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Parareal with Spectral Coarse Solvers

Projection-Based Model Order Reduction
(Reduced Basis Methods)

Full order model (basic example)

For given parameter 1 € 7, find up,(1/) € V), s.t. (dim V;, > 10°)

a(up (1), Vs 1) = f(vh) Vv € Vy
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T/ = Universitat
Miinster

Parareal with Spectral Coarse Solvers

Projection-Based Model Order Reduction
(Reduced Basis Methods)

Full order model (basic example)

For given parameter 1 € 7, find up,(1/) € V), s.t. (dim V;, > 10°)

a(up (1), Vs 1) = f(vh) Vv € Vy

Reduced order model (via Galerkin projection)

For given Vy C V,, find uy(1) € Vy s.t. (dim Vy = 10 — 100)

a(uy(p), v 1) = f(vi) Yy € Vy

Stephan Rave (stephan.rave@uni-muenster.de) 2
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How to find V,?

Parareal with Spectral Coarse Solvers

Weak greedy basis generation

1: function WEAK-GREEDY(Syqin C P, €)

2 Vy « {0}

3 while max,cs, . ERR-EST(ROM-SOLVE (), i) > € do
4 g arg-max,.g ERR-EST(ROM-SOLVE(1), i)
5: Vi < span(Vy U {FOM-SoLve(u*)})

6 end while

7 return Vy

8: end function

ERR-EST
Use residual-based error estimate w.r.t. FOM (finite dimensional ~ can compute dual norms).

» Use parameter separability / hyperreduction to gain online efficiency.

Stephan Rave (stephan.rave@uni-muenster.de) 3
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Example: MOR for Li-lon Battery Models
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Parareal with Spectral Coarse Solvers

MULTIBAT: Gain understanding of
degradation processes in
rechargeable Li-lon Batteries
through mathematical modeling
and simulation at the pore scale.

FOM:
» 2.920.000 DOFs
» Simulation time: = 15.5h

ROM:
» Snapshots: 3
» dimV, = 245
» Rel. err.: ¢4.5-1073
» Reduction time: = 14h
» Simulation time: = 8m
» Speedup: 120

Stephan Rave (stephan.rave@uni-muenster.de)
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Miinster Parareal with Spectral Coarse Solvers
Caveats
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» Potentially high offline time g L
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Miinster Parareal with Spectral Coarse Solvers
Caveats
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Parareal with Spectral Coarse Solvers

Localized MOR
» coarse triangulation 7 of Q
» build local reduced spaces Vj, T € Ty

» global reduced space Vy = ®rcy, Vi

» Various approaches:
» overlapping / non-overlapping

» different coupling approaches
» interface spaces

> ..
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Localized MOR

» coarse triangulation 7 of Q
» build local reduced spaces Vj, T € Ty
» global reduced space Vy = ®rcy, Vi

» Various approaches:
» overlapping / non-overlapping

» different coupling approaches
» interface spaces

> ..

How to construct V}?

Parareal with Spectral Coarse Solvers
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Parareal with Spectral Coarse Solvers

Online-Adaptive Enrichment of V),

Enrichment algorithm forsome y €

» compute reduced solution uy(1/)
> estimate error 7, y(1/)

» ifn, (1) > B, start intermediate local enrichment phase:
o compute local error indicators

o mark subdomains for enrichment: X' = mark (7 )

Stephan Rave (stephan.rave@uni-muenster.de) 7
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Parareal with Spectral Coarse Solvers

Online-Adaptive Enrichment of V),

Enrichment algorit forsome y €

» compute reduced solution uy(1/)
> estimate error 7, y(1/)

» ifn, (1) > B, start intermediate local enrichment phase:
o compute local error indicators
o mark subdomains for enrichment: X' = mark (7 )

o solve corrector problem on oversampling subdomain 72 5 T for all
TeX:

a(@p(1), vps 1) = f(vp) inT%
Qn(1) = un(K) on ar%

Stephan Rave (stephan.rave@uni-muenster.de) 7
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Parareal with Spectral Coarse Solvers

