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The Mumford-Shah functional and the problem of image-segmentation

Let Ω ⊂ R2 be the image domain and g : Ω→ R be a grey-scale image.

P. Compute a an optimal partition Ω1, ...,Ωn
of Ω and u : Ω→ R such that u is smooth in
Ωi i = 1, ..., n, it jumps on
Su = (∂Ω1∪ ...∪∂Ωn)∩Ω and approximates g.
A. Minimize the functional∫

Ω

α|∇u|2dx+ βH1(Su)

MS(u)

+

∫
Ω

|u− g|2dx

fidelity term

over all u ∈ SBV (Ω).

Ω

Ω1

Ω2

Ω3

Su

A regularisation of MS in terms of Γ-convergence is given by the
Ambrosio-Tortorelli functional, i.e.,

ATε(u, v) :=

∫
Ω

αv2|∇u|2dx

bulk term

+

∫
Ω

β

2

(
(1− v)2

ε
+ ε|∇v|2

)
dx

surface term

with u, v ∈W 1,2(Ω).
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Brittle energies in Fracture Mechanics

Besides image segmentation, the Mumford-Shah functional describes the so
called brittle energy in Theory of Fracture Mechanics.

The brittle energy is the energy necessary to
the production of a crack:

E(u) =

∫
Ω

W (∇u)dx

elastic energy

+λH2(Su)

surface term

where Ω ⊂ R3 and u ∈ SBV (Ω;R3) denotes
the deformation. A feature of E is that it does
not depend on the jump opening

[u] = u+ − u−.

More in general

E(u) =

∫
Ω

W (x,∇u)dx

elastic energy

+

∫
Su

ϕ(x, νu)dH2

surface term

.
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Approximation of brittle energies with elliptic functionals
Aim: Study the Γ-convergence of Fε satisfying

C1ATε(u, v) ≤ Fε(u, v) ≤ C2ATε(u, v)

where

ATε(u, v) :=

∫
Ω

ψ(v)|∇u|pdx

bulk term

+

∫
Ω

(
(1− v)p

ε
+ εp−1|∇v|p

)
dx

surface term

Ω ⊂ Rn, (u, v) ∈W 1,p(Ω;Rm)×W 1,p(Ω), p > 1 and ψ : R→ [0,+∞),
increasing on [0,+∞), decreasing on (−∞, 0), ψ(1) = 1, ψ(0) = 0.

More precisely

Fε(u, v) :=

∫
Ω

ψ(v)fε(x,∇u)dx

bulk term

+
1

ε

∫
Ω

gε(x, v, ε∇v)dx

surface term

,

with
c1|ξ|p ≤ fε(x, ξ) ≤ c2|ξ|p for all (x, ξ) ∈ Rn × Rm×n,

c3(|1−v|p+|w|p) ≤ gε(x, v, w) ≤ c4(|1−v|p+|w|p) for all (x, v, w) ∈ Rn×R×Rn.
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Γ-convergence result

Theorem (Bach, M., Zeppieri (2021))

For suitable integrands fε and gε let

Fε(u, v,Ω) :=

∫
Ω

ψ(v)fε(x,∇u)dx+
1

ε

∫
Ω

gε(x, v, ε∇v)dx.

Then (u.t.s.) the functionals Fε(· , · ,Ω) Γ-converge to

F(u, v,Ω) :=

∫
Ω

f∞(x,∇u)dx+

∫
Su∩Ω

g∞(x, [u],νu)dHn

with u ∈ GSBV p(Ω;Rm), v = 1 a.e. in Ω and f∞ : Rn × Rm×n → [0,+∞)
and g∞ : Rn × Sn−1 → [0,+∞) are Borel functions.

Tools:

• Localisation method;

• Integral representation (Bouchittè, Fonseca, Leoni, and Mascarenhas,
2002).

5



Γ-convergence result

Theorem (Bach, M., Zeppieri (2021))

For suitable integrands fε and gε let

Fε(u, v,Ω) :=

∫
Ω

ψ(v)fε(x,∇u)dx+
1

ε

∫
Ω

gε(x, v, ε∇v)dx.

Then (u.t.s.) the functionals Fε(· , · ,Ω) Γ-converge to

F(u, v,Ω) :=

∫
Ω

f∞(x,∇u)dx+

∫
Su∩Ω

g∞(x, νu)dHn

with u ∈ GSBV p(Ω;Rm), v = 1 a.e. in Ω and f∞ : Rn × Rm×n → [0,+∞)
and g∞ : Rn × Sn−1 → [0,+∞) are Borel functions.

Tools:

• Localisation method;

• Integral representation (Bouchittè, Fonseca, Leoni, and Mascarenhas,
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Characterization of f∞ and g∞

F(u, v,Ω) :=

∫
Ω

f∞(x,∇u)dx+

∫
Su∩Ω

g∞(x, νu)dHn

g∞ does not depend on the jump opening [u], that means F is a brittle energy.
This is one of the effects of the volume-surface decoupling. We show in fact
that f∞ and g∞ are obtained by
•

f∞(x, ξ) = lim sup
ρ→0

lim
ε→0

1

ρn

(
inf

∫
Qρ(x)

fε(x,∇u)dx

)
where the infimum is taken over all functions u ∈W 1,p(Qρ(x);Rm) with
u(x) = ξx near ∂Qρ(x);
•

g∞(x, ν) = lim sup
ρ→0

lim
ε→0

1

ρn−1

(
inf

1

ε

∫
Qνρ(x)

gε(x, v, ε∇v)dx

)
where the infimum is taken among all v ∈W 1,p(Qνρ(x)), with 0 ≤ v ≤ 1,
for which there exists u ∈W 1,p(Qνρ(x);Rm) such that v∇u = 0 a.e. in
Qνρ(x) and (u, v) = (uνx, 1) near ∂Qνρ(x) ∩ {|(y − x) · ν| > ε} where uνx is
the jump function given by

uνx(y) =

{
e1 if (y − x) · ν ≥ 0 ,

0 if (y − x) · ν < 0 .
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An application to homogenisation of damage models
Our analysis applies to the case of homogenisation of damage models, where

fε(x, ξ) = f
(x
ε
, ξ
)

and gε(x, v, w) = g
(x
ε
, v, w

)
. (1)

In particular if the two limits

lim
r→+∞

1

rn

(
inf

∫
Qr(rx)

f(x,∇u)dx

)
=: fhom(ξ),

lim
r→+∞

1

rn−1

(
inf

∫
Qνr (rx)

g(x, v,∇v)dx

)
=: ghom(ν)

where the infimum are taken in suitable classes of functions similar to that
chosen for f∞ and g∞, exist and are independent of x, then the Γ-limit of
Fε(· , · ,Ω) with fε and gε as in (1) is given by

Fhom(u, v,Ω) :=

∫
Ω

fhom(∇u)dx+

∫
Su

ghom(νu)dHn−1

with u ∈ GSBV p(Ω;Rm), v = 1 a.e. in Ω.
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