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1 Introduction

Inverse Problem: Infer from an effect the cause, using a mathematical model.

e genwine inverse problem:

effect is measured/observed, uniqueness of cause is desired

Example 1 (Medical image reconstruction). Construct from X-ray-CT measurement the X-ray
attenuation (i. e. an image of the anatomy) within the patient.

e optimal control:

try to achieve desired effect by control of the cause (usually combined with optimization of further
objective functionals), high regularity of cause is desired

Example 2 (Cloaking). Design the distribution of an optical material around a ball such that a
light wave front behind the ball looks undisturbed (the ball is invisible).

Associated forward problem: mathematical model which computes/produces the effect from the
cause
A forward problem can typically be described by a (potentially nonlinear) map, the forward operator

A: XY
for X the set or space of causes and Y of effects; the inverse problem thus is

given y € Y, find z € X with Ax = y. (1)

Experimental design: For a sought, not directly measurable quantity of interest, choose/design a for-
ward problem and associated measurements so that reconstructing the sought quantity via the associated
inverse problem becomes as simple as possible.

Example 3 (X-ray directions). Choose X-ray directions in CT such that they are few (reduction of
radiation burden), but still allow a very good image reconstruction.

Definition 4 (Well-posedness after Hadamard). An inverse problem (1) is called well-posed if
1. it has a solution x
2. which is unique
3. and continuously depends on y.

Remark 5 (Well-posedness). Role of (1), (2) is clear. (3) is necessary, since the measurements y are
never exact, but always contain small errors, so-called noise. These errors should not lead to completely
different solutions x.

Remark 6 (Typical inverse problems). Inverse problems in applications are typically ill-posed, i. e. one
of the conditions is violated (often all).

Regularization: Method to produce a well-posed approximation for an inverse problem, i.e. z = A~y
is replaced by some xz = By.

Example 7 (Tikhonov-regularization). The inverse problem is replaced with

7o = argmin | Az — y|? + allzl%.
reX



Nomenclature: y = noise-free measurement, n® = noise (of some strength 4), y° = y + n’ = noisy
measurement, x = A~ 'y = ground truth

Definition 8 (Space and convergence notions).
1. A Banach space X is a complete normed vector space (e.g. L*((0,1))).
2. A Hilbert space is a Banach space, whose norm is induced by an inner product (-,-).

8. The dual space X* to a Banach space X is the space of all linear continuous maps £ : X — R with
norm |[£]|x+ = sup| ) <1 [€(z)]-

One also writes £(z) = ({,x)x+ x = ({,z).
4. xn € X converges weakly to z € X, x,, = z, if £{(z,,) —nooo £(z) VL € X*.
5. £, € X* converges weakly-x to £ € X*, £, = €, if £,(2) —pnsoo £(x) Yz € X.
6. Let A: X =Y be linear and continuous. The adjoint operator A* : Y* — X* is defined by

(A z) = (y,Az) Vo e X,y e Y™

7. The Hilbertian adjoint A¥ : Y — X of a linear and continuous operator A : X —'Y is defined by

(Ay,z) = (y,Az) Ve X,yeY.

8. A functional f : X — R is called weakly lower semicontinuous if iminf, . f(2,) > f(x) for all
zn, — x. Weakly-* lower semicontinuous is defined analogously.

Theorem 9 (Banach space properties). 1. Riesz’ representation theorem: A Hilbert space X is iso-
metrically isomorphic to its dual space X* via the Riesz isomorphism Rx : X* 35 € — xy € X with
(€,-) = (wg,). Consequently, A = Rx A*Ry".

2. Banach—Alaoglu theorem: Let X be a separable (i. e. 3 countable dense subspace) or reflexive (i. e.
(X™*)* is isometrically iomorphic to X ) Banach space. The unit ball of X* is weakly-* sequentially
precompact.

3. llx is weakly, || - ||x+ weakly-* lower semi-continuous.

Theorem 10 (Well-posedness of Tikhonov regularization). Let X,Y be Hilbert spaces, A : X — 'Y be
linear and continuous, then the Tikhonov reqularization is well-posed.

Proof. 1f x is a minimizer, then for E,(z) = ||[Az — y||3 + a||z||% and any ¢ € X we have

d
0= @Ey(ﬂf +to)i=0 = 2(Ax — y, Ap) + 2a(x, @)

A (AvaQO) —|—a(x,<p) = (y’A¢)~

=:B(z,9) =:(p)

Now
o [B(z,9)| < (a+ APzl xlellx,
o B(z,z) > allz|%,
o [L(o)] < llylly I Allllellx

so by Lax—Milgram 3! solution z that continuously depends on y. It remains to show that this x really
is a minimizer.
By(2) — Ey(z) = Az — Az|[} + allz — 2|k +2(Az —y, A(z — 2)) + 2a(z, (z — 2))
= ||Az — Az|} + |z —z|% >0. O



2 Illustration via integration/differentiation

Forward problem: X =Y = L%((0,1)), Az = (s — [; «(t) dt) (linear)

Example 11 (KATRIN experiment). Many electrons of a specific energy (normalized to 1) are sent
into a medium (Xenon gas cloud). One wants to quantify the interaction, i.e. how many electrons are
decelerated by how much energy, i.e. x € X is the probability density of the energy loss € [0,1]. (The
idea is that from x one can then read off the neutrino mass.) One can construct a barrier which blocks

all electrons below a minimum energy s, and one can count the electrons behind, i. e. y(s) = 01_5 x(t) dt.
O I : I
source medium barrier detector

The measurement 3° contains errors, e. g. additive white Gaussian noise of standard deviation § > 0, i.e.
Y =y+n

with n? the realization of a random variable such that W, ; = ff nd(t) dt has zero mean and variance
(b—a)é? for all 0 < @ < b < 1 and such that Wa,» and W, 4 have covariance ré? with r the length of
[a,b] N e, d].

Theorem 12 (Non-well-posedness of differentiation). Consider the inverse problem Ax = y.
1. In general it has no solution.
2. If a solution exists, it is unique,
3. but not continuous iny €Y.

Proof. (2) Fundamental theorem of calculus =  z(s) = ¢/(s), and the weak derivative is unique.
(1) If y ¢ WH2((0,1)), it has no weak derivative in X.
(3) Set Ay = sin(nt), then ||Ay|ly <1, but

A= (y + Ay) — A~ Yy||x = ||t = ncosnt||x > Cn

gets arbitrarily big for n — oo. O

Tikhonov-regularization:

SI *5528 o lx 2
/O (t)dt —y°(s)| ds+ /0|(t)|dt.

1
T, = arg min/
rzeX 0

Set yo = Az, then

1 1

Yo = arg min / ’y—y‘s‘z ds+a/ ly/|* dt
yeW1:2((0,1)),y(0)=0J0 0

—ay” +yo—y>=0 on (0,1)

& Yo SOlves
{ya(o) =0, ytlx(l) =0,

thus y, is the solution of an implicit Euler step with stepsize « of the heat equation with homogeneous
Dirichlet-/Neumann-boundary conditions.
= y° first is smoothed to y,!



Error estimate: Possible if noise-free measurement y or equivalently ground truth @ = A~'y have
additional regularity, e.g. y € C?([0,1]) & (for simplicity) y'(1) = 0.
Optimality condition: For all ¢ € W12((0,1)) with ¢(0) = 0 we have

o @)+ (W) = 1°, )
aly,¢') + (y,9) = (y(s— oy’ )
difference: a(y), — v, ¢ )+ Wa — v, ) = (¥ —y + v, p).

With ¢ =y, — y we get

Youn,

g
= alye =y IZ +lya =yl = (0 —y+ay" v —y) < Iy —ylie + Py 122 + 3llye —ylIZe

lza — 2122 < $19° —ylIZe + ally”|l7-

4

= for ||y° — y||z> =, the optimal choice o = W yields
L

|za = 222 < 2V/]ly" |22 VS

= even with regularization we have reconstruction error > measurement error

3 Some classical inverse/forward problems

1. Differentiation/Integration

2. X-ray transform

Definition 13 (X-ray transform). Let C' = {(0,s) € S9! x R?|s € 6+}. The X-ray transform
on B1(0) C R? is the linear map
P: LBy (0)) — L*(C), Pu(0,s) = / u(z)dL ().

{z€B;1(0) | z=s+t0 for some tER}
Remark 14 (Other function spaces). The definition can also be extended to other function spaces
such as Radon measures on B;(0) or on R

Example 15 (Computer tomography, CT). An X-ray is taken from every direction 0 € S*. The
attenuation of the X-ray at position s+t is proportional to the ray intensity I and the attenuation
coefficient u at that position, thus

SI(s+t0) = —u(s+t0)I(s + t0) = I(s+0)z[(s—0)exp(—/1

-1

u(s +t0) dt) .

The measured intensity change is %iz; = exp —Pu(0, s), thus Pu(0,s) = log 55313;

Theorem 16 (X-ray transform). P : L'(B;1(0)) — L'(C’) is continuous.

Fubini
PTOOf' fC’ |Pu| d(e’ S) < fsd—l fgi_ f{xeBl(O) | z=s+41t6 for some teR} |u($)‘ dﬁl(l‘) dsdf " = de*1 ||u||L1 df =

[S4Hlfullz:- O
Remark 17 (CT in other spaces). Similarly in LP.

3. Parameter identification

Determine coefficients of a PDE problem (e. g. inside PDE or IC or BC) from observation of the
solution in a subdomain (e. g. on the boundary) for different right-hand sides (of the PDE or IC or
BC).

Example 18 (Oil production). Let Q C R?® with smooth boundary represent rock and x € X =
C () with x > ¢ > 0 represent the rock permeability. The measured liquid pressure within the rock
isyeY =WH2(Q), and A: X — 'Y maps x onto the solution y of

—div(z(2)Vy(z)) = f(2) in Q plus BC (Darcy flow),

where f € L*(Q) is a controllable source.