Online-Adaptive Enrichment of V),

Enrichment algorithm forsome y €

» compute reduced solution uy(/)
> estimate error 7, y(1/)

» ifn, (1) > B, start intermediate local enrichment phase:
compute local error indicators

o

o

mark subdomains for enrichment: X' = mark (7 )

o

solve corrector problem on oversampling subdomain 79 5 T for all
TeX:

a(@p(H), vps 1) = f(vp) in 70

on(K) = un(K) onar®
extend local reduced basis forall T € XX:

°

Vi:=spanVju{ on()l7}
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Parareal with Spectral Coarse Solvers

Online-Adaptive Enrichment of V),

Enrichment algorithm forsome y €

» compute reduced solution uy(1/)
> estimate error 7, y(1/)

» ifn, (1) > B, start intermediate local enrichment phase:
compute local error indicators

o

o

mark subdomains for enrichment: X' = mark (7 )

solve corrector problem on oversampling subdomain 79 5 T for all
TeX:

o

a(@n(), Vs 1) = f(vn) in 70
on(K) = un(K) onar®
extend local reduced basis forall T € XX:

°

Vi =span V§ U { op(1)l;}
update reduced quantities

o

o compute updated reduced solution up(x/) and np y(1)

» iterate until 9y, y(u,, y) < A, return uy(1/)

Stephan Rave (stephan.rave@uni-muenster.de) 7
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Parareal with Spectral Coarse Solvers

Offline Initialization of V),

Training algorithm forall T

Stephan Rave (stephan.rave@uni-muenster.de) 8
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Parareal with Spectral Coarse Solvers

Offline Initialization of V),

ng algor forall T

» Forevery i € Sy,in C P:

o Solve training problem on oversampling subdomain 79 > T:

a(@n,o(1), Vhs 1) = f(Vh) in 7%
@ho(1) =0 on ar?
o For1 <k <K, solve training problem:
a(@p,k (1), Vy3 1) = O inT°
Pnk(1) = gk on ar®

for K random Dirichlet data functions gy on aT°.
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Parareal with Spectral Coarse Solvers

Offline Initialization of V),

Training algorithm forall T

» Forevery i € Sy,in C P:

o Solve training problem on oversampling subdomain 79 > T:

a(@n,o(1), Vhs 1) = f(Vh) in 7%
@ho(1) =0 on ar?
o For1 <k <K, solve training problem:
a(@p,k (1), Vy3 1) = O inT°
Pnk(1) = gk on ar®

for K random Dirichlet data functions gy on aT°.

» Initialize local RB space on T as

Vimspan U {@na] - ona] ).
HEStrain

Stephan Rave (stephan.rave@uni-muenster.de) 8
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Parareal with Spectral Coarse Solvers

More on Training

Transfer operator

T s HY2(3T%) — HY(T), boundary values on d7° - solution inside T

» T is compact!
» “Optimal” v} spanned by right-singular vectors of 7 ;.

» Randomized training «» Radomized SVD of 7 ; [Buhr, Smetana, 2018]

Stephan Rave (stephan.rave@uni-muenster.de) 9
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Parareal with Spectral Coarse Solvers

More on Training

Transfer operator

T s HY2(3T%) — HY(T), boundary values on d7° - solution inside T

» T is compact!
» “Optimal” v} spanned by right-singular vectors of 7 ;.

» Randomized training «» Radomized SVD of 7 ; [Buhr, Smetana, 2018]

Related ideas:
» Cell-problems in multiscale methods (HMM, (G)MsFEM, LOD, etc.)

» GFEM [Babuska, Lipton, 2011]

» Spectral coarse spaces
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Parareal with Spectral Coarse Solvers

Localized MOR in Time

Transfer operator in time

T, L2(Q) = 12(Q), initial values at T, > solution at T,,,,

» For parabolic problems, 77, is compact.

