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Abstract: We give a new derivation of the inversion formula of Bukgheim
for the attenuated vectorial Radon transform.

1 Introduction

The attenuated vectorial Radon transform is defined to be

(Rof) (0,5) = 0- / F(z)e PI@) gy (1.1)

T-0=s

(Da)(z,0) = 7061(:6 + t0)dt.

Here, a is a compactly supported smooth function in R?, § = () = (cos ¢, sin )T,
¢+ = (¢ + 712) are unit vectors, seR' and the dot indicates the natural
inner product in R2. f is a compactly supported smooth vector field in R2.

The problem is to invert R, for a given, i. e. to solve the equation R,f = ¢

for f.

The first inversion formula for R, was given by Bukgheim and Kazantsev

[1] based on the theory of A-analytic functions. The very existence of such

a formula was a great surprise since it is well known that for a = 0 the
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vectorial Radon transform Ry is not invertible: Only the irrotational part of
the vector field f is determined by g = Ry f. Subsequently a different proof
of the Bukgheim-Kazantsev inversion formula was given by Bal [2] using an
extension of the d-approach of Novikov [3].

The present note is concerned with still another proof of the Bukgheim-
Kazantsev formula that is based on the authors proof of Novikov’s inversion
formula in [4]; see also [6], Theorem 2.23

2 The inversion formula

Let R be the Radon transform, i.e.
(Bf)(0,5) = [ J(@)da,
z-0=s

and let H be the Hilbert transform, i.e.

(Hf)s) =L [ LD

mJ s—1

dt.

As in[4] we introduce the function h = (I + iH)Ra.
Let f be a vector field in R?. The Helmholtz decomposition of f assumes
the form

_ Ov
f =grad w + curl v, curl v = (af”2> (2.1)

EER

with certain scalar functions w, v; see e.g. [5], p. 53. grad w is the irrota-
tional , curl v the solenoidal part of f. Note that (2.1) defines an orthogonal
decomposition in the space Ly(R?)2.

Our goal is to prove the following inversion formula for R,.

Theorem 2.1 Let g = R,f with f as in (2.1). Put g, = e "Hehg.
Then, for a(x) # 0,

w(z) = ﬁRe J e(D“)(‘”’al)ga(O,fv - 0)do,
S1
v(z) = — 12— Im div [ 0eLDEI) g (0, 2 - 0)d6.
S1

" 4ma(z)
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The proof will be given in the next section.

Theorem 2.1 is surprising since it is well known and obvious that for a = 0
only w in (2.1) is determined by the data g; see e.g. [6], Theorem 2.25. There-
fore the question arises what happens as a — 0. We assume a(z) = €ag()

where ag(z) # 0 whenever f(z) # 0 and study the limit ¢ — 0. For w we
simply obtain

lim w(z) = % [ 6(HR)®,2 - 0)db, (2.2)

e—0

hence

) 1 ,
lim grad w(z) = E/(HR £)(0,2-6)d
Sl

where the prime denotes derivation with respect to the second argument of
Rf. Thus (2.2) is just a well known inversion formula for the Radon normal

transform; see e.g. Theorem 2.28 of [6].

For v the situation is more difficult. By Taylor expansion around £ = 0
we obtain up to 0(g?)

Im / BePI@IN) g (8. 1 - §)df = —g / 8((HRa)Rof) (0,2 - §)d6
St St

+% S/ O(H(RaR,f))(0,x - 0)d0 + & S/ G(H%(Ra Fleso) (0, 2 - 0)d0.

3 Proof of Theorem 2.1

We start with some lemmas, the proofs of which can be found in [4].

Lemma 3.1 Let 0 = ( Z?ﬁg ) and u(x,0) = h(0,z - 0) — (Da)(z, 6+).
Then, with certain functions uy(x), u(z,0) = Y ug(x)et®.
1>0 odd



Lemma 3.2 Let 0 = ( cosp ) T — ( Cf)sw ) . Then,

singp )’ Il sin
£, 0, Codd,
/ —eew‘pdgo =< 2mz/|z|? =0,
A —2mie™ xt/|z|?, £ > Oeven.

Lemma 3.3 With the Dirac function 6, we have

1
div— = 276 (), div2— =0.

|2 ]2

For the proof of Theorem 2.1 we proceed very much as in [4]. First we
compute

h(0:0) Dal(gL
(Hehg)(6,1) = W/s_t /9 Fy)e @@ gy gy
y-0=t
_ / 0-fly ) a)(y 0L)+h(9,y-«9)dy’
T) s—y- 0
R2
hence
1L 0-fy) -
(Da)zG /7 u(y,9) u(z,ﬂ)d . 3.1
900 -0) = = | = e y (3.1)

From Lemma 3.1 we obtain

sinh (u(y, 0) — u(z,0)) = Z ug(z, y)e™?

