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Preliminaries on dislocations
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Crystallographic structure

Atomic configurations in metals are generally crystalline.

Figure: BCC and FCC crystals.
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Crystallographic defects

There is no such thing as a perfect crystal in nature.

There are crystal lattice defects of every dimension!




Fundamental role of defects

o They greatly the structural properties of metals
(e.g. conductivity, malleability)

e They allow a much of mechanical properties than perfect
crystals

e They can be to create a material with desired properties



Fundamental role of defects

e They influence greatly the structural properties of metals
(e.g. conductivity, malleability)

e They allow a much wider spectrum of mechanical properties than perfect
crystals

e They can be manipulated to create a material with desired properties

FOCUS ON DISLOCATIONS (LINE DEFECTS)



Dislocations

REAL DISLOCATIONS

e Curved (loops)



Idealised Dislocations
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Idealised Dislocations

Idealised edge dislocation in a crystal lattice

e The direction of the dislocation line (£ = e3) is orthogonal
to the Burgers vector



What is the Burgers vector?
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What is the Burgers vector?

Sa

The quantifies the difference between the distorted lattice
around the dislocation and the perfect lattice (vector signature of the defect)



Idealised Dislocations

Idealised edge dislocation in a crystal lattice

e The dislocation line (£ = e3) is orthogonal to the Burgers vector (b = ee;)
e Plane orthogonal to b x £ (generated by b and &) is called the slip plane

e For screw dislocations ¢ is parallel to b (any plane containing b is a
possible glide plane) screw like vortices in superconductors



Dislocations

REAL DISLOCATIONS
e Curved (loops)
e Entangled

IDEALISED DISLOCATIONS
e Straight
e Parallel

° Edge



Dislocations

Q. Why are dislocations so important?
A. They make metals easier to deform.




Dislocations and Plastic deformation
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Dislocations and Plastic deformation
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Plastic deformation: relative slip of atoms

Dislocations favour the slip, making plastic deformation easier



Dislocations

Q. Why are dislocations so important?
A. They make metals easier to deform.




Dislocations

Q. Why are dislocations so important?
A. They make metals easier to deform.

AIM: SCALE BRIDGING



Scales in describing dislocations

continuum plasticity (17.7)
p
dislocation densities (;.12)

1

discrete dislocations (10 7nm)

P

atomistic scale (0.1 nm)
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continuum plasticity (1.1) ~» only plastic strain
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Scales in describing dislocations

continuum plasticity (mm) ~+ only plastic strain
t
dislocation densities (.172) ~ individual dislocations invisible
4
discrete dislocations (10 7nm) — atoms are invisible
t

atomistic scale (0.1 nm)



Dislocations

Why are dislocations so important?
They make metals easier to deform.

¢ Incorporate the presence of dislocations (well-understood at the
microscopic scale) in a macroscopic continuum plasticity model (in
terms of a dislocation density)

o Derive plasticity models (usually phenomenological) from dislocation
models - ansatz free!

e Predict the distribution of dislocations and their dynamics

Which model?



Semi-discrete 2d dislocation model

o Straight and parallel dislocation lines ~~ 2d-model
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Semi-discrete 2d dislocation model

o Straight and parallel dislocation lines ~~ 2d-model
o Assume scale separation ~~ semi-discrete model

e A dislocation is identified by a point and a vector (Burgers vector)

« Purely discrete (atomistic) dislocation models: Ortner, Hudson, Buze, Ariza, Ortiz,
Ponsiglione, De Luca, Alicandro, Garroni, etc.

