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Abstract

Symmetric quasiconvexity plays a key role for energy minimization in geometrically linear elasticity theory. Due to the complexity of this notion, a
common approach is to retreat to necessary and suflicient conditions that are easier to handle. This poster focuses on symmetric polyconvexity, which
is a sufficient condition. We prove a new characterization of symmetric polyconvex functions in the two- and three-dimensional setting, and use it to
investigate relevant subclasses like symmetric polyaffine functions and symmetric polyconvex quadratic forms. In particular, we provide an example of a
symmetric rank-one convex quadratic form in 3d that is not symmetric polyconvex. The construction takes the famous work by Serre from 1983 on the
classical situation without symmetry as inspiration. Beyond their theoretical interest, these findings may turn out useful for computational relaxation and

homogenization.

Introduction

Elastic energy are of the form
E(v) = / W (Vv)dz,
Q

where Q@ C R?% d = 2.3, is a bounded domain representing the refer-
ence configuration of the elastic body, v : Q@ — R? is the deformation
of the body, and W : R**% — R is an elastic energy density. The en-
ergy densities cannot be convex due to incompatibility with the concept of
frame-indifference, see e.g. [5]. The weaker notion of polyconvexity, which
was introduced by Ball in 1977 [1]|, has turned out to be particularly suit-
able here. We recall that a function R**% — R is called polyconvex if it
depends in a convex way on its minors.

We investigate functions that are polyconvex when composed with the
linear projection of R**% onto the subspace of symmetric matrices S,
that is, f : S**% — R such that R**% 3 F — f(F*®) is polyconvex. We call
such functions symmetric polyconvex. This notion has applications in the
geometrically linear theory of elasticity, which results from nonlinear elas-
ticity theory by replacing the requirement of frame-indifference with the
assumption that the elastic energy density is invariant under infinitesimal
rotations, see e.g., |2, 3, 5|. In this case, the energy densities depend only
on the symmetric part of the deformation gradient, or on linear strains
e(u) = 2(Vu + (Vu)"), where u: Q — R? u(z) = v(x) — z, is the elastic
displacement field. That is,

E(u) = / F(e(u))d. (1)

with a density f : 8¢ — R Here, we are par-

ticularly interested in the case when [ 1is symmetric polycon-

Vex. The overall aim 1is to identify necessary and suflicient

conditions for symmetric polyconvexity in 2d and 3d, see  [4].
The 2d case

In the 2d case we prove that any function f : S**? — R is symmetric
polycovex if and only if it can be expressed as a convex function of the
matrix and the determinant such that the dependance on the determinant
1S In a non Increasing way.

f:8°% 5 Risspc e Jg: S8 xR,g(.,\): f(e) = g(e,det ¢)

The function & +— dete is not symmetric polyconvex and
e +— —dete is and in general a function & +—  h(dete)
iIs symmetric polyconvex if and only if A is non increasing.

The 3d case

In the 3d case, we prove that any function is symmetric polyconvex
iff it can be represented as a convex function of first and second order
minors (hence, no dependence on the determinant) whose subdifferential
with respect to its cofactor variable is negative semi-definite.

f(e) = g(e,cof €), g convex and 02g is negative semi definite

e The function € — dete is not symmetric polyconvex in the 3d case
and in general any function € € §**° — h(det ¢) is symmetric poly-
convex if and only if A is constant

e Any expression of the form A : cofe, A € S°*°, is symmetric poly-
convex if and only if A is negative semi definite.

Quadratic forms

In the case of quadratic forms, we we give explicit characterizations,
both ford=2and d =3 . f:S8%% — R is symmetric polyconvex iff

f(e) = h(e) —adete and f(e) =h(e)— A:cofe

where h : S?*? — R is convex, a > 0, and A € S°*° is positive semi-
definite.

Polyconvexity= rank one convexity for quadratic
forms

For quadratic forms, we know by the example of Serre that in the classi-
cal framwork that rank one convexity is ot equivalente to polyconvexity.
We prove that the statement is still true in the symmetric setting, our
couterexample is motivated by the one given by Serre in the classical case
6]

There exists n > 0 such that the quadratic form f : S**° — R given
by

2

f(e) = (e13 — 823)2 + (€12 —€13)" + (612 — 823)2 + 6%1 - 5%2 - 533 — 77|<°3|2

is symmetric rank-one convex, but is not symmetric polyconvex. The
proof that this function is not symmetric polyconvex is based on our 3d-
characterization and on a careful study of the minimizers of f + nl¢|? in
the set of compatible matrices with unit norm.

Symmetric polyaffinity < Symmetric Affinity

Let f : S°*° — R. Then f is symmetric polyaffine (equivalently symmetric

quasiaffine or symmetric rankone affine) if and only if it is affine, i.e. there
are B € §**° and b € R® such that

fle)=B:e+b, eS8,

Symmetric polyconvex sets and polycovex hulls
In progress, we are working on a characterization of symmetric polyconvex
sets and polyconvex hulls in the cases d = 2, 3.

References

1] J. M. Ball , Convezity conditions and existence theorems in nonlinear
elasticity. Arch. Rat. Mech. Anal. 64 (1977), pp. 337-403.

12| K. Bhattacharya, Comparison of the geometrically nonlinear and lin-
ear theories of martensitic transformation. Continuum Mechanics and

Thermodynamics, volume 5, number 3 (1993), pp.205-242.

13| K. Bhattacharya, Microstructure of martensite. Oxford Series on Ma-
terials Modelling, Oxford University Press, Oxford (2003).

4] O. Boussaid, C. Kreisbeck & A. Schlomerkemper, Charactrerization
of symmetric polyconvexity. Archive for Rational Mechanics and Anal-
ysis, 2019.

15| Philippe G. Ciarlet, Mathematical elasticity, Studies in Mathemat-
ics and its Applications. North-Holland Publishing Co., Amsterdam.,
1988.

6] D. Serre, Formes quadratiques et calcul des variations, J. Math. Pures

Appl, volume (62),1983, pp. 177-196

(1) Department of Mathematics, Exact and Computer Sciences Faculty & Laboratory of Mathematics and Applications, LMA, Hassiba Benbouali University of Chlef,

Algeria. Email: o.boussaid@univ-chlef.dz