Remark 19 (Nonlinearity of parameter identification). Parameter identification problems are typ-
ically nonlinear, e. g. A(2x) # 2A(x) for the above example.

Remark 20 (Solution formula in 1D). In 1D a single right-hand side f suffices, and we can derive
a solution formula: Let Q = (0,1) with homogeneous Neumann boundary conditions on the left
boundary, then

z(2)y'(2) = — ’ s)ds.
@) == [ 1)
If f >0 or f <0, we have fozfds;éO, thus y'(z) # 0 and
:—fozf(s)ds
y'(z)

For f =0, however, x cannot be identified. The problem is ill-posed because of the differentiation;
in addition there is error amplification for small 3.

(2)

Definition 21 (Dirichlet-to-Neumann map). Let Q C R¢ with smooth boundary, a € C°(Q) with
a>c>0. The linear map

—div(aVu) =0 in Q,

u=f on 0N

du

Aoz HE(0Q) » H™3(09), frag

for u solution of {

is called Dirichlet-to-Neumann map.

(Hz(05) and H—2(0N) are special Hilbert spaces, the traces of H! and L? functions.)

Example 22 (Electrical impedance tomography, EIT). © C R? patient body, v € X = C°(Q) with
x > ¢ > 0 is electrical conductance, ¥ = L(H%(GQ),H_%(GQ)), Az = A,. A, is measured by
applying different voltages f and measuring the resulting currents.

Remark 23 (1D EIT). For Q = (a,b) we have Y = L(R?,R?) = R?*2. One measurement
y € R?*2 cannot suffice to reconstruct a function x € C°(Y). For higher-dimensional domains
reconstructions turn out to be possible.

. Inverse scattering

Determine an object based on its scattering of (acoustic or electromagnetic) waves = special case
of parameter identification for wave equation, Maxwell’s equations, Schrodinger equation or other
hyperbolic equations.

Example 24 (Periodic wave field). The density or pressure U of an acoustic wave satisfies

0*U 1 1
—_— = —_— = 1 ) 1 .
52 = 2 U, ) speed of sound (=1 outside object)

For time-harmonic (i. e. periodic) waves U(z,t) = e**u(z) this turns into Helmholtz’ equation
Au+ E*n’u =0

for the observed wave u. The incoming wave (which is sent) satisfies Au® + k*u’ = 0, the scattered
wave is u® = u — u' and satisfies

Au® + E2u® = E*(1 — n?)(u' + u®).

If O C By(0) is the sought scattering object, one has 1 — n? = cxo for some fized ¢ > 0; the
measurement typically is the far-field wave ulpp, ) with R>1, i.e.

=0, y={ulopyo) for a number of incoming waves u’ of different frequenciesy, A :x s y.

Variation: Sound is absorbed on 0O (ulpo = 0) or reflected (3% = 0) or a mizture (5% + Mu = 0).



4 Linear integral operators

Many forward operators in inverse problems are linear integral operators, thus they form an interesting
set of examples.

Definition 25 (Integral operator). Let ¥ C R",Q C R? measurable and k : ¥ x  — R measurable.
The linear integral operator with integral kernel k is defined for measurable functions u : 2 — R as
Ku:$—R, (Ku)(z)= / k(2 y)uly) dy.
Q
Example 26 (Integration) Let ¥ = Q = (0,1), k(z,y) = 1 if x > y and k(z,y) = 0 else. Then
= [y k(z,y)uly) dy = [} uly) dy.

Example 27 (Convolution). Let ¥ = Q = R?, k(z,y) = G(xz—y) for a measurable function G : R* — R.
Then Ku = G * u.

Remark 28 (X-ray transform). Generalizing k to measures (which we don’t in this lecture), also the
X-ray transform becomes a linear integral operator.

Theorem 29 (Continuity of integral operator) Let 3,9 open and bounded and k € L1(3 x Q) with
14 % =1 Then K : LP(Q) — L"(%), ( = Jo k( y) dy is well-defined and continuous with

/kxy dy

p
[ Kullzr < CllE] o ull -
< |Q|H / / k() Juy)|" dy da
>JQ

r/q r/p
< Jap- ( [ dzdy> ( [t dxdy>
%0 Y%

Proof. | Kul|7- = dx

= Q" P Kl ol 7o 0
Theorem 30 (Young). Let Y= Q = R4, k( y) = G(z —y) for a G € LI(RY) with 1 1 =1+2.
Then K : LP(Q) — L"(%), ( = [ k( y)dy is well-defined and continuous wu‘h ||KU||L7‘ <
G Lallu]| 2o
Proof. lux G()| < /(|U($ =) IGWI)Y ulz — ) PG y) [T dy
< J(ulz = )PIGIDY | lal 7)) o G oy
Ly 7 La r
= u(x—1 pG‘ ady)r N —a/r
(el Gwtdnt =
= sl = [lesGlrde < a6t [ [l - 9P IGE)dyda. =

=[ [ lu(z—y)|? dz|G(y)|? dy=|u[75 [ Gll%q

5 Compact operators

Most forward operators in inverse problems are compact operators.

Definition 31 (Compact operator). Let X, Y be Banach spaces. A linear operator K : X — 'Y is called
compact if for any bounded set B C X the image K(B) is precompact in'Y .

Corollary 32 (Sequences under compact operator). K compact < Kz, contains a convergent subse-
quence for every bounded sequence x, € X.

Proof. ‘=’ Choose B = {x1,x2,...}, then W is compact; in a metric space compact =
sequentially compact.



‘<’ Each sequence z,, € B is bounded = 3 convergent subsequence of Kz, = K(B) is sequentially
compact and thus compact. O

Corollary 33 (Weak-strong convergence). Let X be reflexive (i.e. X** = X ). K compact < ©, — x
implies Kx, — K.

Proof. ‘=’ x, is bounded = Kz, — y € Y (thus also Kz, — y) for a subsequence; furthermore
y = Kz because of Kz, — Kz. Now let x5 be a subsequence with ||Kxj — y|ly > ¢ > 0, then
again Kxj contains a convergent subsequence with Kz, — Kx =y 4

‘<’ Banach—Alaoglu: Every bounded sequence z,, is weakly precompact.
Eberlein—Smulian: In a Banach space weakly compact = sequentially weakly compact.
= x, has weakly convergent subsequence ~~ use previous corollary. O

Corollary 34 (Finite-dimensional image). Any linear continuous operator K with finite-dimensional
1mage 1S compact.

Proof. B bounded implies KB bounded and finite-dimensional, thus precompact by Heine—Borel. O
Theorem 35 (Operations on compact operators). Let X, Y, Z be Banach spaces, K, L linear operators.
1. K,L: X =Y compact = K + L compact
2. K: X =Y compact, a real = aK compact
3. K: X =Y orL:Y — Z compact = LK : X — Z compact

Proof. 1. Let x, be bounded sequence = Kx,, — y € Y for subsequence x,,;
Ty, bounded = Lz, — gy €Y for subsequence zy,,
= (K + L)zn, >y +7.

2. trivial

3. If K compact: Let x,, be bounded = Kz, — y € Y for subsequence = LKx, — Ly for same
subsequence
If L compact: Let x,, be bounded = Kx,, is bounded = LKz, has convergent subsequence [

Theorem 36 (Schauder’s theorem). Let X|Y be Banach spaces, K : X — Y linear. K compact < K*
compact.

Proof. ‘=’ Let By~ be the closed unit ball in Y*, Bx the one in X.

— By~ is equicontinuous, since [(y',y) — (", )| < [¥'[[lly = 9lly < lly = Jly Vy. 5 € Y,y € By~
— let E = KBx & note that E is compact

Arzela—Ascoli .
— let 3/, € By~ be a sequence PEELSON 3 yniformly convergent subsequence yle = YE

= K*y! is Cauchy (and thus K* compact), since

K™y, — K y |l = sup [(K*y,,x) — (K*y,,, z)| = sup [(Yn, 2) = (Ypr 2)| ——— 0
z

rEBx m,n— oo

‘<" Leti: X — X*, 5:Y — Y™ be the inclusion.

theorem 35

— K** is compact (by ‘=), and K* oi=jo K = = " jo K is compact

— KBy is precompact in Y:
T, € Bx sequence = subsequence jKx, is Cauchy

= |Kzp — Koplly Hahn Banach sup (¢, Kz, — Kzp) = sup (y,jKz, —jKx,) —— 0

y'EBy* y' EBy* m,n—o0

O

Theorem 37 (Operator norm of compact operators). Let X,Y be Hilbert spaces, K : X — Y linear
and compact. There exists x € X with ||z|| =1 and ||Kz|| = | K]



Remark 38 (Norm of non-compact operators). In general false for non-compact operators (homework).
Proof. e let y, € Y with [jy,|| = 1 and ||[KHy,| — | K| = | K|
e Ky, — 2 € X along a subsequence (since K is compact), and ||z|| = lim, .« [|[KZy,| = || K||
o K™ ynll? = (yn, KKMyy) < |KEK Ty, | < K%, thus | Kz|| = limy oo [ KK Ty, = || K]
o set = z/||z]|, then || Kz|| = [[Kz[|/| K| = | K|| O

Compactness of an operator can be shown via approximation by compact operators (Fredholm considered
compact operators as limits of operators with finite rank, 1900; the use and analysis of the below
compactness condition originates from Frigyes Riesz, 1918).

Theorem 39 (Limit of compact operators). Let X,Y be Banach spaces and K,, : X =Y a sequence of
compact operators with K, — K, then K is compact.

