y) = c(z,y)}.

Proof. e Continue to use notation from proof of Prop. 3.31.

e For any (7, (o, 8)) € M(Q x Q) x C(2)? know by the Fenchel-Young inequality that

fla, ) + [ (=A'm) = (A", (a, B)) 9(Ale, B)) + g7 (m) = (m, A, B))
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This implies
fla, B) + g(Ale, B)) =2 —f*(=Am) — g"(m)
with equality if and only if they are primal and dual optimal.

Precisely in this case, both Fenchel-Young inequality must be equalities, which is equivalent
to

AT e df(a,B)] A [m e dg(Ale, B))]

Now determine the subdifferentials. f(«, 8) = — (u, ) — (v, 8) is linear, therefore df(«, 3)
= {(_:u’a _V)}‘
Let now ¢ € C(Q?) and set S := {7 € M;(Q?) |9 = c 7-a.e.}. We claim that

ify <c
@ else.
If ¢ £ ¢ then g(¢) = oo and thus dg(1)) = 0 by definition. Let now ¢ < c.

Show that dg()) C S. Let m € M(Q?), 7 20. = 3 ¢ € C(Q2), ¢ > 0, (m,¢) < 0 such
that

QW—@ =0< _<7T7¢> :g(l/))—i_ <7r7_¢>

= 7w ¢ 0g(v)). (How to construct / show existence of such ¢? Can use decomposition,
Cor. 3.15 and regularity, Thm. 3.18)

(mye—p) >0: = 3 ¢ € C(Q?), ¢ > 0 such that (7, ¢) >0 and ) + ¢ < c. But then
g +¢) =0 <(m ¢) = g(v) + (7, )

= 7 ¢ 0g(¥).

So dg(1) C S. Now show converse inclusion. Let 7 € S.

Let B = {(x,y) € Q*|¢¥(z,y) = c(z,y)}. Then 7(B) = 0.

For ¢ C(Q?) consider the decomposition ¢ = ¢, —¢_ into positive and negative part, with
¢+ > 0. Then:

0 if p4(x) =0Vz € B,

+o0o else

g(w+¢)=9(¢+¢+)>{ > (m,¢) = g(¢) + (7, §)

So S = dg(t)).
With this we find that

[-A'medf(a,B)] A [ dg(Alx, B))]
is equivalent to

—A'm = —(pI'Ojoﬁ?T,pI'Ojlﬁﬂ') = —(,U,, V)a A(a75) <cg, A((X,B) =cmae, m2>0.0



Remark 3.34. e The optimality conditions can also be shown directly. A necessary condi-
tion for optimality is 7 € II(u,v) and A(c, 8) < ¢. Then one finds:

Jadns [ pav= [ (@) +8) et < [ cdr

with equality if and only if A(«, ) = ¢ m-a.e..

Remark 3.35 (Outlook on dual problem). e Could use duality to apply proximal primal
dual algorithm to solve problem: very simple proximal steps (f linear, g* almost linear,
pointwise). Not very efficient on large problems. But all efficient numerical methods heavily
rely on simultaneous primal and dual perspective.

e Primal-dual perspective also essential for proving equivalence of Kantorovich and Monge
formulation.
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3.5 Discretization and I'-convergence

In this subsection discuss discretization of optimal transport problem. Approximate original
problem by finite-dimensional problem which (in principle) we can solve. Furthermore, show
I'-convergence to original problem, as discretization is refined. Show that optimal plan can be
extracted as cluster point of discrete optimal plans.

Definition 3.36 (Discretization of domain). e For each n € Nlet {zy;}7; CQ, {Thi}lq,
Tnﬂ' C Q,

e with z,,; € T},; C B(xy, i, ) for some maximal radius r, with (), decreasing and r,, — 0
as n — 00,

e O =J" Ty, and T,,;NT, ; = O if i # j (‘collectively exhaustive and mutually exclusive’).

Example 3.37. {T),;}I"; and {x,;}" ,; and might be cells and centroids of subsequently finer
triangulations or of Cartesian grids over ).