» [SchleuB, Smetana, 2023]:
> Vy:= {right-singularvectors of 77,z _ [n=1,..N-1}
» Use randomized SVD.

» Select T, based on PDE coefficients.

To 1 T T3 Ty Ts T T

Stephan Rave (stephan.rave@uni-muenster.de) 10
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Parareal with Spectral Coarse Solvers

Localized MOR in Time

Transfer operator in time

T, L2(Q) = 12(Q), initial values at T, > solution at T,,,,

» For parabolic problems, 77, is compact.

» [SchleuB, Smetana, 2023]:
> Vy:= {right-singularvectors of 77,z _ [n=1,..N-1}
» Use randomized SVD.

» Select T, based on PDE coefficients.

e S ——— : S : ®—
To 1 T T3 Ty Ts T T

» Iterative scheme to converge to arbitrary precision?

Stephan Rave (stephan.rave@uni-muenster.de) 10
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Parareal with Spectral Coarse Solvers

Parareal algorithm
Solve d:u(t) = f(t, u(t)) using:

Fouz=F(u, T,1, Ty) fine solver (accurate, but slow)
Guu:=G(u, T4, Tp) coarse solver (fast, but inaccurate)
Parareal iteration
ud:=uy, uq:=Gp Ul 0<n<N
ulrgﬂ:=Fn+luﬁ+Gn+1u5+l _Gn+1ulr§ OSH(N,/(G D\‘O

F, can be computed in parallel!

—— U —— Fal)

—— Gpa(uf)) —— Gpea(u)

o ul ° ub

Stephan Rave (stephan.rave@uni-muenster.de) 11
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Parareal with Spectral Coarse Solvers

Example: Heat Equation

Us(t,X) — Uy (t,x) = 100 - sin(5mt)(1 + cos(3mx)) x € (0,1)
U(O,X) = UO(X) = 1OX[0.6,0.8] te [O, T}
u(0,t) =u(1,t)=0

Solution

Stephan Rave (stephan.rave@uni-muenster.de) 12
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Example: Heat Equation

Us(t,X) — Uy (t,x) = 100 - sin(5mt)(1 + cos(3mx)) x € (0,1)
U(O,X) = UO(X) = 1OX[0.6,0.8] te [O, T}
u(0,t) =u(1,t)=0

Solution Parareal error with G, = 0

Parareal with Spectral Coarse Solvers

(?-error

S N e
| [ TS

—~

’\/\
1074 -
1078 -
10712 -
|

10710 | | ! !

Stephan Rave (stephan.rave@uni-muenster.de)
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Example: Heat Equation

Exact solution:

i £)v/2 sin(mnx)

m=1

o (l’) — Uo em n’t / f fm m?

“Udt,

Parareal with Spectral Coarse Solvers

Stephan Rave (stephan.rave@uni-muenster.de)
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Parareal with Spectral Coarse Solvers

Example: Heat Equation

Exact solution: Coarse solver:
oo R
)= lm(t)V2 sin(mnx) =) Uy (T,)V2 sin(mmx)
m=1 m=1
Up(t) = Ug me™™ ™t + /f e (-0, Uy (Ty): = By (07T
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Parareal with Spectral Coarse Solvers

Example: Heat Equation

Exact solution: Coarse solver:
o R
)= lm(t)V2 sin(mnx) =) Uy (T,)V2 sin(mmx)
m=1 m=1

U (T) e em 2n?(T,=Tpq)

Up(t) = Do ™™™t + / fn(T)em (=0 dr,

R=1 R=2 R=3
10° F [om ] 100 [ ] 100 [ .
s 107 F T 1074 - T 1074 - T
108} = 1078 |- = 108 |- =
< 1012 |- ﬁ, 10712 |- | 10712 |- |
10716 - = = 10716 - | 10716 - |
0 0.5 1 0 0.5 1 0 0.5 1
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Parareal with Spectral Coarse Solvers