+ 3d mathematical models: Garroni, Conti, Miller, Ortiz, Marziani, Scala



Semi-discrete 2d dislocation model

+ Q C R? reference configuration
« x1,...,xy dislocations locations

* bi,...,bn € espangzS Burgers vectors

« S crystallographic directions
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Q C R? reference configuration
x1,...,xy dislocations locations

b1,...,bn € espang2S Burgers vectors

S crystallographic directions

« Discrete dislocation density 1= 1 37" | bida,

o Elastic potential energy En(@u):/W(ﬂ) dz
Q



Semi-discrete 2d dislocation model

Q C R? reference configuration
x1,...,xy dislocations locations

b1,...,bn € espang2S Burgers vectors

S crystallographic directions

« Discrete dislocation density 1= 1 37" | bida,
o Elastic potential energy E.(8, i) :/W(ﬂ) dz
Q

o Elastic strain (incompatible) 3 : Q — R?*? with



Incompatibility condition

Elastic strain (incompatible) 3 : Q — R**? with Curls — 1



Incompatibility condition

Elastic strain (incompatible) 3 : Q — R**? with Curls — 1

e lfu=0 = CulB=0 = B=Du (elasticity)



Incompatibility condition

Elastic strain (incompatible) 3 : Q@ — R**? with Curl =
e lfu=0 = CulB=0 = B=Du (elasticity)
o If u=ce1dp = p notgradient!



Incompatibility condition

Elastic strain (incompatible) 3 : Q@ — R?*2 with
o lfu=0 Curl8 =0 B8 =Du (elasticity)
o If u=-eeido B not gradient!

However we can associate to g a displacement v € SBV ‘jumping
across half-line ¥ = {(z1,0) : z; > 0}
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Incompatibility condition

Elastic strain (incompatible) 3 : Q@ — R?*2 with
o lfu=0 Curl8 =0 B8 =Du (elasticity)
o If u=-eeido B not gradient!

However we can associate to g a displacement v € SBV ‘jumping
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Incompatibility condition

Elastic strain (incompatible) 3 : Q@ — R?*2 with
o lfu=0 Curl8 =0 B8 =Du (elasticity)
o If u=-eeido B not gradient!

However we can associate to g a displacement v € SBV ‘jumping’
across half-line ¥ = {(z1,0) : z; > 0}

u(z1,x2) = oo (arctan (%) ,O)
o [u](z1,0) = u(w1,0%) —u(z1,07) = =27 (52) = —ces

= Du=[u@vdH'LY = (—ce1) @e2dH' LD

L

o Vu = |2el®x, z— = (—z2,71)

27|z

° faBT\E Vurds = ey



Incompatibility condition

Elastic strain (incompatible) 3 : Q@ — R?*2 with
o lfu=0 Curl8 =0 B8 =Du (elasticity)
o If u=-eeido B not gradient!

However we can associate to g a displacement v € SBV ‘jumping’
across half-line ¥ = {(z1,0) : z; > 0}

w(x, T2) = 5= (arctan (%) ,O)
o [u](x1,0) = u(z1,0") —u(z1,07) = -2« (551) = —cey
= Du=[u@vdH'LY = (—ce1) @e2dH' LD

o Vu = +

27r|z|2 e1® 1‘ ) T = (—l‘2,131)

° faBT\E Vurds = ey

Vu ~ B (elastic strain), D*u ~ B, = (—ce1) ® e2 dH' L T (plastic strain)



Semi-discrete 2d dislocation model

Q C R? reference configuration
r1,...,Ty dislocations locations

bi,...,bn € espany2S Burgers vectors

S crystallographic directions

« Discrete dislocation density ;1= 1 37" | b;d.,
o Elastic potential energy E,(8,u) = / W(B) dz
Q

e Elastic strain (incompatible) 3 : Q — R?*? with



Semi-discrete 2d dislocation model

Q C R? reference configuration
r1,...,Ty dislocations locations

bi,...,bn € espany2S Burgers vectors

S crystallographic directions

Discrete dislocation density = £ 3" | bida,

Elastic potential energy En(@p):/W(ﬁ) dz
Q

Elastic strain (incompatible) 8 : Q — R?*Z with

o« W?