Definition 3.38 (Discretization of marginals). For given u,v € P(Q2) set

n

/ln = (ﬂn,i)?:la ﬂn,i = ,U'(Tn,i)a Hn = Z 5acn,i . ,&n,iy
=1
n

Up = (ﬁn,i)?:la ﬁn,i - V(Tn,i)u Vn = Z(Sx,” : ﬁn,i-
=1

Proposition 3.39. p, € P(Q) and p, — p as n — oo. Analogously v, € P(Q) and v, = v.
Proof. e Only proof for u. Result for v completely analogous.

® [ini > 0 = pu, is non-negative. Total mass: (use T}, ; collectively exhaustive, mutually
exclusive)

() = fini =Y p(Tni) = p (U Tn> = () =1
=1 =1 =1

o Let ¢ € C(Q). (92,d) compact = ¢ uniformly continuous (Lemma 2.32). = Ve > 0 3
N € N such that for n > N have |¢p(x) — ¢(zy,;)| < e for & € T),; C B(xpi,n).

'/Qtﬁdu—/ﬂédun /Tn,igbdu_/nﬂdu" —zz; /Tn,igbdu_gb(xi’”)'ﬂ”’i
S| 0~ o)) au)| < 3 ens ==
=17 i=1

Since € > 0 was arbitrary find (tn, ) \ (o = (1> ) sy~ This is true for all ¢ € C(Q). O

n
<D
=1

Comment: In general u, 4 p in the norm topology.
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Proposition 3.40 (Discretization of couplings). For two non-negative vectors (a;)}_;, (b;)7, €
R" let
+

I, (a,b) = < (f5)i; € R - Zm]/—al,ZmJ bjVi,je{l,...,n}

Then [ € I(pin, vn)| & [ = 32151 (2 10n,,) * iy fOr some 7 € IL, (fin, 7).

Proof. o =: |1 € U(up,v,)| = [for measurable A C Q: m(A x Q) = pup(A) = pp(AN
{ni}1))] = [sptm C ({zni}ly x Q)]. Likewise: [sptm C (Q x {xp;}7 )] = [spt7 C

{znibicy X {znitiz))]-

So ™ =311 0(apiwen,) - iy for some 7 € RY*™. (+ since 7 is non-negative).
Fori € {1,...,n}: fin; = pn({wni}) = 7({@n,i} x Q) = D70, 7 j.

Forj e {1,...,n}: 0y =vn({xn,;}) = m1(Q x {an;}) =D i T

So 7 € Iy (fin, Un).-

o «: Let A C Q be measurable. Find:

(A x Q) Z wa— Z fingi = tin(A).

xn LGA xn LeA
Likewise, m(Q2 x A) = v, (A).
o Clearly m € M4 (2 x Q) and m € P(2 x Q). So 7 € I(pn, vpn). O
Corollary 3.41 (Discretized transport problem).

n

C(,unv Vn) = min Z C(-Tn,ia l‘n,j) : ﬁ'i,j T E ﬂn(ﬂnv ﬁn)
ig=1

Comment: This is a finite-dimensional problem. Discretization of marginals suffices such that
problem becomes finite-dimensional and can be solved numerically. No discretization of deriva-
tives etc. required.

Now we show I'-convergence of discretized problems to original transport problem.

Proposition 3.42. Let

F:M(QxQ) —RU{co}, T cdm + i) (7)
QxQ

F,: M(Qx Q) = RU{oo}, T cdm + 11y, ) ()
OxQ

Then F), I'-converges sequentially to F' in the weak* topology as n — oo.

Proof. e (lim inf): Let 7, - 7. Since c is continuous = Jaxacdmn = [, qcdm.
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e For every subsequence of (), for which m, ¢ I(pn,v,) we have iy, 1,)(Tn) = oo and
thus the lim inf condition is trivial.

e So assume 7, € II(uy, vy,) for all n. Then by weak* convergence for any ¢ € C'(2):
/gbd,u — / odpy, = o(x) dmp(z,y) — o(x) dm(z,y)
Q Q QxQ QxQ
So projoym = p and likewise proj,ym = v.

