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Setting

Constant rank differential operators

Given k, N,M € N\ {0} and linear maps A”): RV — RM for all d-dimensional
multi-indices i with |i| = k, consider

du = Z A(i)(?;u with u: RV — RM.
li|=k

It is a linear, k-th order, homogeneous differential operators with constant
coefficients.

The crucial requirement is: 7 is of constant rank in the sense of F. MURAT,
i.e. there exists r € N such that the rank of Afw] equals r for all w € R\ {0},
where A is the symbol of <7.

Examples

Divergence, curl, curl of the curl, magnetostatic equations, ‘higher order
gradients’, ...

This class of operators was used in a variational framework by I. FONSECA &
S. MULLER to introduce a generalization of the notion of quasiconvexity.
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Setting
o/ -free maps
&/ may be regarded as an operator from LP(; R") to W=5P(Q; RM): for
u € LP(O; RM) we define the pairing

(A u,v) = / u-*vdx forallve Wok’p/(Q;]RM),
Q

with &7* the formal adjoint of &/
In particular, we say that u € LP(Q;R") is «7-free if &/u =0in W~5P(Q;RM).

Our questions
Given u that is «7-free on ,

O can we find a second differential operator 2 and w € W*?(Q; RM) such
that u = Bw?

@ can we extend u to the whole space in such a way that the extension is
still o7-free?
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Potentials

Existence of potentials for .o/-free maps, I

Q: given an «7-free u on Q, are there a differential operator % and

w € W5P(Q; RM) such that u = Bw?

A: yes, if we can extend u to the whole space, i.e. if our second question has a
positive answer.

Theorem (DavoLi, KRUZIK, & P., IN PREPARATION)

Let o7 be a linear, k-th order, homogeneous differential operator with constant
coefficients and constant rank. If Q C R? is a bounded, connected, open set
with Lipschitz boundary which is also an <7 -extension domain, then there exists
a differential operator % of order { satisfying the following: for all </ -free maps
u € LP(S; RN) there is a function w € W5P(Q; RM) such that u = Bw almost
everywhere in Q.
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Potentials
Existence of potentials for .o/-free maps, 11

The result relies heavily on some properties of constant rank operators that
have been recently investigated by B. RAITA and co-authors:

e B. RAITA: if &/ is as above, there exists # of constant rank such that for
all o7-free u € 7 (RY; R") there exists w € .(R?; RM) such that
u= ABw.

o A. GUERRA & B. RAITA: % is of constant rank if and only if

Hv£(¢ - n@qs)”Lp(Rd;RNxde) <c

BY|| pgagny for all ¢ € C(RYRY).

Qutline of the proof of our result:
@ The assumptions yield i <7-free extension of u to the whole space.

@ Approximate i by smooth functions and use the existence of potentials for
smooth functions.

© Use the Korn inequality on % to get some compactness on the sequence
of smooth potentials.
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Extensions

Existence of .&7-free extensions

Q: given an «7-free u on Q, can we extend u to the whole space in such a way
that the extension is still o/-free?

A: yes, if there is a potential & for o7 on ) for which a Korn-type inequality
holds, i.e. if our first question has a positive answer and # fulfils (1) below.

Theorem (DavoLl, KRUZIK, & P., IN PREPARATION)

Let Q be an open set with bounded Lipschitz boundary and </ be as before.
Let also & be a linear, {-th order, homogeneous differential operator with
constant coefficients that is a potential for o/ on ) and that satisfies

£
IV (w = Naw)|l g mvxaty < €l BWl o(army (1)

for all w € W5P(Q; RN). Then, there exist a linear extension operator
Eu: LP(;RY) — [P(RY; R") and a constant ¢ := c(d, p, o/, Q) such that, for
all of -free u € LP(; R")

Q@ Eyu=uae inQ,
Q |Ewr ullipmeseny < cllull o), and
Q@ /(Eu) =0 onRe.
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Extensions

Existence of &7-free extensions, II

The requirement that .o/-free maps on Q admit potentials allows us to recast
the problem in terms of extensions of Sobolev maps.
Outline of the proof of our result: By assumption, for u € LP(Q;R") such
that «/u = 0, there exists w € W*P(D; RM) satisfying u = Bw. Hence, we
may set

Eyu:= %’(E(W — I'Igz,ew)).

Here, E is the standard extension operator for Sobolev maps.
The estimate on the norm of E. u follows from the Korn inequality for # and
from the properties of E.
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Setting
Potentials
Extensions
A possible application

Homogenization under differential constraints

Asymptotic analysis of a high-contrast composite: Q = reference configuration,
Qo = 'soft’ inclusions, - = ‘stiff’ matrix. For u: RY D Q — RV o/-free

Fe(u) = / foe (eu)dx +

g

O
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