Example: Heat Equation

Exact solution: Coarse solver:
o R
)= lm(t)V2 sin(mnx) =) Uy (T,)V2 sin(mmx)
m=1 m=1

U (T) e em 2n?(T,=Tpq)

Up(t) = Do ™™™t + / fn(T)em (=0 dr,

R=1 R=2 R=3
0 |- - 0 - 0 |- |
10 NN 10 10
s 107 F T 1074 - T 1074 - T
1078 . 1078 |- . 1078 |- .
< 1012 |- ﬁ, 10712 |- | 102 |- |
10716 L =l 1 10716 I ] 10716 I _|

A priori error bound (time-invariant, self-adjoint case)

k
K 0
max |lef| < su /\) - max |e
12n<N ” n” (Agg p | ‘ 1<m<N— k” m”

Stephan Rave (stephan.rave@uni-muenster.de) 13
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Parareal with Spectral Coarse Solvers

Parareal with Spectral Coarse Solver
» V Hilbert space. F,: V — V be compact and affine linear:
Fov =Fyv+b,, b,:=F,0
(linear parabolic PDE with time-varying coefficients)

> SVD of F:

rank F;

’
Fav = Z On,r (Pnan'an.r-

Stephan Rave (stephan.rave@uni-muenster.de) 14
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Parareal with Spectral Coarse Solvers

Parareal with Spectral Coarse Solver
» V Hilbert space. F,: V — V be compact and affine linear:
Fov =Fyv+b,, b,:=F,0
(linear parabolic PDE with time-varying coefficients)

> SVD of F:

rank F;

Fav = Z On,r (pnr’v 'd}n.r-

Spectral coarse solver

GV—ZU,,,' ¢nr’ wn,r"'bn*

Approximation error

”Fn - Gn“ = Op,R 41+

Stephan Rave (stephan.rave@uni-muenster.de) 14
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen

Stephan Rave (stephan.rave@uni-muenster.de) 15



—— " — universitit
Miinster

Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W
3. X:=span{F;*wy, ..., F;*wp .p}
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W

3. X:=span{F;*wy, ..., F;*wp .p}

4. vy, ., Vg p ONB forX

Ry+p Ry+p R,+p
v = Pyfpv ="y w; - (wi, Fpv)y =Y w; - (Frwi,v)y = > wi - (Fwi, vy - (v, V)y.
i=1 i=1 ij=1

Stephan Rave (stephan.rave@uni-muenster.de) 15
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W

3. X:=span{F;*wy, ..., F;*wp .p}

4. vy, ., Vg p ONB forX

Ry+p Ry+p R,+p
v = Pyfpv ="y w; - (wi, Fpv)y =Y w; - (Frwi,v)y = > wi - (Fwi, vy - (v, V)y.
i=1 i=1 ij=1

5. SVD of M € RFP)*Retp) 1, .o = (Fy*w;, v;)y with singular values/vectors a,, ¢ , @ .
-r —r

Stephan Rave (stephan.rave@uni-muenster.de) 15
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W

3. X:=span{F;*wy, ..., F;*wp .p}

4. vy, ., Vg p ONB forX

Ry+p Ry+p R,+p
Fav = Pyfav = ZW/‘ - (Wi, Fav)y = ZW/‘ < (Fwi, v)y = Z wi - (Frwi vy - (v, V)y.
=1 i=1 ij=1

5. SVD of M € RFP)*Retp) 1, .o = (Fy*w;, v;)y with singular values/vectors a,, ¢ , @ .
-r —r

6. Return
Ry+p Ry+p

Ops (pr:=zfri'wiy lpr:=z£ri.vi ].SFSR,,.
=1 " =1 "
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Parareal with Spectral Coarse Solvers
Computing G, via Randomized SVD