e By weakx convergence, 7 is also non-negative and has unit mass (as all 7, are). So
m € II(p, v) and thus

n n

lim inf F,,(m,) = lim inf/ cdm, = lim cdm, = / cdrm = F(7).
n QxQ QxQ QxQ

e (lim sup): Let 7 be fixed. If w ¢ II(p, v) then F(7w) = oo and any sequence (), satisfies
the lim sup condition.

e So consider 7w € II(u,v). Define 7, = (ﬁn,m)gfj:l € R via 75 = m(Ty; x Ty j) and
Tn = D1 im1 O@niseny) * T

° Z?:l ﬁn,i,j = W(Tn,i X Q) = ,U,(Tn’i) = /Aj,n,i. Similarly Z?:l frn’i,j = ﬁn,j' So @, €

IL,,(fin, ¥) and thus 7, € (g, vy) (Prop. 3.40).
e Analogous to fi, — p (Prop. 3.39) show that m, Ao
e So limsup,, Fy,(m,) = limsup,, [, .o cdm, = [, qcdr = F(m). O

Proposition 3.43. The minimal values of F}, converge to the minimal value of F. Any sequence
(7 )n of minimizers of F,, is weak* sequentially precompact and any cluster point 7 is a minimizer

of I

Proof. e For all n € N have II(uy, ) C Baq(0,1). Which is weaks sequentially precompact
by Banach—Alaoglu (cf. Remark 3.21). Therefore (F},), are equi-mildly weak* sequentially
coercive.

e Also any sequence of minimizers (), lies in Ba(0,1) and therefore is weak* sequentially
precompact.

e The result then follows from Prop. 2.93. O

3.6 Wasserstein spaces

Definition 3.44 (Wasserstein distance). Let (€2, d) be a compact metric space. For p € [1,00)
let W, : P(R2) x P(Q) — R,
1/p
re i)} )

Comment: On non-compact spaces one usually restricts the Wasserstein space to measures with
finite moment of order p, i.e., fQ d(z,x0)? dp < 400 for some arbitrary reference point zy € €.
This is a sufficient condition to keep W), finite.

Wytn) = (wt{ [ty anton)
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Example 3.45. Dirac measures are isometric embedding of Q into P(Q): Wy (6, dy) = d(z,y),
since I1(d,, 0y) = {5(x7y)}.

To prove that W), is indeed a distance we will rely on the following powerful theorem which is
often useful to dissect and reassemble measures with certain sought-after properties.

Theorem 3.46 (Disintegration |[Theorem 5.3.1, Ambrosio, Gigli, Savaré: Gradient Flows in
Metric Spaces and in the Space of Probability Measures, 2008]). Let Q, Q be compact metric
spaces, let f : Q — Q be measurable and € P(Q). Set u = fym € P(Q). Then there is a family
(my)yeq in P(Q), unique p-a.e., such that m,(f~*({y})) = 1 and for ¢ € C(£) one has

/Q¢d7r:/g</ﬂ¢dwy) dpi(y)

Comment: Disintegration formalizes the notion of conditional probability. It is easiest to visualize
in a discrete case when Q = Q x Q and f = projy. Then 7 can be interpreted as table and any
7y will be the restriction of m to row y, renormalized to mass 1 (if the row is non-empty). m,
gives the probabilities of picking a given column under the condition that row y has already been
selected.

Sketch: Table, disintegration.

Example 3.47 (Disintegration of transport plan). Let m € II(u, v). Let (7.)zeq be the disinte-
gration of m with respect to proj,. That is, for any ¢ € C(€Q x §2) have

Q%0 o(@y)dn(z,y) = /Q (/Q ¢(z,y) d%:(y)) dp(z) .

7, can be interpreted as describing where mass particles starting in x are going. Note that it is
only uniquely defined p-a.e..

Comment: By the disintegration theorem 7, would be in P(Q x Q). But since v, (proj, ' ({x})) =
vz ({x} x Q) =1 we can interpret -, as element of P().

Theorem 3.48. W, is a metric on P ().

