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The minimal p-weak upper gradient Main results

o . .
« Existence of a solution and a weaker uniqueness property:.

« Let p € [1,400]|. Let I' be a family of paths in X. We say that
1gf /X Od
is the p-modulus of I', where the infimum is taken among all non negative

. Borel measurable tunctions ¢ satistying [, ¢ ds > 1, for all rectiiable paths
Hypotheses on the metric measure space X verl.

Existence and a weaker uniqueness result

« Minimizers of the Neumann p-Laplacian problem satisty a De Giorgi type
inequality and consequently we give boundedness properties for them.

- J has a minimizer in N} ?(9).

- If uy, up € N1P(Q) are two minimizers of J, then g,, = g, a.e. in Q.

« If (1) is satisfied for p-almost all paths v in X, that is the set of non
constant paths that do not satisfy (1) is of zero p-modulus, then ¢ is said a
p-weak upper gradient of w.

Let (X, d, i) be a metric measure space, where p is a Borel regular measure. Boundedness result

Let B(x,p) C X be a ball with the center x € X and the radius p > 0.

| - - | Let 0 < R < 9 ond Qp = {y € Q1 d(y,09) < BY. Tf u € NM(Q) is a
= Doubling measure. A measure g on X is said to be doubling if there exists a . The family of weak upper gradients has a minimal element g,, that is called ot a4nd fel Ofi(aﬂ{)y I <€yLOO()QR) Qa}nd T LOO((@S%R)

constant K, called the doubling constant, such that the minimal p-weak upper gradient of w.
0 < p(B(z,2p)) < Kp(B(z,p)) < +oc,
for all z € X and p > 0. The Newtonian space

Proof methods based on a De Giorgi type inequality

« (1, p)-Poincar¢ inequality. Let p € [1,400[. A metric measure space X
supports a (1, p)-Poincaré inequality if there exist K > 0 and A > 1 such The Newtonian space N'P(X) is defined by

that Let u € N, P(Q2) be a minimizer of J and f € L®(09). If y € 09, 0 < p <
| N'Y(X)=VP(X)N LX), pe]l,+od, R < M) 41 o € R, then there is K > 1 such that the following De Giorei

1 1 Z—j : . . 10 .
w(B(z, 7)) /B(:z:,fr) U — up(ay|dp < K7 (,u(B(x ) /B(xw) 9u dﬂ) where VIP(X) = {u : uis measurable and ¢, € LP(X)}. We consider N'?(X) type inequality
1

equipped with the norm
for all B(z,r) C X, u € L, (X), where up(, ,) = B B udp.

K
p
/QHB(y,p) Ilua) O S(R — p)P /QQB(@/,R)(

u— o) dp @

lull vexy = | gull o) + Nl eex)- i
We denote with N}P(X) = {u € N"(X): [yudz = 0}. i K/amB(y,R) fllu = a)idR,
Hypotheses on () C X is satisfied.

The problem Some references

Hy) There exists a constant K > 1 such that for all y € 2 and
0 < p < diam (€2), we have
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where K and p are as in (Hy) = () is a bounded domain (non empty, connected open set) in X with

X \ Q of positive measure such that € is of finite perimeter with
perimeter measure Fo;

« G : ) — R is defined as
Upper gradients G(u) = ¢ — |u|” for all u € N'P(Q), (3)

H3) (92, dig, o) admits a (1, p)-Poincaré inequality with A = 1, where
p €)1, +0o0|.

S_

= A non negative Borel measurable function g is said to be an upper gradient - f: 00 — R is a bounded Po-measurable function with [y fdPo = 0.

forsomec>0and1<7<p*:%ifp<s,1<7<+ooelse;

« Neumann p-Laplacian problem with zero boundary data;

- Extending the results to the (p, ¢)- Laplacian problem in the metric

of function u : X — [—o00, +o0] if, for all compact rectifiable arc length

parametrized paths « connecting x and y, we have setting.
u(z) — uly)| < L gds 1) Solution to the Neumann boundary value problem
whenever u(z) and u(y) are both finite and f, g ds = +00 otherwise. A function uy € N1P(Q) is a p-harmonic solution to the Neumann boundary

value problem with boundary data f # 0 and reaction term G it
J (up) :/Qgﬁod,u — /QG(UO)CZ,LL + /((m TuyfdPy
< /Qggd,u — /QG(U)d,u + /aQ TvfdPo = J(v)
for every v € N, ?(Q), where g,,, g, are the minimal p-weak upper gradients

of up and v in €2, respectively, and T'uy and T'v are the traces of uy and v on
02, respectively.