Linear model: W(3) = 1C3: B8

(Conti, Mdiller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)

1 RN
BB =5 [ €81 pde. Cunlg == 3 b,
i=1
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Linear model: W (3) = 1CB: 3

(Conti, Mdiller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)
1 1o
E.(B,pn) = 5/ CB:Bdx, Curlf=pu= - E b0z,
Q@ i=1

Problem: Energy blows up at the dislocations!
e Focus on one dislocation at z¢ with Burgers vector b
~ its strain field = loc min of quadratic energy with constraint Curl3 = béy,,

{divC,B =0 inR> 1. (z—x0)*

~ b BT coq
Curlf = bds,  in R? Bla) ~ orb® T ¢ )

(rigorous derivation by e.g. Cermelli-Leoni; Blass-Morandotti)



Linear model: W (B) = 3C3: B8

-2

(Conti, Mdiller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)
1 1o
E.(B,pn) = 5/ CB:Bdx, Curlf=pu= - E b0z,
Q@ i=1

Problem: Energy blows up at the dislocations!

e Focus on one dislocation at z¢ with Burgers vector b
~ its strain field = loc min of quadratic energy with constraint Curl3 = béy,,

divCB =0 in R? 1 (x — x0)*
2m |z — zol?

CurlB = b6 in R? Bla)~ pb@ ey €= 19
— b,

e same singular behaviour in a bounded domain



Linear model: W (3) = 1CB: 3

(Conti, Mdiller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)
1 1o
E.(B,pn) = 5/ CB:Bdx, Curlf=pu= - E b0z,
Q@ i=1

Problem: Energy blows up at the dislocations!

e Focus on one dislocation at z¢ with Burgers vector b
~ its strain field = loc min of quadratic energy with constraint Curl3 = béy,,

CurlB = b6 in R? Bla)~ pb@ ey €= 19
— b,

divCB =0 in R? 1 (x — x0)*
2m |z — zol?

e same singular behaviour in a bounded domain

e In a small ball B, ()

5 ‘b|2 T 1
[ st~ B [0 dp— oo
B, (z0) 2 Jo p
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Linear model: W (3) = 1CB: 3

(Conti, Mdiller, Garroni, Leoni, Cermelli, Ponsiglione, Alicandro, De Luca, Ortiz, Fanzon, Scala, Palombaro etc..)
1 1o
E.(B,pn) = 5/ CB:Bdx, Curlf=pu= - E b0z,
Q@ i=1

Problem: Energy blows up at the dislocations!
< Typical fix: remove B.(z;) around each dislocation at z;

~ core-radius approach

Note: Removing B.(z;) does not affect the energy!
Discrete analysis for screws (Ponsiglione) = energy in e-cores is a factor | log £|
smaller than energy in Q¢ (u)

« Other regularisations possible! e.g. Curl8 = u * -
« Scaling of regularised energy?
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Energy scaling: close vs far from dislocations

1 1 —
Ene(B, 1) = 5/9 ( )cg tfdr, Curlf=p=— > bibe,
e (K i=1

= ESc(Bp) + Enle (B, 1)
—_—

“close" energy “far" energy

e Close to dislocations (self)

1.
E:ze,lﬁ-(ﬁzll) ~ —¢”|loge]|
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Energy scaling: close vs far from dislocations
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e Close to dislocations (self)

1 5
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Energy scaling: close vs far from dislocations
En-(3 M)—l/ CB: Bdx Curlﬁ—u—liba
o 2 Jacw 7 nim

= ExL(B, 1)+ B (B, 1)
——_—— N——
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e Close to dislocations (self)

1 5
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n

Note: Close to dislocation at z;: |3| ~
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Energy scaling: close vs far from dislocations
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Energy scaling: close vs far from dislocations
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. . : 1 5
Close to dislocations (self): EX'L(8, 1) ~ ;;*\ loge

e F, . only controls Y™ > need to use Korn’s inequality!
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Bar\Br Bar\Br
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Energy scaling: close vs far from dislocations
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Close to dislocations (self): EX'L(8, 1) ~ e |log e
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Energy scaling: close vs far from dislocations

. . - 1
Close to dislocations (self): EX'L(8, 1) ~ —&’[loge|

e F, . only controls Y™ need to use Korn’s inequality!
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Bar\Br Bar\BRr

2R
:C/ dp/ |8 — Alds
R 9B,

2R
>c/ d"/ (8 — A)rds
aB,

2mwp
2
2R g
=C/ il BT ds
R 2mp
N

o Write B, \ Be = | J (Bykt1. \ Bor,),
k=0

2

2
~ —

n2

aB,

2NFle =r — N ~|loge|

2

€
= / |/35ym|2dx ~ |10g5|7

n

r



Energy scaling: close vs far from dislocations

. . sc ]
Close to dislocations (self): EX'L(8, 1) ~ . e%|loge|

e E, . onlycontrols g™ - need to use Korn’s inequality!

