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Abstract We propose a new non-conforming localized model reduction paradigm
for efficient solution of large scale or multiscale PDE constrained optimization problems. The new conceptual approach goes beyond the classical offline/online splitting
of traditional projection based model order reduction approaches for the underlying
state equation, such as the reduced basis method. Instead of first constructing a surrogate model that has globally good approximation quality with respect to the whole
parameter range, we propose an iterative enrichment procedure that refines and locally adapts the surrogate model specifically for the parameters that are depicted
during the outer optimization loop.
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1 Introduction
We are concerned with model reduction for parameter optimization of general elliptic multiscale problems, where the optimization functional is defined on a macro
scale and the material design parameters are considered to have influence on the
micro scale. Such optimization problems naturally arise, e.g., in optimal design of
composed materials or in the design of technical devices that rely on multiscale processes, such as fuel cells or batteries. In previous works [13, 14] we considered such
problems under the assumption of scale separation, or even local periodicity, which
allowed us to suggest a model reduction approach based on the two scale limit equation of the homogenized problem. However, in many real applications such a structural assumption is too restrictive and hence more general approaches need to be deMario Ohlberger
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veloped in general heterogeneous situations. In recent contributions, we introduced
and analyzed the localized reduced basis multiscale method (LRBMS) [15, 16, 12]
which is particularly designed to efficiently cope with general heterogeneous parameterized multiscale problems. In particular we developed an efficient localized
a posteriori error estimator against the underlying true solution of the parameterized problem and demonstrated how this error estimator can be used to overcome
the classical offline/online splitting of reduced basis (RB) methods, by means of
the newly developed concept of online enrichment. The proposed method merely
requires a very cheap preparation step and then iteratively enriches localized snapshot spaces using the localized a posteriori error information. In this contribution,
we combine our development from the previous two approaches to suggest, for the
first time, an efficient solution algorithm for parameter optimization of elliptic multiscale or large scale problems on the basis of our non-conforming localized model
reduction approach with online enrichment.
In detail we look at the following multiscale or large scale optimization setting:


Find µ ∗ = arg min J uε (µ), µ



ε
(1)
subject to C j u (µ), µ ≤ 0 ∀ j = 1, . . . , m,


µ ∈P
with a compact parameter set P ⊂ RP for P ∈ N. In (1), the state variable uε (µ) is
given as the solution of the following (parametrized) multiscale problem:
)

−∇ · Aε (µ)∇uε (µ) = f (µ) (in Ω )
(2)
uε (µ) = gD
(on ∂ Ω )
In (2), Ω ⊂ Rd for d = 1, 2, 3 is a bounded domain and Aε denotes a general
multiscale diffusion tensor (the multiscale nature of which is denoted by ε > 0)
without any further structural assumptions. We make use of the short notation
u(µ) := uε (µ) := uε (·; µ) and will use analogue expressions for all functions that
depend on both spatial variables and parameters.
There is a large variety of numerical algorithms for general optimization problem
such as (1), see for example [20]. Typically, these algorithms are based on necessary
and/or sufficient optimality conditions for local optima which involve higher order
derivatives of the participating functions. In order to obtain a reduced approximation
of (1) it is thus not sufficient to provide fast approximations solely of the state u(µ),
but also for derivatives with respect to the parameter µ.
As the solution of such optimization problems usually requires repeated evaluations of the underlying multiscale partial differential equation (PDE) for different
sets of parameters, model reduction is applied to increase computational efficiency.
In this contribution we are concerned with a localized generalization of the RB approach [8]. The application of the RB approach to parameter optimization of elliptic
PDEs was first presented in [17], and generalized to multiscale problems in [13]. A
posteriori error estimates for reduced approximation of linear - quadratic optimiza-
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Fig. 1 Sketch of domain decomposition into macro elements
T j ∈ TH for the definition of the
LRBMS and the underlying fine
grids τhj ⊂ TH that are used for
the construction of the local approximation spaces.
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tion problems and parametrized optimal control problems with control constraints
were studied, e.g., in [19, 21, 7, 4]. In the context of optimal control and mesh adaptivity of the underlying finite element discretizations we refer to [11, 2, 18, 9] and
the references therein.
The rest of this paper is organized as follows: In Section 2 we introduce a weak
formulation of the underlying parameterized multiscale problem in broken Sobolev
spaces employing a non-conforming discontinuous Galerkin (DG) variational formulation. Based on this non-conforming setting, we then introduce in Section 3 localized reduced spaces and related localized RB surrogate models, both for the state
equation and for the equations that characterize the derivatives of the state with respect to the parameters. Finally, in Section 4, a new iterative solution concept based
on successively enhanced surrogate models is proposed and discussed.