Proof. o Let 2 € X be bounded sequence, ||zg||x < C < oo Vk

e Let Iy C {x1,22,...} be subsequence such that limy_, oo 4, e, K1) exists,
I C I one such that limy_ o0 4, e1, Ko} exists,
I, C I,—1 one such that limy_, o0 z,er1, Knxy exists.

e Let z; be the kth element of Iy, then limy_. ., K,z exists Vn

e Kz is Cauchy: Let € > 0, then choose n such that ||K, — K|| < 3%, and choose N such that
| Knzi — Knzml|ly < § Vm, 1> N.

= ||[Kzi — Kzplly < | K21 — Knzilly + 1Kz — Knzmlly + | Knzm — Kzplly <€ Vm,l> N

SIK=Knllllzilly<§ <

<

wlm
wln

O

Theorem 40 (Compactness of integral operators). Let ¥ C ]R" Q C R4 open and bounded and k €
LY x Q) with % + é =1 g<oo. Then K : LP(Q) — L"(%), = Jo k( y)dy is compact.

Proof. e Wlog we may assume that k is Lipschitz with |k(x1,y1) — k(z2,y2)| < Li(x1,y1) — (22, y2)|:
— C9%Y(R"*4) is dense in LI(X x Q) C Lq(R’”d)
— let k, € COY(R"*9) with k,, L k, Kpu(z) = [o kn (y) dy
- HKn - K” S C”kn - kHLq —n—oo 0
— if K, compact, then also K by previous result

e approximate K by K, with finite-dimensional image:
— for n € N let (QF); be finite partition of Q with diam(Q}) < L
—set ¢f () = [ k(z,y)dy/IQ| (average)
Q’VL

0 else
=2 @i )

= [kn(z,y) — k(z,y)| = 6] (z) — (90 y \:\fmkxvz)—k(%y)dd/\ﬂ?\S%fOTyGQ?
= ky —>kK—>Kw1thKu fQ (y)dy

1 ifyeQn
w?(w:{ Byet

o Kou=75 o7 fm y)dy € span{¢1, ...} = K,, compact = K compact O

Remark 41 (Compactness of integral operators). An analogous proof partitions ¥ instead of Q (home-
work).



Boundedness of the domain is important for compactness.

Theorem 42 (Convolution on unbounded domain is not compact). Let Z Q R, k(a: y) G(z—vy)
for some G € LI(RY) with 1% + % =1+ 2. Then K : LP(Q) — L"(%), = Jo k( y) dy is not
compact.

Proof. Homework (construct a sequence u,, € LP(R?) by translating a fixed function and show that Ku,,
contains no convergent subsequence). O

We now show that compact operators do not possess a continuous inverse (in infinite dimensions).

Theorem 43 (Almost orthogonal element/Riesz lemma). Let X be a normed vector space and U C X
a closed subspace. Then for every € > 0 there exists an v € X with ||z||x = 1 and dist(z,U) =
inf{lly—zl|x|lyeU} >1—e

dist(v,U)

Proof. e choose v € X \ U and u € U with [jv — ul|x < =52

o set then ||z||x =1 and

T = oy

dist(z, U) = inf{|| o= — 2llx |2 € U} = minf{ﬂv —(u+v—u|x2)|x|z€U}
dist(v,U) >1—€ O

= To—ullx uH

Corollary 44 (Closed balls are noncompact in infinite dimensions). Let X be an infinite-dimensional
Banach space. There ezists a sequence x, € X with ||x,|x =1 and ||zn, — x| > & for all m # n (thus
Zp contains no limit point).

In particular, the closed unit ball in X is not compact, and the identity is not a compact operator on X.
A closed ball on a Banach space is compact iff the space is finite-dimensional.

Proof. e pick z1 € X with ||z1]|]x =1
e pick z,, € X \ span{z1,...,zp_1} with [|z,||x =1 & dist(zy,,span{z1,...,zp_1}) > O

Theorem 45 (Compact operators in infinite dimensions have no bounded inverse). Let X be an infinite-
dimensional Banach space, Y a Banach space and K : X — 'Y compact. Then K has no bounded inverse.
In particular, the inverse problem Kx =y is ill-posed.

Proof. e let x,, the previous sequence & y, = Kz,
e K compact = 3 convergent subsequence y, —y € Y,
e but z,, = K~ 'y, does not converge O

Theorem 46 (Bounded inverse theorem). Let X,Y be Banach spaces. A bijective linear continuous
operator L : X =Y has a continuous inverse.

Proof. L is surjective and thus by the open mapping theorem open. Thus preimages LU of open sets
U C X under L~ are again open. O

Note: The previous result only holds on Banach spaces! Consequently, on Banach spaces, compact
operators cannot be bijective, thus have no inverse!

Remark 47 (Conditional stability). Sometimes the inverse is continuous on certain subsets of the
image (one speaks of conditional stability): E.g., let X,Y be Hilbert spaces, K : X — Y continuous,
= KHw;, y; = Kz, i = 1,2, then

HCE1—$2H§( = ($1—$27$1—1U2) = ($1—$27KH(U/1—U/2)) = (yl_y27w1_w2) < Hyl—y2||Y(Hw1||Y+||w2||Y)

= For We = {z € X |z = Kw,||w|ly < C} there is a Hélder continuous inverse to K : Wo — KW¢.

10



6 The Riesz theorems

Our next aim is to understand the spectrum of compact operators K : X — X and their singular value
decomposition (SVD). As for matrices, size differences of the singular values contain information about
the stability of the inversion. The theory was developed by Frigyes Riesz. In this section we present the
three main preparatory theorems that bear his name, which consider the operator I — K (which should
remind us of eigenvalues and eigenvectors). Since we only defined compact operators for Banach spaces
we let X be a Banach space, but with obvious modifications everything would work for just normed
vector spaces. We write || - || for || - || x-

Theorem 48 (Riesz’ 1. theorem). Let X be a Banach space, K : X — X linear and compact. The
kernel of I — K s finite-dimensional.

Proof. e assume, ker(] — K) is infinite-dimensional
e let x, € ker(I — K) bounded sequence without converging subsequence (Riesz lemma)
e 1, = Kx,, however, has a convergent subsequence / [

Theorem 49 (Riesz’ 2. theorem). Let X be a Banach space, K : X — X linear and compact. Then the
range ran (I — K) is closed.

Proof. e let 7, € X and y € X with (I — K)Z,, = y
o set z, = argmin{||z|?|z € &, + ker(I — K)}
— xp is well-defined: minimizes coercive, cont. functional on finite-dim. space (Riesz’ 1. thm.)
— dist(zy,, ker(I — K)) = ||z, ||
— (I = K)z,, — y by definition

— x, is bounded: Otherwise,

(I — K)xn/||znllx — 0 Tn _ _
Kz, /||z.|| — z for subsequence = [l | 22 (I-K)z=0
_ dist(z,,, ker(I — K)) < lzn — ||zn] 2] _ ‘ | ;
(e (e (|

e along a subsequence, Kz,, = w € X, thus ||z, —y — w|| < ||z, — Kz, —y|| + || K2z, — w|| = 0
e continuity of (I — K) = y =lim, oo ({ — K)z, = (I — K)(y + w) O
Theorem 50 (Riesz’ 3. theorem). Let X be a Banach space, K : X — X linear and compact. Then
there exists v € N such that
ker(I — K)' C ker(I — K)'™', ran(l — K)! D ran (I — K)", ifl <,
ker(I — K)! = ker(I — K)'*', ran(I — K)! = ran (I — K)'*!, ifl>r.
Furthermore, X =ker(I — K)" @ran (I — K)".
Proof. e set V; = ran (I — K)! and show its properties:
— Vi D V41 by definition
- Vi=Vig1=V =V, forallm>1
— assume V; 2 V41 for all [

% let x; € V) with ||2;]] = 1 and dist(z, Vi41) >
x |Kxp — Kol = |2 — 2m — (I — K) (2 — 2,

(Riesz lemma & Riesz’ 2. thm.)
= llz = (@m + (I = K)(@1 —xm)) [| > 3

cVigr

)

for all m > 1
= Kuz; has no convergent subsequence %
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e set W) = ker(I — K)! and show its properties (potentially with different r): Homework (same way)
e dim(ker(I — K)') = dim(coker(I — K)) for all I:

— it suffices to show this for [ = 1 (since (I — K)! = (I — L) for a compact operator L)
— it suffices to show this for injective I — K:
If dim(ker(I — T")) = dim(coker(I — T"))(= 0) for every compact T" with injective I — T, then:
* “restrict I — K (or equivalently K) to a subspace Z on which I — K is injective by modding
out the kernel, take I — T = (I — K)|z”
Y =ker(I — K)" = ker(I — K)™+! satisfies (I — K)Y C Y, thus KY C Y
- set Z = X/Y with norm ||z||z = inf{||z|| |z € 2+ Y}
- K induces a compact operator T': Z — Z
- I —T is injective:
otherwise there would be x ¢ Y with (I — K)z € Y, thus z € ker(I — K)" ™' =Y
* “replace ker(I — K) by the kernel of a finite-dimensional operator L
for which thus dim ker L = dim cokerL”
~set L:Y =Y, L=(—K)l|y, then ker(/ — K) =ker L
- dim(ker(I—K)) =dim(ker L) =dim(cokerL), since Y finite-dimensional (Riesz 1. thm.)
= dim(coker(I — K)), since dim(coker(I —T)) = dim(ker(I —T)) =0
I-T

4
&
E £

— still to show (for injective I — K): coker(I — K) = {0}, i.e. I — K surjective

% assume ran (I — K) C X, then also ran (I — K)! D ran (I — K)'*! for all [ 4,
since otherwise there would for every z € X be ay € X with (I — K)*ly = (I — K)lx

[ ectve (1 _K)ly=(I-K)"z=..=>I-Ky=az}

e cither ker(I — K)! = ker(I — K)'*! & ran (I — K)! =ran (I — K)"*! or
ker(I — K)! # ker(I — K)'*! & ran (I — K)! # ran (I — K)'*! (else contradiction to previous point)
= critical exponent r is the same for kernel and range

elet0=a+bwithaecker(I -K)",b=(I-K)" 3
=0=I—-K)"a+(I-K)"b=(I—-K)*p3
= Beker(I —K)> =ker(l —K)" =b=0=a=0

dim(ker(lfK)T)::d>im(coker(17K)r) X — ker(I _ K)T @ ran (I _ K)T O

7 The SVD of compact operators on Hilbert spaces
Definition 51 (Spectrum). Let X be a normed C-vector space, K : X — X linear and bounded.
1. The spectrum of K is the set o(K) = {A € C| X\ — K has no continuous inverse}.