Proof. e W, is non-negative (since d(z,y)? > 0), symmetric (since d(x, y)? is symmetric) and
finite (since Q is compact, i.e., d is bounded).

o Let T: Q2 — QxQ, T'(x) = (x, ) be the ‘diagonal’ embedding of Q into Q x Q. Wy, (i, u) =
0, since m = Typ € I(p,p) and [dPdr = 0: Note that (proj; o T')(z) = z and that
fi(gsp) = (f 0 g)yp. Hence, proj;y Ty = pu. Further,

/ dpdﬂz/ dpd(Tﬁu):/dponu:().
QxQ QxQ Q

o Let Wy(u,v) = 0. Then there must be some 7 € II(u,v) with [, o d(z,y)? dr(z,y) = 0,
which implies d(z,y) = 0 7-a.e., i.e., x = y m-a.e.. So for ¢ € C(N)

(z)dr(z,y) = P(y) dm(z,y)
QxQ QxQ

and thus projoym = proj;ym which implies p = v.
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e Towards triangle inequality: Let p,v,p € P(Q), let w1, w2 be optimal couplings for
Wy(p,v) and Wy(v, p). Let (Y01,4)yen be the disintegration of my; with respect to proj.
That is, for any ¢ € C(Q2 x Q) have

ngd)(x’y) dmo1(z,y) = /Q (/Q o(z,y) d’yo1,y(:n)> dv(y) .

Similarly, let (y12,y)yeq be the disintegration of 72 with respect to proj.

e Define a new measure m € P(Q2 x Q) via

bz, 2)dn(z, 2) := /

Q

( 6(z, %) dnory () dm,y<z>) avly).
QxQ

QxQ

Sketch: Some intuition for 7.

e Claim: m € II(u, p). For ¢ € C(Q2) get

@ st = [ ([ o) dnyla) diey () avio)

= [ ([ o0 tons@) vt = [ owramnton = [ odu

Second marginal analogously.

QxQ

e Triangle inequality:

- </Q </ﬂxﬂ (dz,y) +d(y.2))" D01 () d%zy(z)) du(y))l/p

Minkowéki incq. </Q </Q><Q d(z,y)? dvory(x) dm’y(z)) dy<y)> 1/p
" (/Q </Qx9d(y’ 2)" dyory(2) d’Yl2,y(z)) du(y)>1/p

N </Q><Q d(@,y)" dmor (@ y)) " + </Q><Q d(y, z)P dmia(x, y)) "
= Wp(p,v) + Wy(v,p) . ]

Theorem 3.49 (W, metrizes weak* convergence). Let (€,d) be a compact metric space. W),
metrizes the weakx convergence on P(£2). That is, for a sequence (pr, ), and some p in P(2) one
has:

*

[(Wp(pins 1) — 0] & [t — 1]

Remark 3.50. Careful! This equivalence only holds when (2, d) is compact. On non-compact
spaces convergence in W), is equivalent to [weak# convergence A convergence of p-th moments
Jo d(zo, z)P dpn () — [ d(xo, )P du(z) for some arbitrary reference point g € Q. See [Villani,
2009, Theorem 6.9].
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Proof. o =: assume Wj(un,p) — 0. Let (m,)n be a corresponding sequence of optimal
transport plans. Let fi be a cluster point of (i), and let w € II(f, 1) a corresponding
cluster point of (m,),. As before, denote the converging subsequence also by (7,,),. One
has:

Wy (it, p) < lim d? dmy, = lim Wy(pn, ) =0
n—oo Ox0 n—oo
Since W), is a metric, fi = p. Hence, py, S

e <: assume j, — u. Let m, be optimal plans for Wy (tn, pt). Extract a converging subse-
quence, again denoted by (7p,)n.

e Using duality one can show that any cluster point = of (m,), is an optimal coupling for
Wp(p, i) (e.g. [Villani, 2009, Theorem 5.20]). So:
_ - D qr — 1 P — 1
0=Wp(p,p) = /QXQd dr = nhﬁnolc) QXQal dm, = nlLIglo Wy (ftn, ) O]

In the following example we illustrate the qualitatively different behaviour of Wasserstein dis-
tances for p > 1 and p = 1.

Example 3.51 (‘Shifting a bookshelf’). Let n € N,

n—1
1 1
p=:> 0, V:EZ(SH-I'
' i—0

Sketch: p and v and the optimal couplings.