2 Non-Conforming weak formulation of the parameterized
multiscale problem
In order to derive a suitable non-conforming weak formulation for our model reduction approach, we first assume that a non-overlapping decomposition of the underlying domain Ω is given by a coarse triangulation TH with cells T j ∈ TH , j = 1, . . . NH .
Furthermore, each macro cell T j is further decomposed by a local fine resolution triangulation τhj , that resolves all fine scale features of the multiscale problem. We then
defineSthe global fine scale partition τh as the union of all its local contributions, i.e.,
H
τh = Nj=1
τhj . Hence, τh is a nested refinement of TH as schematically depicted in
Figure 1. Let H 1 (τh ) := {v ∈ L2 (Ω ) | v|t ∈ H 1 (t) ∀t ∈ τh } denote the broken Sobolev
L H 1 j
space on τh , which naturally inherits the decomposition H 1 (τh ) = Nj=1
H (τh ).
Definition 1 (Weak solution of the multiscale problem in broken spaces).
We call u(µ) ∈ H 1 (τh ) weak solution of (2), if

aDG u(µ), v; µ = LDG (v; µ)
for all v ∈ H 1 (τh ).
Here, the DG bilinear form aDG and the right hand side LDG are given as

(3)
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Z

aDG (v, w; µ):= ∑

Aε (µ)∇v · ∇w −

t∈τh t

−

∑

e∈FhI

e

e

{Aε (µ)∇v · ne }[w]

{Aε (µ)∇w · ne }[v] +
Z 

fv+

∑

e∈FhI

Z
t∈τh t

∑I

e∈Fh

Z

LDG (v; µ):= ∑

Z

∑

e∈FhD

e

σe (µ)
|e|β

Z

[v][w],
e


σe (µ)
ε
v − A (µ)∇v · n gD ,
|e|β

where the parametric positive penalty function σe (µ) : P → R and the averages
and jumps {·} and [·] across inner and boundary interfaces e ∈ FhI ∪ FhD are chosen
similar to SWIPDG [6, 16].

3 Localized model reduction for PDE constrained optimization
Our non-conforming localized model reduction approach is based on the construction of appropriate low dimensional local approximation spaces UNj ⊂ H 1 (τhj ) of
local dimensions N j that form the global reduced solution space via
UHN =

NH
M

UNj ,

N := dim(UHN ) =

NH

∑ Nj.

(4)

j=1

j=1

Once such a reduced approximation space is constructed, the LRBMS approximation is defined as follows.
Definition 2 (The localized reduced basis multiscale method). We call uN (µ) ∈
UHN a localized reduced basis multiscale approximation of (3) if it satisfies
aDG (uN (µ), vN ; µ) = LDG (µ; vN )

for all vN ∈ UHN .