2. An eigenvalue of K is a A € C such that there exists a corresponding eigenvector u € X with
Ku = \u.

Theorem 52 (Spectrum of compact operators). Let X be an infinite-dimensional Banach space, K :
X — X compact.

1. 0 e o(K)

2. e o(K)\ {0} = X is eigenvalue of K with finite geometric multiplicity dim(ker(A — K))

12



3. 0(K) is countable with 0 as the only limit point
Proof. 1. already proven

2. Assume )\ is no eigenvalue, i.e. ker(I — +K) = {0}
Riesz 3. thm. ran (I _ %K) - X
dim(ker(A — K)) = dim(ker(] — 1+ K)) < oo already shown (Riesz 1. thm.)

bounded inv. thm. 1 .
S (I — £ K) 7! is continuous 4

3. e Let A\, € 0(K) mutually different with A, — A # 0 and eigenvectors z,, € X.
Set X,, = span{xy,...,2,} and choose z, € X,, with ||z,| = 1, dist(zn, Xn—1) >
Then Kz, contains no convergent subsequence (= %):
Let 2z, = > iz; = Kz — Apzy = Z?;ll a;(Ai — A\p)x; € X1, thus
K zn — Kz = || Anzn — (Kzm — (Kzp — Apzn)) || = dist(A\p2zn, Xpn—1) > )‘7" Ym < n.
exnfl
e 0(K) C Bk (0) C C & 0 is only limit point
= o(K)\ B1(0) is finite Vn € N
= all elements can be numbered O

1
3

From now on let X,Y be real Hilbert spaces so that X* = X and Y* =Y. Then we can form K7 K
and KK, Just as for matrices the singular values are going to be o; = v/); for \; the eigenvalues of
the positive semi-definite symmetric operator K K : X — X. The largest singular value is || K||.

Definition 53 (Singular values & vectors). Let X,Y be Hilbert spaces, K : X — Y linear and compact.
The singular values of K are
0'120'220’32...>0,

where (02),, are the nonzero eigenvalues of K™ K, counted with geometric multiplicity. The right singular

vectors of K are the corresponding normed eigenvectors u, € X, the left singular vectors are v, =
Ku,/||Kuy| (for o, >0).

Theorem 54 (Singular value decomposition). Let X,Y be Hilbert spaces, K : X — Y linear and
compact.

1. v, is eigenvector to eigenvalue o2 for KK
o(KEK) = o(KK*), and the eigenspaces of 02 for KEK and KK have the same dimension

Ku,, = opv, and Kfv, = o,u, ¥Yn € N

> o e

{un} and {v,} are complete orthonormal systems inran K2 K = ran K = (ker K)* andran KKH =
ran K = (ker KL, respectively
(as long as eigenvectors of the same eigenvalue are chosen orthogonally).

Proof. 1. KK"v, = K(K?Ku,)/|Kuy,| = 02 Ku,/|Ku,| = 02v,

2. By 1, for every eigenvector of K K there exists one of KK with same eigenvalue.
Analogously, for every eigenvector v of KK one obtains an eigenvector K7v/||Kv| of KK
with same eigenvalue.
Furthermore, K and K are injective on the eigenspaces of K K and KK respectively.

3. | Kun|? = (Kup, Kup) = (un, KEKu,) = 02 (U, u,) = 02
= v, = Ku,/||Ku,|| = Kup /o, & KHv, = KEKu, /| Ku,| = opu,

4. u, and v, are normed by definition.
Orthogonality for o, # 0y, follows from o2 (U, Um) = (K2 K, ) = (Un, KT Kuy,) = 02, (U, um)
(analogous for v,,).
Let U = span{uy,us,...}; need to show U+ = ker K.
KHK((UL) c ULt if (un, K¥ Ku) # 0 for some u € UL, then 0 # (K7 Kup,u) = 02 (u,,u) 4.
= K" : KU+ - U+ L L
= We can restrict K to a compact operator L : U+ — KU with adjoint L¥ = K : KU+ — U*.

13



= Ju € Ut with ||lul| =1, ||Lu|| = ||L||
= ||L||? = || Lu||* = (Lu, Lu) (u, L¥ Lu) < |L¥ Lu|| < ||L||? with equality only if L7 Lu = au
= u is eigenvector to eigenvalue a = ||L||? of L L and thus of KFK = L=0= Ut =ker K [

Corollary 55 (SVD). Kz =K > 00 (2, un)un = Y pey (T, Un) 000, & KHy =37 (y,vn)00u,.

Corollary 56 (Picard criterion). Let X,Y be Hilbert spaces, K : X — Y linear and compact, f € ran K.
2
Ku = f has a solution iff Y >, (fgvig”) < oo.

Proof. ‘=" Let Ku = f, then (f,v,) = (Ku,v,) = (u, K%v,) = o, (u, u,).
= Yoty Ul = 0 (ww)? < Julf?

‘e’ Set u =320, Wtndythen Ku = Y% (f,vn)vn = f and u € X due to the condition. O

n=1 o,

Definition 57 (Mildly and severely ill-posed). The inverse problem Ku = f is called
e severely ill-posed if o, = o(n™%) for all a > 0 (e.g. inverse heat flow),
e mildly ill-posed if o,, = O(n~%) for some a > 0 and it is not severly ill-posed (e.g. X-ray tmnsform),

Example 58 (Integration/differentiation mildly ill-posed). K :L?((0,1))— L?((0,1)) )= J5 u(
:KHU(y):f v(s)ds = KH Ku(y) f Jy u(s)dsda

Let 02 be eigenvalue of KT K with eigenvector u, i.e. w = KT Ku = ou,

then w'(s) = —u(s) = 7“;2(5) with w'(0) = 0, w(1) = 0.

= w(s) = acos(Z) withw(l) =0 = o= u(s) = % cos(£) = o, = O(2)

2
@n—1)r’

The singular values help to better understand the effect of noise: Let K : X — Y compact, Ku = f,
Ku® = f° noisy measurement of f. We have

oo oo
f = fion)?
R ST LI Pt A S
n=1 n=1 n

. . « < e 1 . . . . .
= Noise at higher “frequencies o (meaning noise components in span{v, }) is amplified more.

8 Generalized inverse

Even if an inverse problem has a solution it might not be unique. Likewise, the measurement may contain
a component outside the range of the forward operator, which thus can actually be ignored. Both these
situations refer to the first two conditions of well-definedness, injectivity and surjectivity. We now define
how the solution of an inverse problem or its regularization should behave in these situations (on Hilbert
spaces).

Definition 59 (Orthogonal projection). Let X be a Hilbert space, M C X a closed subspace. The
orthogonal projection Py; : X — M is defined by

(Pupz,v) = (x,v) Yve M.

Theorem 60 (Orthogonal projection). The orthogonal projection is well-posed, linear, and continuous
with ||Par| < 1.

Proof. Homework. O

Definition 61 (Least squares & minimum-norm solution). Let X,Y be Hilbert spaces, A: X —'Y linear
and continuous, b € Y.

1. © € X is called least squares solution of Ax = b if ||Axz — blly < ||Az —b||y Vz € X.
2. A least squares solution x is called minimum norm solution of Ax = b if ||z||x < ||z]|x for all least

squares solutions z.

14



Theorem 62 (Least squares solution). The following are equivalent:

1. x is least squares solution

2. AH Az = AHp (A applied to Az = b)
3. Ax = P—b
Proof.1.=+2. opt. condition: 0 = 2L [|A(z + t2) — b||3 |i—0 = (Az — b, Az) = (AF Az — AHb,z) V2 € X
2=3. 2. = (Az—b,Az)=0forall z€ X = (Az —b,v) =0forall v eran A = Ax = P 3b

—be(ran A)* z—x)Eran
3.=1. ||Az—b||2 _ H(A$—b)+A(Z—x)H2 Axz—be(ran A) :&A( )Eran A

I(Az = b)[* + |A(z —2)|> DO
The last characterization shows that a least squares solution might not exist, e. g. if ran A is dense in Y.
Theorem 63 (Domain of minimum norm solution). Let b € ran A & (ran A)L.

1. A least squares solution exists.

2. The minimum norm solution is well-defined.

Proof. 1. Let b= Az + w with w € (ran A)+ = ker A,
then x is a least squares solution due to A7 Azx = AH (Ax +w) = A%b.

2. Homework (analogous to theorem 10) O

Definition 64 (Moore—Penrose inverse). Let X,Y be Hilbert spaces, A : X — Y linear and bounded,
B : (ker A)* — ran A with B = Al(ker ay - The Moore-Penrose (generalized) inverse is the unique linear
extension

At iran A® (ran A)t — (ker A)*t
of B~ with ker AT = (ran A)*.

Note that the minimum norm solution and the Moore-Penrose inverse are not defined on all of Y, e. g.
if ran A is dense in Y, then (ran A)% = {0}.

Theorem 65 (Moore—Penrose inverse). The Moore—Penrose inverse is uniquely determined by
1. AATA=A
2. ATAAT = AT
3. ATA=1—-Pia2a
4. AAY = Prilian A@(ran )
Proof. ‘=’ (1) and (2) follow from (3) and (4), (3) and (4) follow from definition of A™

(<:7

domain of At follows from (4)

— range of AT follows from (2) & (3)

ker A* D (ran A)* follows from (2) & (4)

— AT = B~! on ran A follows from (3) = ker A* = (ran A)* O

Theorem 66 (Minimum norm solution and Moore-Penrose inverse). Let b € ran A @ (ran A)*~. The
minimum norm solution of Ax = b is x* = A'b, and the least squares solutions are * + ker A.