/ 1B 2dz > C 18— Al2dx
Byr\Bg Bar\Br



Energy scaling: close vs far from dislocations

. . sc I
Close to dislocations (self): EX'L(8, 1) ~ . %[ log e

e E, . onlycontrols g™ - need to use Korn’s inequality!

/ 1B 2dz > C 1B — Al2dx
Byr\Bg Bar\Br

o Use that g satisfies Curl3 = 0in Bog \ Br



Energy scaling: close vs far from dislocations

H H se! 1 2
Close to dislocations (self): EX'L(8, 1) ~ —&’[loge]

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

o Use that g satisfies Curl3 = 0in Bog \ Br
e Bop\Br =UtTUU—, UT open, simply connected, [Ut NU~|=a >0



Energy scaling: close vs far from dislocations
H H se! 1 2
Close to dislocations (self): EX'L(8, 1) ~ —&’[loge]
T

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

o Use that g satisfies Curl3 = 0in Bog \ Br
e Bop\Br =UtTUU—, UT open, simply connected, [Ut NU~|=a >0
o B=VutinUE, ut € HY(UE;R?)



Energy scaling: close vs far from dislocations
H H se! 1 2
Close to dislocations (self): EX'L(8, 1) ~ —&’[loge]
T

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

o Use that g satisfies Curl3 = 0in Bog \ Br
o Bopr\Br =UT UU—,U* open, simply connected, Ut NU~| =a >0
o B=VurinU*, ut € H (UF;R?)
o By classical Korn in U, there exist AT skw
[Vu® — A% || 24y < Cllsym(VaE)|| 2y



Energy scaling: close vs far from dislocations
H H se! 1 2
Close to dislocations (self): EX'L(8, 1) ~ —&’[loge]
T

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

o Use that g satisfies Curl3 = 0in Bog \ Br
o Bopr\Br =UT UU—,U* open, simply connected, Ut NU~| =a >0
o B=VurinU*, ut € H (UF;R?)
o By classical Korn in U, there exist AT skw
[Vu® — A% || 24y < Cllsym(VaE)|| 2y

= 18— AF |2ty < CUBY™ Il 2wt



Close to dislocations (self): EX'L(8, 1) ~

Energy scaling: close vs far from dislocations

1
;:)\ log €|

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

Use that 8 satisfies Curl3 = 0in Bog \ Br

Byr \ Br = Ut UU—, U* open, simply connected, [UT NU~"|=a >0
B =VurinU*, vt ¢ HY(U*;R?)

By classical Korn in U*, there exist A+ skw

HVui — AiHLQ(Uj:) < C”Sym(vui)HLz(Ui)

= 1B = AF |2ty < CUIBY™ L2 v

lcantake A = AT or A = A~ since



Close to dislocations (self): EX'L(8, 1) ~

Energy scaling: close vs far from dislocations

1
;:)\ log €|

e E, . onlycontrols g™ - need to use Korn’s inequality!

[ pempde > o 18— APde
Bar\BRr Bar\Br

Use that 8 satisfies Curl3 = 0in Bog \ Br

Byr \ Br = Ut UU—, U* open, simply connected, [UT NU~"|=a >0
B =VurinU*, vt ¢ HY(U*;R?)

