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PART II

Upscaling of dislocation energies



Energy scaling: close vs far from dislocations
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∫
Ωε(µ)
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= Eself
n,ε(β, µ)︸ ︷︷ ︸

“close" energy

+Efar
n,ε(β, µ)︸ ︷︷ ︸
“far" energy

Ω

x2x1

ε
r

x3

xN−1

xN

• Close to dislocations (self)

Eself
n,ε(β, µ) ' 1
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• Far from dislocations
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n,ε(β, µ) ' ε2

Note: Same order if n ∼ | log ε|! (critical scaling)

Note: We are assuming separation of dislocations: ε� ρε � 1
(No separation: De Luca, Garroni, Ponsiglione, Ginster)

Note: Nonlinear energies same scalings
(Müller, Scardia, Zeppieri, Lauteri, Luckhaus, Palombaro, Garroni, Marziani, Scala, Ginster)
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Critical energy scaling
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Cβ : β dx

Curlβ = 0 in Ωε(µ),

∫
∂Bε(xi)

βτds =
bi
| log ε| , |bi| = ε

Result (Garroni-Leoni-Ponsiglione; Müller-Scardia-Zeppieri; De Luca; Ginster etc.)
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• Strain-gradient plasticity model
• ϕ relaxation of the minimal self-energy of a single dislocation

ψ(b̂) = lim
ε→0
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| log ε| min

{∫
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2
Cη : ηdx : η ∈ L2(Bρε \Bε),

Curlη = 0 in Bρε \Bε,
∫
∂Bε

ητds = b̂

}
• ϕ 1-homogeneous ⇒ concentration possible
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Ẽε(β, µ) =
1

ε2| log ε|2

∫
Ωε(µ)

1

2
Cβ : β dx

Curlβ = 0 in Ωε(µ),

∫
∂Bε(xi)

βτds = bi, |bi| = ε

• Idea of compactness (well-separated!) Ẽεj (βj , µj) ≤ C.
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Ẽε(β, µ) =
1

ε2| log ε|2

∫
Ωε(µ)

1

2
Cβ : β dx

Curlβ = 0 in Ωε(µ),

∫
∂Bε(xi)

βτds = bi, |bi| = ε

• Idea of compactness (well-separated!) Ẽεj (βj , µj) ≤ C.
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‖βskw
j ‖

2
L2 ≤ C

(
‖βsym
j ‖2

L2 + |Curlβj |2(Ω)
)
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• Nonlinear case: Use generalised Rigidity (Müller-Scardia-Zeppieri)

‖βj −Rj‖2L2 ≤ C
(
‖dist(βj , SO(2))‖2

L2 + |Curlβj |2(Ω)
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• Bound for the measures (µj):
µj

εj | log εj |
⇀ µ ,

• Bound for the strains (βj): By generalised Korn (Garroni-Leoni-Ponsiglione)

‖βskw
j ‖

2
L2 ≤ C

(
‖βsym
j ‖2

L2 + |Curlβj |2(Ω)
)
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• Bound for the measures (µj):
µj

εj | log εj |
⇀ µ ,

• Bound for the strains (βj): By generalised Korn (Garroni-Leoni-Ponsiglione)

‖βskw
j ‖

2
L2 ≤ C

(
‖βsym
j ‖2

L2 + |Curlβj |2(Ω)
)
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≤ Cε2j | log εj |2Ẽεj (βj , µj) + C|µj |2(Ω)

≤ Cε2j | log εj |2

=⇒
βj

εj | log εj |
⇀ β ,

• Not true that Curlβj = µj ! But almost true, up to modifying βj inside Bεj (xji ).

• Nonlinear case: Use generalised Rigidity (Müller-Scardia-Zeppieri)

‖βj −Rj‖2L2 ≤ C
(
‖dist(βj , SO(2))‖2

L2 + |Curlβj |2(Ω)
)



Critical energy scaling

• Idea of compactness (well-separated!) Ẽεj (βj , µj) ≤ C.
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• Bound for the measures (µj):
µj

εj | log εj |
⇀ µ ,

• Bound for the strains (βj):
βj

εj | log εj |
⇀ β ,

• Idea of lower bound (separately close and far)

• Far from dislocations (interaction)

1

ε2| log εj |2

∫
Ωεj (µj)

1

2
Cβj : βj dx ≥

∫
Ωρεj

(µj)

1

2
C
(

βj

εj | log εj |

)
:

(
βj

εj | log εj |

)
dx

→
1

2

∫
Ω
Cβ : β dx



Critical energy scaling
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Critical energy scaling

Ẽε(β, µ) =
1

ε2| log ε|2

∫
Ωε(µ)

1

2
Cβ : β dx

Curlβ = 0 in Ωε(µ),

∫
∂Bε(xi)

βτds = bi, |bi| = ε

Result (Garroni-Leoni-Ponsiglione; Müller-Scardia-Zeppieri; De Luca; Ginster etc.)