What are the optimal couplings for W),(u, )7 For p > 1 the unique optimal coupling is given by

|
—

n

_ 1
™= 5(z’,i+1) .
i

Il
o

For p = 1 any 7 € II(u, v) with y > = w(z,y)-a.e. is optimal. Two extreme examples: same as
for p > 1, or only move first mass from ¢ = 0 to ¢ = n — 1. Any coupling that does not move
mass to the left is optimal.

For p € (0,1) W, does not define a distance, but the behaviour is still interesting. The unique
optimal is given by

n—1
™= (Z 3 + 5<o,n>> :
=1

That is, it is preferred to leave most masses in place and only move the first one from the
beginning to the end.

This different behaviour is linked to the convexity / concavity of the function x +— |z|P depending
on p: for p > 1, many small transports are cheaper than one large one. For p € (0,1) one larger
transport is cheaper. For p = 1 any combination of ‘monotonous’ transports has equal cost.

Comment: How to proof that these couplings are optimal? By guessing corresponding dual
variables.
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3.7 Displacement interpolation

An intriguing property of the Wasserstein space (P(£2), W) is that it is a length space if (€, d)
is a length space.

Definition 3.52 (Length space). A metric space (€2, d) is a length space if for every pair (z,y) €
(2 there is a continuous map v, , € C([0,1],2) with

'Yx,y(o) =7, ’Yx,y(l) =Y, d('}’z,y(s)f}/x,y(t)) = d(x, y) : |5 - t|
for s, t € [0, 1].

Theorem 3.53. If (2,d) is a length space and there exists a measurable map (z,y) — v, that
takes start and endpoint to a shortest path between them, then (P(£2),W)) is a length space.

Comment: Sufficient conditions for the measurability of (z,y) — 7, can be found for instance
in |Villani, 2009, Proposition 7.16].

Proof. o Let (Vey)(zy)co2 be the family of maps for (€2, d) as given by Definition 3.52. For
fixed s,t € [0, 1] let

[e:0x0—Q, (x,y) = Yay(s),
Dot : Q2 xQ—QxQ, (z,9) = (Yay(8), Yoy (1))

Comment: Between v and I' the roles of ‘index’ and ‘arguments’ of the functions are
exchanged. This is formally helpful to use the push-forward of I'.

e For given p,v € P(2) let m be an optimal coupling for W, (i, ). Denote ps = I'gym.

Sketch: Interpretation of p,: put mass that is transported from x to y at v, ,(s).

e Claim: s +— ps is a geodesic in (P(£2),W),) between p and v. A ‘length space map’ for
(P(2), Wy) between p and v, v, : [0,1] = P(§) is given by v,.,(s) = ps. We will now
show this.

e Measurability of I';: By assumption S : (x,y) + 7.,y is measurable. For fixed ¢ € [0,1] the
map e; : C([0,1],Q2) — Q, v — ~(t) is continuous and thus measurable. We find I's = e;0S.
Similarly, I's; = (I's, T't) = (es, e¢) 0 S is measurable.

o Claim: I's sy € I(ps, pr)-

projoylsi4m = (projg o I's)ym = Lsym = ps

o Claim: Wy(ps, pr) = |s —t| - Wp(p, v).

Wp(ps, Pt)p S /

QOxN
— / (A (5), Yoy (B)))P () = |5 — tP / (d(z,y)) dn(z,y)
OxN QxN
Wp(ps, pt) < |s —t| - Wp(p,v)

d(z,y)? d(Ts pym) (2, y) = /gm ((doLsy)(x,y))P dm(z,y)
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So for 0 < s <t <1 have

Wi(, ps) < s Wy, v), Wplps, pr) < (8 —s) - Wy, v), Wpl(pr,v) < (1 —1t) - Wp(u,v)

So

Wy (i, ps) + Wi (ps, pt) + Wp(pt,v) < Wp(p, v)

and by the triangle inequality

Wi (ks ps) + Wy(ps, pt) + Wy(pe,v) = Wy(p,v) -

Hence we must have equality and in particular Wy(ps, pr) = |s —t| - Wp(p, v). O
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