By classical Korn in U*, there exist A+ skw

VUt — A% L2 sy < Cllsym(Vu®)|| L2+
= 1B =A% 2ty < CIBY™ 2 (ut)
lcantake A = AT or A = A~ since

At —aPas [ At - A Pde < OB s
.
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o Close to dislocations (self)
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1

1 n
Ene(Bm) =3 /ﬂs(m CB:Bdx, Curlf=p=— izzlbi&”

= ExL(B, 1)+ Ent (B, 1)
N e N\ e
“close" energy “far" energy
o Close to dislocations (self)
1
Exe(Bp) ~ —=log <]
n

e Far from dislocations

B (Byp) ~ =
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Dislocations in uniform grid, £ ~ %’ €N

In By (x) \ Br(z) there are 2—; = nr? dislocations
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I Y -
nlez—x;| nle—x;

I close to z;
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) /l e strain at z due to dislocations in B2, (x) \ Br(z)
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T

Dislocations in uniform grid, £ ~ %’ €N

In By (x) \ Br(z) there are 2—; = nr? dislocations

|B(z)| ~ Lb] I close to z;

g
nlez—x;| ~ nle—x;
strain at = due to dislocations in Bz, (x) \ Br(z)
£
B~ D> e~ () =

) nle — x; nr
i:x;€Boyp\ By | ’LI
e(r,2r)
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T

Dislocations in uniform grid, £ ~ —=, z €
2 . )
In Bar(z) \ Br(z) there are 73 = nr? dislocations
A e I t0 =
|B8(z)] ~ ATomar] ™ nle—z;] closetoz;

strain at = due to dislocations in Bz, (x) \ Br(z)

€
1B(@)] ~ Z m ~ (7“"2)ﬁ =er
ix;€Bar\Br U
e(r,2r)
K
Q= Bar, () \ Bry(2), 1 =28,
k=1

2Kp=1
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e Dislocations in uniform grid, £ ~ %’ €N
LT [ 2
M ¢ In Bay(z) \ Br(z) there are 77 = nr? dislocations
/ 8 \ o 1B)] ~ il ~ ot closeto
l\ ( b ) /l e strain at z due to dislocations in B2, (x) \ Br(z)
1=
—1 1B(@)] ~ Z o~ (7“"2)ﬁ =er
i:x;€Ba,\Br nle - i
- €(r,2r)
K
o Q= | Bary(2)\ Bry(2), 1) =2,
k=1
2Kg =1
K K
1Bx)| ~ > erk =Y e2M~e2"l~e /|,3|2de52
k=0 k=0 Q
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= Ex(B. 1) + Bule (B, 1)
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“close” energy “far" energy

¢ Close to dislocations (self)

1
EXL(B,p) ~ —"|loge

n

e Far from dislocations

B (Bp) ~ =
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Energy scaling: close vs far from dislocations

1

1 n
Ene(Bm) =3 /szsm) CB:Bdx, Culf=p=— ;bﬂgm

= Ey(B8,1) + Enl. (B, p)
—_—

close” energy “far" energy
¢ Close to dislocations (self)
self 1 2
En,e(ﬁ7 M) = T/: 1()8 €

e Far from dislocations

B (Bp) =<
Note: Same order if n ~ |loge|! (critical scaling)

Note: We are assuming separation of dislocations: ¢ <« p. < 1
(No separation: De Luca, Garroni, Ponsiglione, Ginster)

Note: Nonlinear energies same scalings
(Mller, Scardia, Zeppieri, Lauteri, Luckhaus, Palombaro, Garroni, Marziani, Scala, Ginster)
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Critical energy scaling

Result (Garroni-Leoni-Ponsiglione; Muller-Scardia-Zeppieri; De Luca; Ginster etc.)

~ 1 du
E,e— / ~CfB: Bdz +/ <—> d|p|, Curl=p
a2 ng d|p| g



Critical energy scaling

BrclBo) = o [ 508 6da

e?|logel? O () 2

Curl3=0 inQ.(p), / BT = b;,
OBc(z;)

En. —>/ Les. Bdax +/ © <d—“> dlp|, CurlB=p
Q2 Q d|ul

e Compactness by Korn inequality (Rigidity estimate)
o ¢ relaxation of the minimal self-energy of a single dislocation

. 1 . 2
¥ (b) = lim ———— min / Llen:ndx:ne L*(B,. \ B.),
(®) <=0 |loge| By \B. - (Bye \ Be)

Curlp =0in B,_ \ B, nrds = b}
9B