(5)

Note that (5) is a globally coupled reduced problem, where all arising quantities can
nevertheless be locally computed w.r.t the local reduced spaces UNj .
To simplify the presentation, we assume in the sequel that the bilinear form aDG
and the right hand side LDG are affinely decomposable (see [5] and the references
therein for the treatment of general nonlinear operators), which allows for an efficient offline/online splitting of the resulting reduced problem:
QA

aDG (u, v; µ) =

∑ θqA (µ)aqDG (u, v),

q=1

QL

LDG (µ; v) =

q
(v).
∑ θqL (µ)LDG

(6)

q=1

In order to solve the overall optimization problem, we will also need to compute parameter derivatives of the state uN (µ). Equations for these quantities are
established by differentiating the defining equation (5) of uN (µ) with respect to µi .
Due to linearity and the chain rule, we obtain the following weak formulation for
∂µi uN (µ) ∈ UHN , for all vN ∈ UHN :
aDG (∂µi uN (µ),vN ; µ) = −∂µi ah (uN (µ), vN ; µ) + ∂µi LDG (µ; v).

(7)
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Since aDG and LDG are affinely decomposable, we have
QA

∂µi ah (u, v; µ) =

∑ ∂µi θqA (µ)aqDG (u, v),

QL

∂µi LDG (µ; v) =

q=1

q
(v).
∑ ∂µi θqL (µ)LDG

q=1

Hence, we can reuse both the same reduced spaces and precomputed reduced system
matrices as for the approximation of uN (µ). Thus, the computational overhead to
compute the parameter derivatives is of the same order as the cost to compute a
reduced state equation. Higher order derivatives can be computed analogously by
further differentiation of (7).
In recent contributions [10, 1, 16, 3] we discussed several possibilities to construct local reduced spaces UNj from global or localized snapshot computations.
Thereby, in the concept presented above, it is possible to use finite volume, DG
or conforming finite element approximations on the underlying fine partition τh or
restrictions thereof to a local neighborhood of the macro elements T j ∈ TH . In what
follows, we consider the iterative construction of reduced approximation spaces and
related surrogate models based on localized a posteriori error control and local enrichment as recently introduced in [16]. In these circumstances we obtain the following estimate on the error w.r.t. the unknown weak solution of (2).
Theorem 1 (Localizable a posteriori error estimate). With the assumptions and
the notation of [16, Cor. 4.5], the following
estimate on the full approximation error
R
in the energy norm |||v|||µ := ∑t∈τh (Aε (µ)∇v) · ∇v holds for arbitrary µ, µ̂ ∈ P,
"

|||u(µ) − uN (µ)|||µ ≤ η uN (µ) := C(µ, µ, µ̂)
NH


1/2 NH 
1/2 NH 
1/2
∑ η ncj (uN (µ))2 + ∑ η rj (uN (µ))2 + ∑ η dfj (uN (µ))2

j=1

j=1

#

j=1

with a computable constant C(µ, µ, µ̂) > 0 and fully computable local indicators
df
r
η nc
j , η j and η j corresponding to the local non-conformity errors, residual errors,
and diffusive flux reconstruction errors, respectively.
We refer to [16] for a more detail presentation and derivation of this result

4 A new iterative solution concept based on successively
enhanced surrogate models
In classical model reduction approaches for PDE constrained optimization problems, a surrogate model to approximate the parameterized state equation is constructed in a so called offline phase and then successively used for fast evaluations
of the state equation for parameters that are selected during the outer optimization
loop (see, e.g., [17]). As the selected parameter values during the optimization loop
are not known a priori, the surrogate models in such approaches need to be prepared
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Fig. 2 Sketch of parameter selection during an optimization loop. For each selected parameter point
µ = (µ1 , µ2 ) an approximation of u(µ) and its
derivatives with respect to µ need to be computed
efficiently.
µ1