Proof. Homework. O

Remark 67 (Moore—Penrose inverse of compact operator). Let K : X — Y linear and compact with
SVD o, Un, v, and b € ran K @ (ran K)=*, then

b=K"b=""0,(bvn)un

> o2 (KTbug)u, = KKK YD = KMp
n=1

ran K
n=1
= Ktb= i(K*b Un )t = i (,0n)
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9 Linear regularization

The Moore—Penrose inverse K T solves the inverse problem Kz = y for y € dom(K*) = ran K & (ran K)=+
and thus addresses the existence and uniqueness problems of an ill-posed inverse problem. However, K+
is in general not continuous so that noise in y prevents the solution of Kz = y. This problem is solved
by regularization.

Definition 68 (Regularization). A family of continuous linear operators Ry : Y — X, a > 0, and a
map

a:(0,00) x Y = (0,00), (8,9°) = a(4,y°)
for the choice of the regularization parameter « is called a regularization of Kt if for every sequence y°

with ||y® — y|| < & one has
5 +
Ra(g}yé)y m K Y.

The parameter choice is called a priori if a(d,y°) = a(d) (cf. corollary 72), else a posteriori (cf. re-
mark 83). It is conventionally chosen such that o — 0 as 6 — 0.

For compact operators K on Hilbert spaces, one can obtain regularization operators R, for K+ via the
SVD of K, by approximating

o (¥, vn . S
k=3 0 i Ry =Y ga(on) v
n=1 n n=1

for some g, : (0,00) — [0,00). For R, to be an admissible regularization of K one needs g (t) — ¢ for
a — 0. In order to check the convergence, the error is estimated by

|Ray® — KTyl < |Ray’ — Ryl + ||[Ray — KTy .
—_— —_—

propagated measurement error approximation error

Theorem 69 (Approximation error). Let X,Y Hilbert spaces, K : X — Y linear and compact with
SVD (0, tun,vn), let © = {o1,02,...} C (0,|K||]. Let Ro : Y = X, Ray = o Ga(0n)(y, v )ty with
Jo : (0,00) = [0,00).

1. R, is continuous iff
Co = sup{ga(t) |t € T} < 00.

2. R, — K% pointwise on domK™ as a — 0 iff

v = limsup sup{og, (o) |o € T} < oo,
a—0

1
o (t) — : pointwise on X for a — 0.
Proof. 1. “=": |Rayl® = 32071 |ga(0n)P|(y, va) * < C8 32021 1y, vn) [ < ClylI?
“<”: Let € > 0 and n € N with g,(0,) > Cy — €, then |[|[Ryv,|| > Cy — €.
2. “=7

o [Ray — K¥yl? = 02 190 (on) = 2 Ply, vn) 2 = 02, |owga(0n) — 1172222

e Picard criterion = Y7 | |(y(7—“”)|2 < o0
- n

e for £ > 0 choose N € N with } " o | |(y"f”) 2 < ST
and ap > 0 with 25:1 |ongalon) — 1|2|%|2 < sVa<ag

N 2

2 00
, U , U
o |Roy— Kty|? = Z |0nga(on) — 1|2 M + Z |0 a(00) — 1|2 y <e
—
n=1 n n=N+1 <(14)2 n
<3 >
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‘=
o if go(0n) A a% as a — 0, then Rovy, = ga(on)un /> 5= = Ko,
e Suppose a; — 0, n; — 00, and Sj = 0y, ga,; (0n;) — 00 as j — 0o, wlog S5 > j + 1.
Set y =72, %vnj, then y € domK™ due to >~ |%|2 =30 ]%, < 00,
but | Ra,y — K*y|| > |S; — 1] |<y::j>| = |S; — 1|2 > 1 for all j 4 O

Remark 70 (Sufficient conditions). Replacing ¥ with (0, || K||] or even (0,00) in the definitions of Cy
or 7y in theorem 69, one still gets sufficient conditions for boundedness and pointwise convergence of R, .

Remark 71 (Convergence speed). The convergence Roy — K1y can be arbitrarily slow. Indeed, given
an arbitrarily small ag > 0 and arbitrarily large C > 0, one can find n large enough such that |Rovy, —
K*v,|| = |ga(on) — | > i — 8UPy>q, Ca > C for all a > ag.

Corollary 72 (Convergence of regularization). Let K, g, as above and a(8,y°) —s5_0 0 such that
Ca(s.45)0 =50 0, then
R S Kty
a(s,y®)Y 0 Y

Proof. ||Ray’ — Kyl < |Ralllly’ =yl + || Ray — KTy O
<Cod—0 —0
Example 73 (Different regularizations). 1. Truncated singular value decomposition, TSVD

0, t<a« 1
go‘(t){1 = Cho=—, v=1
% a

2. Lavrentiev regularization

1 1
Wt)=—— = Ca==, =1
galt) = v
3. Tikhonov regularization
t 1
t)= —— Co=——,7v=1
9at) = 7, Wi

To implement the TSVD it suffices to determine the first singular values and vectors; for the Lavrentiev
and Tikhonov regularization one can exploit the following.

Theorem 74 (Equivalent characterization of Lavrentiev and Tikhonov regularization).

1. Let R, be the Tikhonov reqularization operator, then R,y = argmin, | Kz — y||? + a|z|%.

2. Let R, be the Lavrentiev regularization operator and U : X — Y, Uu, = v, Vn (U\m 15 an
isometry; if K = K" : X =Y = X with ran K dense in X, then U = 1d), then R, = (K +aU)¥.
Proof. Homework. O

Under additional regularity conditions on y or KTy one can achieve convergence rates.

Definition 75 (Source condition). A source condition is a reqularity condition on x = K*y of the form
r = (KHK) w for some >0 and w € X.

Remark 76 (Regularity in source condition). The source condition depends on K, i. e. the reqularity is
measured in terms of K. The higher p the more reqular are y and x.

Theorem 77 (Error bound under source condition). Under the source condition v = Kty = (K" K)* w
we have

| Ray — Kyl < ¢pula) ]l for ou(a) = |ga ()T — o],

max
o€(0,]|K]]
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Proof. * chzl Mun =Kty=x= fo:l oA (W, g )up = (W, un) = Séfjrll)

2 2

o [IRay = KHyl> = S50 [(galon) = o2t [ ] =
———
Sep(@)? =(w,un)?

Remark 78 (Convergence rates under source condition). Under the source condition we thus have
[Ray® — KTyl < Cob + pu(a)||w]|. The right-hand side can now be minimized for o to obtain an
optimal convergence rate (and the associated choice of the regularization parameter a(9)).

Example 79 (Convergence rates under source condition). 1. TSVD:

0, o<« 1, o<« 1
g2ntl, 1’ - — oM = sup ot ’ - =o?, C,==
T o>«

>0 0, o>« «a
. 5\
Cob + pp(a)]|w]| = min! = «a(d) = (2M|w||>

wu(e) = sup
a>0

= |[Ra@y’ — K*y|| < Cllw|7 675

2. Lavrentiev:

K|*"«a 1
1 O'QMOé I 1 > 1 1
2 1 2 =
o) = sup |0 —— — 0| = sup —— = ¢ IKl+e’ 20, Ca=—
o<|I K]l gta o<IKI T T | sampimmme P <3 a

Vs, w>

. _
Cod + pu(a)w]| - min! = () =C {51/(2;&1)7 <

N N

Vs, >

§2m/ (2ut1) <

N N|=

= |Ray’ — Kyl < C{

3. Tikhonov: Homework

Remark 80 (Maximum convergence rate). The smaller p1, the worse the convergence rate. Independent
of the size of u, the convergence rate is always strictly smaller than §' due to the ill-posedness.

Definition 81 (Qualification). The qualification of a regularization method is the largest 8 = 2uq so
that the source condition for p < pg yields a slower convergence rate.

Example 82 (Qualification). TSVD: co; Lavrentiev: 1; Tikhonov: 2

Remark 83 (Mozorow’s discrepancy principle). The discrepancy between the correct data y and the
result KRyy of the forward problem is

- — (y,00) )"
Iy = KRayll? = (0= 0nga(0))? (1, 00)° = 3 (0204 — 02072, (5,))2 (UW < Gy (@)l
n=1 n=1 n

For TSVD, ¢, 1 ((6)) = const.d, thus |ly — KRqayl| < const.d. This motivates Mozorow’s discrepancy
principle: Pick o such that | K Ray? — 40| ~ 4.

10 Tikhonov regularization for nonlinear inverse problems

For a nonlinear operator F': X — Y one cannot define a SVD or an adjoint. However, the formulation of
Tikhonov regularization as minimization problem can be transferred onto the nonlinear inverse problem
F(r) =y.

Definition 84 (Least squares and minimum norm solution, Tikhonov regularization). Let X,Y be
Banach spaces, F: X —-Y, xz* € X.
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e = € X is called a least squares solution of F'(z) =y if |F(z) —y| <||F(2) —y| Vz € X.

o A least squares solution x of F(x) =y is called z*-minimum norm solution if ||z — z*|| < ||z — z*||
for all least squares solutions z.

e The associated Tikhonov regularization operator is Ry : Y 3 y +— argmin,cy J¥(z) C X for
Ji(x) = |F(z) —yl* + aflz — 2.