1. W:=span{Fjw, ..., Fywg .}, w; randomly chosen
2. Wy, ..., Wg ., ONB of W

3. X:=span{F;*wy, ..., F;*wp .p}

4. vy, ., Vg p ONB forX

Ry+p Ry+p R,+p
v = Pyfpv ="y w; - (wi, Fpv)y =Y w; - (Frwi,v)y = > wi - (Fwi, vy - (v, V)y.
i=1 i=1 ij=1

5. SVD of M € RFP)*Retp) 1, .o = (Fy*w;, v;)y with singular values/vectors a,, ¢ , @ .
-r —r

6. Return
Ry+p Ry+p

Ops (pr:=zfri'wiy lpr:=z£ri.vi ].SFSR,,.
=1 " =1 "

Computational effort

R, +p + 1 eval. of F, (embarrasingly parallel) and R, + p eval. of F;; (embarassingly parallel)

Stephan Rave (stephan.rave@uni-muenster.de) 15
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<7 Parareal with Spectral Coarse Solvers

A Priori Error Bounds

Superlinear convergence

Let

0 = max g, £ = maxg,
1=n=N 2l 1=nsN Eiad

n-k _
ekl < e (k 1>5"’”|e°|

n—k-1
n—-m
s 2¢k ( B >5nmk|bm|
m=1

Linear convergence (long time)
If & < 1, we have for k € N:

Then:

£
1-0

k
max k|| < ( ) max He,,”

Stephan Rave (stephan.rave@uni-muenster.de) 16
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Parareal with Spectral Coarse Solvers

Example: Heat conduction with time-varying Robin boundary

- [d(x)Vxu(x)] = 0 xeq,telo,1]
~d(X)V,u(t,X) - n(x) = (% w6 - ult,x) X€Tq
x) =g(t) X € Thot
x) =0 X €T\ (Min U lpor)
,X) = 0.
10 X e Oﬁn
100 X € Qpaee
1000 x € Qpipe,
» P1simplicial FEs ;
> 444,693 DOFs g(t)= {50 (1+sign(sin (-2 -8 n1))) 03cts06
> N=25 50 - (1+cos(‘°" 2o-n)) 0.6¢t.

Stephan Rave (stephan.rave@uni-muenster.de) 17
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Parareal with Spectral Coarse Solvers
Example: Heat conduction with time-varying Robin boundary

» Spectral G, with p = 1 compared to G, = single backward Euler step.
» R =2:Errorof 103 at k = 2 iterations.
» Choose R to tune parallelism vs. computational work.

» Less f, evaluations needed as for Euler.

102\H\\H\\H\\H\\H\H\L 10_1
107! 1072
-5
'\z 1077 g 1079
10—10 10—11
10—13 10_13
10716 107

0 4 8 12 16 20 24
k speedup
—e— R=0—m—R=1—4—R=2——R=3--- Euler

Stephan Rave (stephan.rave@uni-muenster.de) 18
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A Posteriori Error Bounds

Error bound

n-1
lekll < € 6" uk, - ul?|
m=1
» Easily computable (9, € known from SVDs).

» Rigorous when randomized SVD error taken
into account.

Parareal with Spectral Coarse Solvers

Estimator efficiency for heatsink example

T T T T T T —

# E

’ E

ﬁ\ 4 =

>y

Hoy “m -

1 E

i, B

| X 2

7 75

Z s 3

-9 ?

I I I I I I I ]

1 2 3 4 5 6 7 8
k

—0—R=0—®—R=1—4A—R=2——R=3

Figure: dashed plot when error below 1013

Stephan Rave (stephan.rave@uni-muenster.de)
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Parareal with Spectral Coarse Solvers

Thank you for your attention!

Gander, Ohlberger, R. A Parareal algorithm without Coarse Propagator?
arXiv:2409.02673

Gander, Ohlberger, R. A Parareal algorithm with Spectral Coarse Solver.
in preparation

Slides: https://stephanrave.de/talks/dd29.pdf

Stephan Rave (stephan.rave@uni-muenster.de) 20
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