to uniformly approximate the state equation with respect to the whole parameter
regime. This might lead to a quite expensive offline construction phase that involves
a large number of usually global snapshot computations for suitably selected parameter values. In an optimization loop, however, typically only parameters along a path
towards the optimal parameter are depicted, as sketched in Figure 2. Based on the
concept of local enrichment from [16] we thus suggest a new iterative procedure to
successively built up or enhance the surrogate model (5), (7) by using only localized
snapshot computations for the parameters that are selected during the optimization
loop. The resulting approach is thus tailored towards the specific optimization problem in an a posteriori manner.
In more detail, in a first step we initialize the local reduced spaces UNj with a
classical polynomial coarse scale DG basis of prescribed order, thus ensuring that
any reduced solution of the state equation is at least as good as a DG solution on
the coarse triangulation TH . We then optionally employ a discrete weak Greedy
algorithm with only very few (typically
one) global snapshot computations and enL H
rich UNj accordingly. Finally, UHN = Nj=1
UNj and a related initial surrogate model is
constructed as sketched in Section 3 above.
During the following optimization loop, given any µ ∈ P from the optimization algorithm, we compute a reduced solution uN (µ) ∈ UHN and efficiently assess
H
its quality using the localized a posteriori error estimator η(µ) := (∑Nj=1
η j (µ)2 )1/2
derived in [15, 16]. If the estimated error is above a prescribed tolerance, ∆ > 0,
we start an intermediate local enrichment phase to enhance the surrogate model in
the SEMR (solve → estimate → mark → refine) spirit of adaptive mesh refinement.
We refer to Algorithm 4.1 and [16] for a detailed description and evaluation of this
enrichment procedure that only involves local snapshot computations for the given
parameter µ on some local neighborhoods ω(T j ), T j ∈ TH with Dirichlet boundary values obtained from the insufficient previous reduced surrogate. The algorithm
calls a routine OPT that performs one optimization step with a descent method based
on the old parameter value, the corresponding state and its derivatives with respect
to the parameters. It returns the new parameter value and success=true, if the
optimization criteria has been met.

5 Conclusion and Outlook
In this contribution we proposed how to efficiently use the localized reduced basis
multiscale method with local enrichment in the context of surrogate modeling for
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Algorithm 4.1 Parameter optimization with adaptive enrichment.
Require: µ (0) ∈ P, initial local bases Φ j (0) , ∆model , ∆opt > 0, a marking strategy MARK and an
orthonormalization procedure ONB (see [16, Sec. 5]), an optimization routine OPT (returning a
new parameter and status of convergence).

L H
(0)
n ← 0, UHN ← Nj=1
span Φ j (0)
repeat
(n)
Solve (5), (7) for uN (µ (n) ), ∂µi uN (µ (n) ) ∈ UHN , i = 1, . . . , P.
m←n
while η(µ (n) ) > ∆model do
for all j = 1, . . . , NH do
Compute local error indicators η j (µ (n) ) according to [16, Cor. 4.5].
end for

H
T˜H ← MARK TH , {η j (µ (n) )}Nj=1
for all T j ∈ T˜H do
Solve locally on ω(T j ) for enhanced local snapshot uhj (µ (n) ) ∈ H 1 (τhj ).


Φ j (m+1) ← ONB Φ j (m) , uhj (µ (n) )
end for
 L

L
(m+1)
UHN
← T j ∈T˜H span Φ j (m+1) ⊕ T j ∈TH \T˜H span Φ j (m)
(m+1)

Solve (5), (7) for uN (µ (n) ), ∂µi uN (µ (n) ) ∈ UHN
, i = 1, . . . , P.
m ← m+1
end while

P 
(µ (n+1) ,success) ←OPT µ (n) , ∆opt , uN (µ n ), ∂µi uN (µn ) i=1
n ← n+1
until success
return optimal parameter µ (n) and state uN (µ (n) )

the solution of large scale or multiscale PDE constrained optimization problems.
The resulting approach iteratively constructs enhanced surrogate models specifically
tailored to the solution of the optimization problem in an a posteriori manner and
thereby overcomes offline/online splitting of traditional projection based model reduction approaches. A deeper numerical analysis of the presented approach as well
as its thorough analysis in numerical experiments are subject to ongoing research.
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