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PART I

Preliminaries on dislocations



Crystallographic structure

Atomic configurations in metals are generally crystalline.

Figure: BCC and FCC crystals.



Crystallographic defects

There is no such thing as a perfect crystal in nature.

There are crystal lattice defects of every dimension!



Fundamental role of defects

• They influence greatly the structural properties of metals
(e.g. conductivity, malleability)

• They allow a much wider spectrum of mechanical properties than perfect
crystals

• They can be manipulated to create a material with desired properties

FOCUS ON DISLOCATIONS (LINE DEFECTS)
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REAL DISLOCATIONS
• Curved (loops)
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What is the Burgers vector?

~b

The Burgers vector ~b quantifies the difference between the distorted lattice
around the dislocation and the perfect lattice (vector signature of the defect)



Idealised Dislocations

Idealised edge dislocation in a crystal lattice

• The dislocation line (ξ = e3) is orthogonal to the Burgers vector (b = εe1)
• Plane orthogonal to b× ξ (generated by b and ξ) is called the slip plane
• For screw dislocations ξ is parallel to b (any plane containing b is a

possible glide plane) screw like vortices in superconductors



Dislocations

REAL DISLOCATIONS
• Curved (loops)
• Entangled

IDEALISED DISLOCATIONS
• Straight
• Parallel
• Edge



Dislocations

Q. Why are dislocations so important?

A. They make metals easier to deform.



Dislocations and Plastic deformation

• Elastic: same bonds

• Plastic: new bonds

∗ Plastic deformation: relative slip of atoms

∗ Dislocations favour the slip, making plastic deformation easier
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Dislocations

Q. Why are dislocations so important?

A. They make metals easier to deform.

AIM: SCALE BRIDGING

• Incorporate the presence of dislocations (well-understood at the
microscopic scale) in a macroscopic continuum plasticity model (in
terms of a dislocation density )

• Derive plasticity models (usually phenomenological) from dislocation
models - ansatz free!

• Predict the distribution of dislocations and their dynamics

Which model?



Semi-discrete 2d dislocation model

• Straight and parallel dislocation lines  2d-model

• Assume scale separation  semi-discrete model

• A dislocation is identified by a point and a vector (Burgers vector)

∗ Purely discrete (atomistic) dislocation models: Ortner, Hudson, Buze, Ariza, Ortiz,
Ponsiglione, De Luca, Alicandro, Garroni, etc.

∗ 3d mathematical models: Garroni, Conti, Müller, Ortiz, Marziani, Scala
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Semi-discrete 2d dislocation model

x1 x2
x3x3x3x1

xN−1 xN

Ω
∗ Ω ⊂ R2 reference configuration

∗ x1, . . . , xn dislocations locations

∗ b1, . . . , bn ∈ ε spanZ2S Burgers vectors

∗ S crystallographic directions

• Discrete dislocation density µ = 1
n

∑n
i=1 biδxi

• Elastic potential energy En(β, µ) =

∫
Ω

W (β) dx

• Elastic strain (incompatible) β : Ω→ R2×2 with Curlβ = µ
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Incompatibility condition

Elastic strain (incompatible) β : Ω→ R2×2 with Curlβ = µ

• If µ = 0 ⇒ Curlβ = 0 ⇒ β = Du (elasticity)

• If µ = εe1δ0 ⇒ β not gradient!

However we can associate to β a displacement u ∈ SBV ‘jumping’
across half-line Σ = {(x1, 0) : x1 > 0}

u(x1, x2) = ε
2π

(
arctan

(
x2
x1

)
, 0
)

• [u](x1, 0) = u(x1, 0
+)− u(x1, 0

−) = −2π
(
εe1
2π

)
= −εe1

⇒ Dsu = [u]⊗ ν dH1 Σ = (−εe1)⊗ e2 dH1 Σ

• ∇u = ε
2π|x|2 e1 ⊗ x⊥, x⊥ = (−x2, x1)

•
∫
∂Br\Σ

∇uτds = εe1

Interpretation

∇u  β (elastic strain) , Dsu  βp = (−εe1)⊗ e2 dH1 Σ (plastic strain)
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Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

• Focus on one dislocation at x0 with Burgers vector b
 its strain field = loc min of quadratic energy with constraint Curlβ = bδx0{

div Cβ = 0 in R2

Curlβ = bδx0 in R2
 β(x) ∼ 1

2π
b⊗ (x− x0)⊥

|x− x0|2
(C = Id)

(rigorous derivation by e.g. Cermelli-Leoni; Blass-Morandotti)

• same singular behaviour in a bounded domain

• In a small ball Br(x0)∫
Br(x0)

|β|2dx ∼ |b|
2

2π

∫ r

0

1

ρ
dρ = +∞ /
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Note: Removing Bε(xi) does not affect the energy!
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∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε
∗ Scaling of regularised energy?



Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

∗ Typical fix: remove Bε(xi) around each dislocation at xi

x1
x2

x3

xN−1

xN

ε

Ωε

 core-radius approach

Note: Removing Bε(xi) does not affect the energy!
Discrete analysis for screws (Ponsiglione) ⇒ energy in ε-cores is a factor | log ε|
smaller than energy in Ωε(µ)

∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε
∗ Scaling of regularised energy?



Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

∗ Typical fix: remove Bε(xi) around each dislocation at xi

x1
x2

x3

xN−1

xN

ε

Ωε

 core-radius approach

Note: Removing Bε(xi) does not affect the energy!
Discrete analysis for screws (Ponsiglione) ⇒ energy in ε-cores is a factor | log ε|
smaller than energy in Ωε(µ)

∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε
∗ Scaling of regularised energy?



Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

∗ Typical fix: remove Bε(xi) around each dislocation at xi

x1
x2

x3

xN−1

xN

ε

Ωε

 core-radius approach

Note: Removing Bε(xi) does not affect the energy!
Discrete analysis for screws (Ponsiglione) ⇒ energy in ε-cores is a factor | log ε|
smaller than energy in Ωε(µ)

∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε
∗ Scaling of regularised energy?



Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

∗ Typical fix: remove Bε(xi) around each dislocation at xi

x1
x2

x3

xN−1

xN

ε

Ωε

 core-radius approach

Note: Removing Bε(xi) does not affect the energy!
Discrete analysis for screws (Ponsiglione) ⇒ energy in ε-cores is a factor | log ε|
smaller than energy in Ωε(µ)

∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε

∗ Scaling of regularised energy?



Linear model: W (β) = 1
2Cβ : β

(Conti, Müller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

En(β, µ) =
1

2

∫
Ω

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

∗ Problem: Energy blows up at the dislocations!

∗ Typical fix: remove Bε(xi) around each dislocation at xi

x1
x2

x3

xN−1

xN

ε

Ωε

 core-radius approach

Note: Removing Bε(xi) does not affect the energy!
Discrete analysis for screws (Ponsiglione) ⇒ energy in ε-cores is a factor | log ε|
smaller than energy in Ωε(µ)

∗ Other regularisations possible! e.g. Curlβ = µ ∗ ϕε
∗ Scaling of regularised energy?



Energy scaling: close vs far from dislocations

En,ε(β, µ) =
1

2

∫
Ωε(µ)

Cβ : β dx, Curlβ = µ =
1

n

n∑
i=1

biδxi

= Eself
n,ε(β, µ)︸ ︷︷ ︸

“close" energy

+Efar
n,ε(β, µ)︸ ︷︷ ︸
“far" energy
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• Close to dislocations (self)

Eself
n,ε(β, µ) ' 1

n
ε2| log ε|

Note: Close to dislocation at xi: |β| ∼ |bi|
2πn
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∫
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|β|2dx ∼ |bi|
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• En,ε only controls βsym ⇒ need to use Korn’s inequality!
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Energy scaling: far from dislocations

`

• Dislocations in uniform grid, ` ∼ 1√
n

, x ∈ Ω

• In B2r(x) \Br(x) there are r2

`2
= nr2 dislocations

• |β(x)| ∼ |bi|
n|x−xi|

∼ ε
n|x−xi|

close to xi

• strain at x due to dislocations in B2r(x) \Br(x)

|β(x)| ∼
∑

i:xi∈B2r\Br

ε

n |x− xi|︸ ︷︷ ︸
∈(r,2r)

∼ (nr2) ε
nr

= εr

• Ω =

K⋃
k=1

B2rk (x) \Brk (x), rk = 2k`,

2K` = 1

|β(x)| ∼
K∑
k=0

εrk =

K∑
k=0

ε2k` ∼ ε2K` ∼ ε =⇒
∫

Ω

|β|2dx ∼ ε2
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Energy scaling: close vs far from dislocations

En,ε(β, µ) =
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Ωε(µ)

Cβ : β dx, Curlβ = µ =
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n

n∑
i=1

biδxi

= Eself
n,ε(β, µ)︸ ︷︷ ︸

“close" energy

+Efar
n,ε(β, µ)︸ ︷︷ ︸
“far" energy

Ω

x2x1

ε
r

x3
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xN

• Close to dislocations (self)

Eself
n,ε(β, µ) ' 1

n
ε2| log ε|

• Far from dislocations

Efar
n,ε(β, µ) ' ε2

Note: Same order if n ∼ | log ε|! (critical scaling)

Note: We are assuming separation of dislocations: ε� ρε � 1
(No separation: De Luca, Garroni, Ponsiglione, Ginster)

Note: Nonlinear energies same scalings
(Müller, Scardia, Zeppieri, Lauteri, Luckhaus, Palombaro, Garroni, Marziani, Scala, Ginster)
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Critical energy scaling

Ẽn,ε(β, µ) =
1

ε2| log ε|2

∫
Ωε(µ)

1

2
Cβ : β dx

Curlβ = 0 in Ωε(µ),

∫
∂Bε(xi)

βτ = bi, |bi| = ε

Result (Garroni-Leoni-Ponsiglione; Müller-Scardia-Zeppieri; De Luca; Ginster etc.)
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Ẽn,ε −→
∫

Ω

1

2
Cβ : βdx+

∫
Ω

ϕ

(
dµ

d|µ|

)
d|µ|, Curlβ = µ

• Compactness by Korn inequality (Rigidity estimate)
• ϕ relaxation of the minimal self-energy of a single dislocation

ψ(b) = lim
ε→0

1

| log ε| min

{∫
Bρε\Bε

1
2
Cη : ηdx : η ∈ L2(Bρε \Bε),

Curlη = 0 in Bρε \Bε,
∫
∂Bε

ητds = b

}


