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Random walks as generalized gradient flows

Let Gh = (V h, Eh) be a graph, where h=max
e∈Eh

|e|.
The distribution ρh ∈ P (V h) of the random
walk satisfies:

∂tρ
h
t =Q∗ρh

t ,

(Qϕh)(x) =
∑

y∼x

�

ϕh(y)−ϕh(x)
�

κh(y, x),

with jump rates κh such that κh(y, x)πh(y) = κh(x , y)πh(x) =: θ h(x , y).
The random walk possesses a generalized gradient structure with

entropy Eh and dissipation potential Rh, i.e. there exists jh such that
the pair (ρh, jh) satisfies:

(CEh) ∂tρ
h
t +∇ · j

h
t = 0, (EDPh) Ih(ρ

h, jh) = 0;

Ih(ρ
h, jh) :=

∫ T

0

Rh(ρ
h
t , jh

t ) +Dh(ρ
h
t ) d t + Eh(ρ

h
T )−Eh(ρ

h
0).

Diffusion processes as Otto/Wasserstein gradient flows

The diffusion equation in Ω ⊂ Rd

∂tρt =∇ · (∇ρt +ρt∇V )

can be interpreted as a gradient flow of the relative entropy
E (ρ) = Ent(ρ|π), π ' e−V dx with respect to the Wasserstein metric in
P (Ω). Then the solution can characterized by EDP:

(CE) ∂tρt +∇ · jt = 0, (EDP) I0(ρ, j) = 0.

Question: Under what assumptions on the discretization does
the random walk converge to a diffusion process while preserv-
ing the gradient structure?

Assumptions

· ζ-regular finite-volume discretization;
· Lower bound: κh(K , L)¦

|(K |L)|
h|K |

;

· Upper bound: sup
h>0

sup
K∈T h

h2
∑

L∈T h
K

κh(K , L)<∞;

· Local martingale:
∑

L∈T h
K

κh(K , L)(xK − x L) = 0.

Convergence results

· (ρh, jh) ∈ (CEh) −→ (ρ, j) ∈ (CE), uh :=
dρh

dπh

L1

−→ u :=
dρ
dπ

;

· Entropy: Eh(ρh) = Ent(ρh|πh) −→ E (ρ) = Ent(ρ|π);
· Dissipation potential:

lim inf
h→0

Rh(ρ
h, jh)≥R(ρ, j) =

∫

Ω

�

�

�

�

d j
dρ

�

�

�

�

2

T−1

dρ,

where R∗h(ρ
h,ξh) =

1
2

∑

(K ,L)∈Eh

Ψ∗
�

ξh(K , L)
�
Æ

uh(K)uh(L)θ h(K , L);

· Fisher information:

Dh(ρ
h) =

∑

(K ,L)∈Eh

�

�∇
p

uh
�

�

2
θ h(K , L)

Γ−lim
−−−→D(ρ) =

∫

Ω

〈
p

u,T
p

u〉dπ.