Remark 85 (Consequences of nonlinearity).

e Uniqueness of the x*-minimum norm solution or the Tikhonov regularization cannot be expected
for monlinear F. Also, there can be local and global minimizers — we will only consider global ones.

e For linear inverse problems we picked x* = 0, for nonlinear ones 0 plays no distinguished role.
We now work through the standard program for nonlinear regularized inverse problems:

1. existence of minimizers

2. stability of minimizers

3. convergence of the regularization

Theorem 86 (Existence). Let X,Y be reflerive Banach spaces (i.e. X* =X, Y* =Y )and F: X - Y
continuous and weakly sequentially continuous (i. e. F(x,) — F(x) for x, — x).

a. JY has a minimizer.

b. If F(x) =y has a solution x € X, then it has an x*-minimum norm solution.
Proof. (a): “direct method of the calculus of variation”

Lo J4(@*) = |[F(z") —ylI* < oo & JE =0

2. consider a “minimizing sequence” x,, with J¥(z,) — inf J¥ monotonically

Banach—Alaoglu
_———>

3. allz,—2*||? < JY(z,) < JY(x0) < 00 there exists a convergent subsequence z,, — x

4. Due to weak lower semi-continuity of the norm and F(x,) — F(x),
Ji(x) = |F(x) = yl* + allz — 2*|* < liminf, o0 JY(2n)

(b): analogous, just restrict J¥ to the weakly closed set of solutions to F(z) =y O

In the linear case, ||Ray® — Rayl| < Callz® — yl|, i.e. the regularized solution converges strongly and
linearly in the measurement error. In the nonlinear case we only obtain weak convergence of subsequences:

Theorem 87 (Stability/continuity of regularization). In addition to the conditions for existence let
yn =y Y and x, € argmin, JY"(x). Then x,, has a weakly convergent subsequence, and every weak
limit point minimizes JY(x).

Proof. 1. allz, —2*[[2 < Ji (@) < Jin(0%) = | F(@*) = gal® < C < o0

Banach—Alaoglu
——————> 1, has weakly convergent subsequence z,, — x

2. Due to weak lower semi-continuity of the norm and F(x,) — F(x),

JY(2) < Hminf,_se JU (2,) < Hminf, e JEn (2) U 7 7Y gy (2) for all 2 € X O

So far we showed existence and (weak subsequence-) continuity of the Tikhonov regularization (unique-
ness is impossible in general), i.e. as much well-posedness as possible. Now we consider convergence.

Theorem 88 (Convergence). In addition to the above let F(x) = y have a solution x € X and lety’ € Y

with ||ly® — y|| < 6 as well as %, € arg min Jgs. Ifa— 0 and §/\/a — 0 as 6 — 0 for a = a(6,y°), then
2% has a weakly convergent subsequence, and every weak limit point is an x*-minimum norm solution.
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Remark 89 (Condition on regularization parameter). We require §/\/a — 0, which is exactly the same
as for Tikhonov regularization in the linear case (Cod — 0).

Proof. 1. There exists an z*-minimum norm solution zt.

2. 2% has weakly convergent subsequence:
2t =

F( y
allzd —a*|> < JY (%) < JY (ah) = |Flah) =02 +allzt — 27> < 0% +afzt — |2
= 22 bounded = 3 weakly convergent subsequence a:f;; -z

3. z is z*-minimum norm solution:

F(af =y

(=") 2
o |z —2*|? <liminf, o [|20 —2*[|*> < = liminf, e 2,

Lt ot -0 = ol — |

n

o [F(2d) = yll < 0n +1F (%) =4Il < 0n + \/JE (@00) < 0+ () JE (1)

< Ot/ 2 +ay |zt —a* |2 — 0= ||F(x)fy||:lirginf ||F(x‘;ﬂ)fy|| =0 O

Corollary 90 (Strong stability and convergence in Hilbert space). If X is a Hilbert space, the “weak”
may be replaced with “strong” in the previous result.

Remark 91 (Role of the Hilbert space). Strong convergence is indeed specific to Hilbert spaces and
cannot be expected in general Banach spaces: In Hilbert spaces, x, — x & ||z,| — ||z| imply x, — =,
and we will just copy the corresponding proof.

Proof. ||z —z|? = ||xi’; — 2|2 -2 (:c‘;’;, —a*r—a*) |z —2** =0 O

52 52 —|lz—z*||2
<3 ot —o"|?= 2+ a—a" |2 o=l

(z' & z are z*-min. nrm. sols.)

Still to consider: Convergence rates under additional smoothness conditions. To this end we restrict to
Hilbert spaces in order to get rates in the norm (otherwise we would have to metrize the weak topology
— which we will do later for measures).

Definition 92 (Fréchet differentiability). A map F : X — Y between Banach spaces is called Fréchet
differentiable in 2z € X with Fréchet derivative F'(x), if F'(z) : X — Y is linear and continuous with
1P () —F (z)—F' () (y—x)

lz—yll
differentiable.

I~ 0 as |ly—=z| — 0. F is called Fréchet differentiable, if it is everywhere Fréchet

Theorem 93 (Differentiability of Tikhonov energy). Let X,Y be Hilbert spaces. If F : X — Y is
Fréchet differentiable, then so is JY with (J¥) (x) = 2(F'(2))2(F(z) — y) + 2a(z — 27), ).

Proof. Homework O
For convergence rates we require a source condition. We consider the source condition for pu = %
¢t = (K¥K)zw for some w € X is equivalent to 2 = KHp with p = > (w,up)v,. This can

be interpreted as the existence of a Lagrange multiplicator for the minimum norm solution problem
min, 3||z[|? such that Kz = y, since

1
Lagrangian L(z,p) = §||93||2 — (Kz —y,p)
oL oL
opt. cond. 0=—=y—Kz & 0=—=a—-KHp
dp or

Analogously one proceeds for a nonlinear operator:

. 1 «
Lagrangian L(e.p) = glle 2|~ (F(x) ~v.p)
o aL o o _ aiL _ ok / H
opt. cond. 0= ap =y—F(xr) & 0= 5 2% (F'(z))"p.
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Definition 94 (Source condition). The source condition with u for an z*-minimum norm solution z'
of the inverse problem F(x) =y reads

ot — 2" = [F/(aDTF' (2D))*w  for aw € X.

Theorem 95 (Convergence rate under source condition). In addition to the above let 2t —a* = F'(x")Hp
for some p € Y and let F' have Lipschitz constant L with L|p|| < 1. If we choose a(d,y°) ~ &, then
there exists D > 0 with ||x% — 2| < const.v/§ ¥§ < D.

Remark 96 (Relation to linear setting). In the linear setting, L = 0; also the choice of o and the

resulting error estimate are the same as in the linear setting for u = %

Proof. e ||F(2}) — y°|* + all2f, — 2*|> < | F(zT) = °|* + ala’ — 2*|? < 6% + al|a’ —2*|?
& [|F(@d) =y’ I + allzg, — 2¥]* < 6 + 2a(z — 2%, 2t - 23) = 6% + 2a(p, F'(2F) (2" — 7))
e set f(t) = (p, F(zf +t(x5 —zh)))
= f'(t) = (p, F'(z" + t(2% — ")) (2% — 21)) has Lipschitz constant L||pH||x —xf||?
=, F ) () ) e )| = SO (0)] = 1| S 07(0) ] < ML a2
o [ F(@d) — 5| + allzd — o2 < 62 + 2a(p, F(al) - F(xi)) " aanoni - x*||2
< 0% +2a(p,y’ — F(a)) +2a(p,y —y°) + aL|lpll]|z), — T[]
2
& 2IF () =y +apll? + (1 = Lipl)lla — 2| < &+ allp|l* + 28 |pll = ( J5 +Valp| )
—_———
ﬁCa5+<P%(a)||wH
(1= Lllpll=?, = 27> < (4= )?

)? /(l—Lllpll) 0

c10<a<cad
= |2 — 2t < (5(

11 Short introduction to convex analysis

One often tries to choose convex regularizations since these are easier to minimize and come with simple
error estimates.

Definition 97 (Convex functional). A subset C' of a Banach space X is called convex if
x4+ (1-0)yeC Vz,yeC,0e(0,1).
A functional f: X — (—o00, 00| is called proper and convex if f Z co and
f0x+ (1=0)y) <0f(x)+(1-0)f(y) Vo,yeX,0€(0,1).

The domain of f is
dom f ={z € X| f(z) < o0}

Example 98 (Convex functions).
e linear functionals

o = — (x, Ax) for coercive linear operator A

0 ifzeC

of a convex set C
oo else

e indicator function tc(x) = {

e norms
e compositions of conver functionals with linear operators

Convergence rates for regularizations of inverse problems can typically be obtained in the so-called
Bregman distance, which we introduce next.
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Definition 99 (Subdifferential). The subdifferential of a convex functional f : X — (—o0, 0] in xz € X
18

Of(x)={se X" | fly) > f(z)+ (s,y —z)Vy € X}, (“f lies above its linearization”)
its elements are called subgradients.
Example 100 (Subdifferentials).
o /e X* = Ol(x) ={{}
o [ Fréchet-differentiable in x = 0f(z) = {f'(x)}
R a0
{(w, ) [yl <1} else

Definition 101 (Bregman distance). Let f be a proper convex functional on a Banach space X and
w € Of(x). The Bregman distance of y € X tox € X is

Di(y,z) = f(y) — f(z) — (w,y —z) >0

e || - || Hilbert space norm = 9| - ||(z) = {

(and it does not satisfy the axioms of a metric).

The (Bregman) distance to a minimizer of a convex functional as well as reconstruction errors in linear
inverse problems and their convex regularizations can be estimated via duality methods.

Definition 102 (Legendre-Fenchel transform). The Legendre-Fenchel conjugate of a convex functional
f on a Banach space X is

f* :X*_>(_OO7OO]7 f*(y):jgg<y’x>_f(x)

The (predual) Legendre-Fenchel conjugate of a convex functional f on a dual space X* is

“f i X = (—o00,00], “f(x) = sup (y,x) — f(y).

yex
Example 103 (Legendre-Fenchel conjugate).
o (I-1x)" = tqyex=|ylx-<13
o f(z)= %(m,Ax) for coercive A = f*(y) = %(y,A‘ly)
Theorem 104 (Fenchel-Moreau theorem).
e The Legendre—Fenchel conjugate is convex and lower semi-continuous.

e The Legendre—Fenchel biconjugate *[f*] is the convex lower semi-continuous envelope of f (i. e. the
largest lower semi-continuous convex function below f).