£>0 odd
with certain functions wu(z,y). Hence,
o0 T8 .
—— _eteeuylu@h) g, — i/iei“" sinh(u(y, 0) — u(z, #)dy
[ [ g™ sme(s.0) - u(e.)
= 4 E: ]i__JZ___gwinwdqux’y)
&> odd (z—y)-0



Using Lemma 3.2 we obtain
~ il
/ b gvaututueng, — on ¥ w0 0
o (z—y-0 £>0 odd

= 271e™ (sinhu(y, w) — u(z, w))

)t cos o
where w = T2 = 7 v . Likewise,
|lz—y| sin 1)

T 0 '

u
y) -0 - y?

L
. T —
+ 27 ) e’“‘lﬁp%ue(m, Y)
£>2 odd |z =y

=27 ix_y _(:r—y)L u1(x e~ sinh (u(y, w) — u(z, w L_y)L
o (2= = 20 e+ me™ i () = (o) -

It follows that

T 0

/mcosgpe“(yﬁ)_“(m’a)d(p (32)
. W ui(z,y) . (z — Z‘J)L

= 7nlilr—y)—(r—y + 27w cos sinh (u(y, w) — u(x, w)) —=
(=) - (e —0)") 20 (uly, w) = (e, w) =0
and
f 4 : u(y,0)—u(z,0)
/mSln@G Y ’ ng (33)

= -7 ((a: —y) +i(r — y)L) ul(f’ yg + 27 sin ¢ sinh (u(y, w) — u(z, w)) —
|z =y

Note that u(y, w) — u(z, w) is real (see[4]). So the sinh-terms drop out when
(see below) the imaginary parts are taken. We put

A(z) = /a(x + y)idy.

EA ly|?



From Lemma 3.3 we obtain

divA = —2ma, divA*t =0 (3.4)

and by straight computation and Lemma 3.2

e

/(Da)(x,OL)ei‘pdw = // T+ t0(p +712)) e “Pdpdt
—r —m 0

= zlo/a (z +t0(p)) e "“dpdt

= z/a(fv+y)y1 ;| dey

2

J P
=(§)Am,

. (1) —1ip
/(HRa)(O,x e¥dp = // - 0_8 dse dy
-7 fer

= — a(sf + t6+)dt “dp

EAEAES r-0—s
= ——//ay+:1: e dy
—T R2
1 ™

R2
- 2( ! ) A2).
It follows that
1 K
w(@) = o [ulz,0)e%dy
2m J
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2T

—T

Il
—~—y

(h(0,2 - 0) = (Da)(z,0%)) e dyp

1
2T

< ((7)-(3)) o= (3) w0

where we have used that the function # — (Ra)(0, z- ) is even. Combining
this formula with (3.2), (3.3) we obtain

(§URa)0,2-0) + L (HRa)0,2-0) — (Da) (2, 0%)) e ¥dp

Il
A~y

e

Im / T pet @) (=) g
Ot UM &;ﬁumwﬂwu—@ .
_ (Ag(x) ( ) (@ — |:)E _+y|(;41(fv) ~Ai[y) (z~y) (3.6)

Very much in the same way one can derive (see[4])
Re/ﬂ ﬁ u(0)=u@h) g, = 27r|;__5|2 (3.7)

-

Now we finish the proof by putting

Wi@) = Re [ eP90g,(0,2-0)de,

[}
™

V(z) = Im/Qe(D“)(m’aL)ga(O,x-ﬁ)dw.

By (3.1),(3.5)-(3.7) we obtain

_ l r 0 - f(y) u(y,0)—u(z,0)
W(z) = WRe//i(x —y)-0€ dydyp
—T R2



Tr—Y
= 92 LT
[ 10) =y
R
1 rr 0-fy) u(y,0)—u(z,6)
V() = me//(x_y).eﬂe dydy
—7 R2
1 A(z) - A z—y)t —(Ay(z) — A T —
_ _/ﬁ@% 1(z) — Ai(y)) (z —y) gz() 2(y)) ( yhy
A [z —y|
1 Ay(z) — A r—y)t+ (A (z) - A x—
N _/h@ﬁz() 2(y)) (z — y) gd) 2(y)) ( m@
T 'l
and, by Lemma 3.3,
. 1 dA (x —y)t — gradA (z—
div V(z) = __(/:ﬂ(y)gra 1(z) - (z —y) gra 2(2) - (= y)dy
LA |z -y
1 gradAy(z) - (x —y)t + gradA;(z) - (z —y
o [ i ete) @) gredi(@) e )
LA |z =y
1 —(z9 — yo)divA(z) + (z1 — y1)divAt(x
_ ;/ﬁ(y) (z2 — 12) (|x)_ (|21 Y1) ( )dy
R? Y
1 —yp)divA(x) — — yo)divAt
+ _/fQ(y) (xl yl) 24 (x) (‘T; y2) 24 (x)dy
™, |z —y|
R
(z—y)~
= -2
o) [ 1) =i
R
Now we use the Helmholtz decomposition f=grad w-+curl v to obtain
W = drw,
diwV = —4mwav
and hence the theorem. O
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