Ẽε −→
∫

Ω

1

2
Cβ : βdx+

∫
Ω

ϕ

(
dµ

d|µ|

)
d|µ|, Curlβ = µ

• Strain-gradient plasticity model
• ϕ relaxation of the minimal self-energy of a single dislocation

ψ(b̂) = lim
ε→0

1

| log ε| min

{∫
Bρε\Bε

1
2
Cη : ηdx : η ∈ L2(Bρε \Bε),

Curlη = 0 in Bρε \Bε,
∫
∂Bε

ητds = b̂

}
• ϕ 1-homogeneous ⇒ concentration possible
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The minimiser βn solves the Euler-Lagrange equations
div Cβn = 0 in Ωεn
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n
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xi
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xi
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div CKn
xi
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xi
ν = 0 on ∂Bεn (xi)∫
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xi
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xi
| ∼

1
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and vn takes into account the boundary contribution.
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∗ Helmholtz decomposition of the optimal strain: βµ = 1
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∑
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n
xi +∇vn

∗ Kxi is the standard incompatible field for a single dislocation at xi in R2{
div CKxi = 0 in R2

CurlKxi = e1δxi in R2
 |Kxi(x)| ∼ 1

|x− xi|

∗ VΩ(xi, xj) :=

∫
Ω

CKxi(x) : Kxj (x)dx  pairwise interaction potential

∗ |VΩ(xi, xj)| ∼ − log |xi − xj | for xi close to xj (e.g. vortices, Coulomb gases)
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In Γ-converges to I as n→∞, where

I(µ) =
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Ω×Ω

VΩ(y, z)dµ(y) dµ(z) + min
v
Iµ,Ω(v)

and µn = 1
n

∑n
i=1 δxi → µ (continuum density).

• Upscaling result: from individual dislocations to a continuum dislocation
density µ

• Two energy contributions: Interaction energy + boundary effects
(interaction of dislocations with the boundary)
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Idea of recovery sequence

Let µ with I(µ) <∞.
Second step: Point discretisation of µh

Replace µh in Qhk with nµh(Qhk) equi-distributed Diracs  µn
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Similar dislocation interaction energies

In(x) =
1

n2

∑
i,j 6=i

V (xi − xj), xi ∈ R2,

with the singular interaction potential (in R2, no boundary effect)

V (x) = − log |x|+ x2
1

|x|2

• Heuristically V is the limit of VΩ (from previous energy) for Ω→ R2

V (x− y) = c(µ, λ)VΩ(x, y) + gΩ(x, y), gΩ ∈ C2

• Common expression of interaction potential between edge dislocations
with b = e1 (e.g. Hirth & Lothe), anisotropic potential

• Upscaling result (similar to e.g. Coulomb gases, Serfaty)

In
Γ−→ I(µ) =

x

R2×R2

V (x− y)dµ(x) dµ(y),
1

n

∑
i

δxi ⇀ µ

• Geers-Peerlings-Peletier-Scardia, ARMA 2014 - 1d case (vertical walls)
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Positive and negative dislocations

In(x) =
1

n2

n∑
i,j=1

bibjV (xi − xj), xi ∈ R2, bi = ±1

with the same singular interaction potential in R2

V (x, y) = − log |x|+
x2

1

|x|2

• V (0) = +∞ ⇒ need to regularise the energy otherwise not well-defined

V  Vδn

Note: Multiple slip also allowed, by replacing bibjV (·) with V (·;bi,bj).

n−1Vδn (0)→ 0 ⇒ In
Γ−→
∫
R2
V ∗(µ+−µ−)d(µ+−µ−),

1

n

∑
i

biδxi ⇀ µ+−µ−

For smaller δn (δn . e−n) upscaling unclear (Patrick van Meurs)
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