Theorem 105 (Fenchel inequality). Let f be proper convex, z € X, y € X*.
o (y,z) < f(z)+ f*(y)
o cquality < y € 0f(x) & x € f*(y)

Every convex optimization problem, when written as a sum of two terms, has an associated convex
dual optimization problem. The relation between primal and dual problem allows to estimate the above-
mentioned errors.

Theorem 106 (Fenchel-Rockafellar). Let X,Y be Banach spaces, F': Y — (—o0, 0], G : X — (—00, 0]
proper and convex and A : X =Y bounded linear.
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1. The primal optimization problem

p* = xlg)f( F(Az) + G(x)

and its dual problem
d* = sup —F*(y) — G*(—A"y")
yeY*

satisfy weak duality, i.e. d* < p*.
2. Let relint S denote the relative interior of a set S (the interior relative to x + span{S — z}). If

(a) relintdom F' N Arelint dom G # 0 or
(b) (—A*)relint dom F* Nrelint dom G* # () and F, G are lower semi-continuous,

then strong duality p* = d* holds. Under (2a) the supremum, under (2b) the infimum is attained.

Proof of (1). p* = 1é1)f(F(Ax) + G(x)

> i %1k

2 inf "[F7](Az) + G(z)

= inf sup (y, Az) — F*(y) + G(z)
rzeX yeY*

> sup inf (y, Az) — F*(y) + G(z)
yeEY * reX

= sup inf (A"y,x) — F"(y) + G(x)
yeY'* reX

= sup —F*(y) - G*(-A"y) = d" a
YyeY *

If x € X, then with the help of the dual problem one can estimate how well z minimizes F'(Ax) + G(z).
Indeed, for any y € Y* we have

[F(Az) + G(z)] — p* < [F(Az) + G(2)] - [-F(y) - G"(-ATy)] =: &.
Then y is called a dual certificate for F(Ax) + G(z) —p* <e.
Corollary 107 (Primal-dual optimality conditions). Let strong duality hold.

Az € OF*(y) }

z € X solves the primal and y € Y* the dual problem &
b Y P {A*y € 0G(x)

Proof. e (z,y) primal-dual optimal < all inequalities must be equalities, i. e.
F(Az) + G(z) = (y, Az) — F*(y) + G(z) = (A"y,z) — F*(y) + G(z) = —F"(y) - G"(—=A"y)

e by Fenchel’s inequality, first equality < Az € OF*(y), last equality & —A*y € 0G(x) O

12 Tikhonov regularization in Banach spaces

So far we considered inverse problems and their regularizations on Hilbert spaces or at least reflexive
Banach spaces. However, non-reflexive Banach spaces also important, standard, and more natural in
many modern inverse problems (exemplarily, in the next chapters we will analyse inverse problems on
the space of Radon measures).

A typical generalization of Tikhonov regularization for an inverse problem Kz = y with an operator
K : X — Y between Banach spaces would be

argmin  ||Kz —vylly +a |z |l x
zeX | — ——
data/fidelity term regularization term

(ensures consistency
with measurement y)

Also more general data and regularization terms are often more appropriate, e. g.
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o |[Kz —yl||3 (typically if Y is a Hilbert space),
e Kullback-Leibler divergence [ dir,(Kz(s),y(s))ds with dkp(a,b) = blog2 —b+a,
e entropy [e(z(s))ds with e(z) = z(logz — 1).

We consider the general setting

arg min JY(z), JY(z) = LF,(Kz) + G(z)
zeX

with F,, G proper convex, F,(y) =0, F,, > 0 else. For a = 0 we interpret this as constraint F,(Kz) = 0.
We let 4! be the noise-free measurement and z' the correct solution to the inverse problem Kzt = yf.

Theorem 108 (Vanishing Bregman distance for noiseless reconstruction). Let ' € X satisfy the source

:
condition —K*w' € 0G(z") for some wt € Y*. Then any minimizer x of J§ satisfies
DE‘YK*wT (z,z") = 0.

Proof. D%.. .(z,2") =G(z)— G(z") — (-K*w',z — zT)
= G(z) - G(ah) + (wh, Kz — Kat) = G(z) — Gat) = T (@) — J¢ (a1) < 0 O
Remark 109 (Interpretation of source condition).
1. Same source condition as in the setting with Hilbert space & monlinear operator.

2. Source condition —K*w! € 0G(x1) is one of the two necessary and sufficient primal-dual optimality
1
conditions for minimizing J§ .
3. The other one is Kzt € O(5F,1)*(w') = 8L?yf}(w7) = {y'}, thus automatically satisfied.
i
4. Thus, if strong duality holds, source condition = x1 minimizes J§ & w' certifies this.

Now let y° be a noisy measurement with Fys(y') < & (this is how we now quantify the noise strength).

:
e If 2% is an approximation of 2t and J¥ smooth, the reconstruction error 2% — 2zt can be estimated

from the difference J(?{T (2°) — JgT (z") and lower bounds on the Hessian of Jéﬁ.
e For nonsmooth convex J§ ' the Hessian-based estimates are replaced by Bregman distances for J§ T.
e Since JoyT (z%) — Jéﬂ () = oo if Ka? # yt, plain Bregman distance would be oo.
e Thus, fidelity term first needs to be dualized: for some fixed w! € Y*, instead of JY ' consider
G()+ (Kl ) = (§F,)" (wh)
(which by weak duality is never larger than J¥ T).

Theorem 110 (Bregman distance estimate for noisy reconstruction). Let xf € X satisfy the source
condition —K*w! € 0G(z1) for some wt € Y*. Then a minimizer x° of J}f satisfies

DE i (@, a?) < (38 + Fjs (20w + Fjs (—20u1)) /2a),
Fls(Kab) < (35 + Fs (2auh) + Fy <—2awT)) :
(K*w, 2, — 2 < (45 + Frs2awt) + Ffs (~2awh) + s (2aw) + F (—2aw)> /(20) for allw € Y™

Proof. 1. [G(x)) + (K*w', 2%) — (§F,1)* (w)] — LG(:UT) + (K*wi, 2T) — (3 Fy)* (w')]
= G(z3) — G(a") — (-K*w 2 —af) = D, i (a7, 2T)



2. optimality of z?:

G(al) + LFs(Kal) = 7Y (28) < JY (a") = G(a') + LFs (yT) < G(aT) +

Qe

3. Fenchel’s inequality:

(20w, Kz0) + (20w, Kz') < Fys(Kx) + Frs (2aw) + Fys(Kat) + Frs (—2aw)
2a - 2a

(K*w, 2% —zt) =

-
(already proves third statement in case second holds)

4. using both inequalities,
D ey (@, ah) = [G(ad) + (K*wl,ad) — (§F,1)" (wh)] = [G(ah) + (K 0l 2T) — (§F,0)" (w')]

1 1 1
< S Fy(Kad)+ (! K(ah—ah)) < o (35+ F2s (20uw') +F;‘5(72awf))f£Fya(Kxg). O

Remark 111 (Rates from estimates). Fys(z) > 0 unless z = y°
= Fys S“strictly convex” in y°
= Fs(+2aw) is differentiable in o= 0 (homework)
= (F;(2aw) + Fs(—2aw))/a = 0 as a = 0 (symmetric finite difference)

= choosing a as minimizer of (6 + Fy;s (2awt) + F;g(anwT))/a we get a convergence rate,
e.g. Fys(z) = 1|z = y°||? in Hilbert space = Eys (£20wh) = 2a?||w'||? £+ (¥, 2awt)
= (64 F;5(2osz) + Fyﬁ;(—ZawT))/a =2 t4|wlPa = a= W\/ETH’ and rate ~ /3

Remark 112 (Relation to Hilbert space setting). For X,Y Hilbert spaces and G(z) = ||z||?, F,(Kz) =
|Kz—1yl||?, the above recovers the convergence rate of linear Tikhonov reqularization with source condition
for p= % (and its proof reduces to the one we did for a nonlinear operator):

o D iy (20, a1) = [laf, — 2T||? (homework)
o F;(;(QawT) + Fy*(;(—2awT) = 2||w||?a? (homework)
o Fus(y") = |ly® — y'||?, so & here was called 6> before

Remark 113 (Primal versus predual). Without any further changes one may also replace X*,Y™* with
predual spaces *X,*Y (s.t. (*Z)* = Z), Legendre—Fenchel conjugates with predual conjugates, and ad-
joints K* with preadjoints K (s.t. ("K)* = K ). This is the actual case of interest in the following.

13 Short introduction to Radon measures

For superresolution microscopy or particle reconstruction applications, the natural space for inverse
problems is the space of Radon measures. They also naturally occur (as derivatives) in inverse problems,
whose reconstructions are piecewise constant/smooth, but we will only consider the former setting.

Definition 114 (Measure). 1. A set P of subsets of a set Q is called o-algebra if
(1) Qe P (2) AeP=Q\AeP (3) Aie P=U 2, AieP
(due to ANB =Q\ ((Q\ A) U (Q\ B)) it is also closed under countable intersections)

2. The elements of P are called measurable sets, (£, P) is a measurable space.
3. The Borel-algebra of a topological space Q) is the smallest o-algebra containing all open sets.
4. A (positive/unsigned) measure is a map pu: P — [0, 00] with

(1) p(0) =0 (2) p(Up—y Ai) = Y0 1(As) for pairwise disjoint A; (“countable additivity”)
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5. A signed measure is a map v : P — (—o0,00] with (1) and (2) absolutely convergent if finite.

