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Upscaling of dislocation energies
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e Far from dislocations

B (Bp) =<
Note: Same order if n ~ |loge|! (critical scaling)

Note: We are assuming separation of dislocations: ¢ <« p. < 1
(No separation: De Luca, Garroni, Ponsiglione, Ginster)

Note: Nonlinear energies same scalings
(Mller, Scardia, Zeppieri, Lauteri, Luckhaus, Palombaro, Garroni, Marziani, Scala, Ginster)
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In(p) = En(p) — By (n)
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Boundary contribution

Interaction energy

Helmholtz decomposition of the optimal strain: 8, = £ >~ K, + Vo,
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In(p) = En(p) — By (n)

1 . Q
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Boundary contribution

Interaction energy

Helmholtz decomposition of the optimal strain: 8, = £ >~ K, + Vo,
K., is the standard incompatible field for a single dislocation at z; in R?
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CurlK,, =e16,,  in R? '



Focus on interactions

In(p) = En( ) = B (n)

33 Z/CKL Ky, dx+ mm[“’ (v)
n 1,J#1 _/_/

Boundary contribution

Interaction energy

Helmholtz decomposition of the optimal strain: 8, = £ >~ K, + Vo,

K., is the standard incompatible field for a single dislocation at z; in R?
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divCK,, =0 in R? Ko (2)] 1
CurlK,, =e16,,  in R? '

o(xi, ;) == /CK «; (z)dx pairwise interaction potential
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In(p) = En(u) — Ex" ()

— /CKWL K, dx + mmI“Q( )
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Boundary contribution

Interaction energy
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Helmholtz decomposition of the optimal strain: 5, = % > Ka, +Vug

K., is the standard incompatible field for a single dislocation at z; in R?

divCK,, =0 in R? 1
_ 2 |Key ()] ~
CurlK,, = e16x; in R |z — x4
o(xi, ;) == /CK s Ky, (z)dx pairwise interaction potential

[Va(zi,z;)| ~ —log|z; — x| for z; close to z;  (e.g. vortices, Coulomb gases)
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Theorem (Mora-Peletier-Scardia, SIMA 2018)
I, T'-converges to I as n — oo, where

1(1) = 5 [ Voly, 2)du(y) du(z) + min 1" )
2 QxQ v

and pi, = 23" | 64, — p (continuum density).
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Focus on interactions

1 .
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|Va(zi, zj)| ~ —log|z; — x| for z; close to z; (e.g. vortices, Coulomb gases)

Theorem (Mora-Peletier-Scardia, SIMA 2018)
I, T'-converges to I as n — oo, where

I(“):% jVﬂ(yvz)dﬂ(y)dﬂ(?«’)eryin[“’ﬂ(y)
QxQ

and p, = = Do 0y S

T n

° result: from individual dislocations to a continuum dislocation
density p

e Two energy contributions: Interaction energy + boundary effects
(interaction of dislocations with the boundary)
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Idea of recovery sequence

Let p with I(n) < oo.
Second step: Point discretisation of "



Idea of recovery sequence

Let p with I(n) < oo.
Second step: Point discretisation of p”
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e Heuristically V" is the limit of V, (from previous energy) for Q — R?
V(z —y) = c(p, NVal(z,y) + ga(z,y), ga € C?

o Common expression of interaction potential between edge dislocations
with b = e; (e.g. Hirth & Lothe), anisotropic potential
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e Upscaling result (similar to e.g. Coulomb gases, Serfaty)
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Similar dislocation interaction energies

1
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i,j#0
with the interaction potential (in R?, no boundary effect)

V(z) = —log|z| + —>
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e Heuristically V" is the limit of V, (from previous energy) for Q — R?
V(z —y) = c(p, MVa(z,y) + ga(z,y), goeC?

o Common expression of interaction potential between edge dislocations
with b = e; (e.g. Hirth & Lothe), anisotropic potential

e Upscaling result (similar to e.g. Coulomb gases, Serfaty)

I, - ffv @ duy), Y8 =
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Geers-Peerlings-Peletier-Scardia, ARMA 2014 - 1d case (vertical walls)
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Positive and negative dislocations
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e V(0) =400 = need to regularise the energy otherwise not well-defined
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Note: Multiple slip also allowed, by replacing b;b;V () with V(-; b;, b;).



Positive and negative dislocations

In(z) = bebv;; @i — ), @ €R2

1,7=1

with the same singular interaction potential in R?

2
1

z|?

V(z,y) = —loglz| +

e V(0) = +o0 = need to regularise the energy otherwise not well-defined

AN

Note: Multiple slip also allowed, by replacing b;b;V () with V(-; b;, b;).

_ r _ _ 1 _
nW5, (0) =0 = In —>/2V*(M+—M yd(ut—nT), > bibe, = pt—p
R i



Positive and negative dislocations

In(z) = bebvé @i — ), @ €R2

1,7=1

with the same singular interaction potential in R?

af
V(z,y) = —log|z| + T|2

e V(0) =400 = need to regularise the energy otherwise not well-defined

AN

Note: Multiple slip also allowed, by replacing b;b;V () with V(-; b;, b;).

— r _ _ 1 _
ne, @ 0] = s [ VGt )at ), S b, —
(3

For smaller 6, (9, = ¢~ ") upscaling unclear (Patrick van Meurs)