6. The support of a measure p on a Borel-measurable space is spt u = ({A € P|u(Q\ A) = 0}.

1 ifxeA

’ t 517 =
0 else sp {}

Example 115 (Borel measures). 1. Dirac measure 0,(A) = {

number of elements of A if A finite,

2. counting measure #(A) = {
00 else

3. Lebesgue measure L([a1,b1] X ... X [an,bp]) = (b1 —a1) -+ (bp — an)

4. Hausdorff measure H™(A) = lim,_,q inf {221 Wi (%)m ‘A C Uj2, B;, diamB; < 5},

where wy, =volume of m-dimensional unit ball

Y OV
/Y

VN~
V

D) H(A) =length of A
5. Weighted measure v = fu for i a measure, f measurable (see below); v(A) = [, fdu

Remark 116 (Point masses). In some inverse problems one needs to reconstruct point sources, e.g.
radioactive point sources in emission tomography, single fluorescent molecules in microscopy or iron parti-

cles in magnetic resonance tomography. A point source at position x € R™ with (radioactive/fluorescent/magnetic)
intensity a > 0 can be described by ad,. This motivates the use of a Banach space of Borel measures.

Definition 117 (Transformations of measures). Let (2, P) & (Q, P) be measurable spaces, pi a (signed)
measure on (Q, P) and B € P.

1. The restriction of u to B is uLLB : P — (—00, 0], ul_B(A) = u(AN B).
2. T:Q — Q is called measurable if T~1(A) € P VA € P.
3. The pushforward of y under T is Typ : P — (—o0,00], Tyu(A) = w(T~(A)).

Remark 118 (Lebesgue integral). For measurable functions f : Q — R the Lebesgue integral fQ fdp
can be defined.

Example 119 (Pushforwards). 1. p M [\/\ Tup

2. proj; : R" - R, = — x;;

proj; : 1 X ... x Qp = Qi (z1,...,2,)

3. fAfonusz(A)de#(ul_A)

Definition 120 (Properties of measures). 1. A measure p on Q is called o-finite if Q = |J;=, A; for
a sequence A; C Q with |p(A;)] < oo.

2. v: P — (—00,00] is absolutely continuous wrt. p: P — [0,00], v < p, if u(A) =0 = v(A) =0.
3. v & p are called singular, v 1 p, if 3A € P : u(A) =0,v(2\ A) =0.
Example 121 (Properties of measures). e L on R™ is o-finite, but not finite.

e 0, L L

o~ <« |
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Theorem 122 (Hahn decomposition). For a signed measure p : P — (—o0,00] on (Q, P) there exists
uw(A) <0 ifACN
uw(A)>0 fACQ\N
the positive and negative part of w.

N € P such that { for all A€ P. We write u* = p_(Q\ N), u~ = u_N for

Theorem 123 (Radon—Nikodym). If i is a o-finite and v a signed measure on (2, P) with v < 1, then
there ezists a density function, called Radon—Nikodym derivative, i.e. a measurable f : Q@ — R with

v(A)= [, fdu VYA e P. We wm’tef:g—;:.

Theorem 124 (Lebesgue decomposition). If p is a o-finite and v a signed measure on (£, P), then
there exists a unique decomposition v =71+ m with T < p, ™ L pu.

Certain measures form a Banach space; those are of particular interest to inverse problems.

Definition 125 (Variation and regularity). 1. Let p be a signed measure on € with Hahn decompo-
sition u*. |p| = ut — p~ is called (total) variation (measure) of .

2. |pl(Q) = sup{> 2, |u(A)|| A; C Q measurable & pairwise disjoint} is called total variation of .
3. A measure . on a topological space ) is called regular if for all measurable A C Q we have

p(A) = sup{u(K) | K C A measurable & compact} = inf{u(U)|U D A measurable & open}.

A signed measure is regular if its variation measure is.

Theorem 126 (Regularity of Borel measures). A finite Borel measure on a compact metric space is
reqular.

Theorem 127 (Riesz representation theorem). Let Q@ be a compact metric space (e. g. [0,1]™).

e The space of Radon measures M(Q2) = {u regular signed Borel measure on Q ||u|(2) < co} forms
a Banach space with the norm ||u||pm = TV(w) = || ().

o M(Q) = (C()*, (fym) = [ fdu

Example 128 (Radon measures as dual objects). Homework:
o =ady = (f,pu) =af(x)
o n=gL= (f,p) = [ fgdL

xn—>x€Q,an—>a€R:>an6wnia5w

fo—=fin LNQ) = ful = fL
| > aide, |l = 2, lail (vi pairwise different)

l9Llam = llgllLr

Regularization using the total variation typically leads to sparse results, i.e. measures that are zero
almost everywhere, which fits to particle reconstruction.

As we have discussed for the Tikhonov regularization, in non-Hilbert spaces one cannot expect con-
vergence rates for the norm of the reconstruction error in regularized inverse problems, but only gets
weak(-*) convergence of the error to zero. Thus, if we want rates, we need to metrize weak-* conver-
gence. The classical way to do so for measures is via optimal transport: One interprets two probability
measures i1, (12 as initial and desired distribution of a material and calculates the cost for transporting
the material from p; to pus.

Definition 129 (Nonnegative measures). Let Q@ C R™ compact.
e Nonnegative measures M, (Q) = {p € M(Q) | p = |p[}
e Probability measures P(Q) = {u € M (Q) | pu(Q2) =1}
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Definition 130 (Monge formulation of optimal transport, Monge 1783). Let Q C R™ compact, p1, 12 €
P() (representing the initial and final mass distribution), ¢ : Q@ x @ — R (c(x,y) is the cost for
transporting unit mass from x to y). The Monge formulation of optimal transport reads

find the transport map T : Q — Q minimizing C(T) = / c(z,T(x))dpuy among those with Ty, = po
Q

Monge’s formulation is not well-posed, e. g. for u; = dg and ps = %5:” + %(5?/ half of the mass from 0 needs
to be transported to x and half to y. Also, the minimization problem is very nonlinear and difficult
to solve. In the 1950s Kantorovich found an alternative well-posed formulation as conver minimization
problem, which won him the economics Nobel prize.

Definition 131 (Optimal transport cost, Kantorovich formulation). Let Q@ C R™ compact, pi,pe €
P(2), c: QA x Q= R continuous.

e A transport plan between py, ps is a ™ € P(Q x Q) with PIOjy ™ = i1, Projoum = pa. The set of
transport plans is I(p1, u2). (m(A x B) is how much mass is transported from A to B.)

e The tranport cost of a transport plan © is C(m foQ z,y)dr(z,y).

e The Kantorovich formulation of optimal transport reads

find the transport plan 7 € II(uy, pa) minimizing C ().

Theorem 132 (Existence of optimal transport plan). There exists an optimal transport plan.
Proof. Homework (direct method of calculus of variations) O

Definition 133 (Wasserstein distance). Let @ C R™ compact, pi, po € P(Q), c(z,y) = |y —z?, p > 1.
The Wasserstein-p distance between py and po s

1

P

Wy (ja1, iz) = (inf{ [ le-ypantey
QxQ

mE H(M17N2)}>

Theorem 134 (Wasserstein distance). The Wasserstein distance is a metric on P(£2).
Proof. Homework O

Remark 135 (Wasserstein distance for non-probability measures). By rescaling p1, pa, © with the same
factor, the Wasserstein distance is also defined for measures with non-unit mass.

Example 136 (Wasserstein distances).

o W,(0,6y) = |z —y| (homework)
o Wy(bz, 1) = (fo Iz — yP duly ))% (homework)
o Let f,g : [0,1] — [0,00) with folfdﬁ = folgdﬁ = 1, let F,G be antiderivatives of f,g with

F(0)=G(0)=0, setT =G 'oF. Then W,(fL,gL) = (fo |x —T(x)Pf(z)dL(x )); (homework).

e Let A,B,C,D denote the corners of the unit square, 1 = (64 + 0p), po = 1(06c + ép).
Wp(a, p12) = 1, Wy(0a, p2) = (3 +2571)7 (homework).

Theorem 137 (Metrization of weak-* convergence). The Wasserstein-p distance metrizes weak-* con-
vergence on P(Q).

Example 138 (Metrization of weak-* convergence).
* Zzlil @ dap = Zz 100z, & W, (Zz 1070z Zf\[:l ai6z,) = 0 (homework)

o Ly =6, & Wy (ttn, 05) = 0 (homework)

28



In some inverse problems one has to reconstruct a nonnegative Radon measure p. The total variation or
mass 1(€2) is usually not known beforehand. Thus it is not sufficient to restrict to probability measures.
To define distances between measures of different mass one uses so-called unbalanced optimal transport.
There are many variants, we just introduce the one most natural in our later setting.

Definition 139 (Unbalanced Wasserstein divergence). Let py, s € M (Q). For fited R > 0 the
unbalanced Wasserstein-p divergence between pi and po is

WY a1, po) = inf {WP (1, pa) + SR lpa — pllaa | e € M ()}

Remark 140 (Unbalanced Wasserstein divergence). It measures the cost for first changing the mass
of p1 to some intermediate measure p and then transporting that new mass distribution to ps. Up to
distance R a mass transport is less costly than removing the mass in the initial position and regrowing it
in the destination.

Remark 141 (Metric properties).
o WP p(p,p2) > 0 with equality iff j11 = pio.

o Wy r(p1,p2) =W plpz, 1)

— Have p < py + po and p < py + pio.

— Set fu= pg + p1 — pp € M4(Q).

= Wh(p, p2) = Wr(p1, i) and ||p1 — pllm = |lp2 — fillam-
o Triangle inequality is violated unless p = 1.

Remark 142 (Unbalanced Wasserstein divergence for signed measures). We can extend the unbalanced
Wasserstein-p divergence to signed measures fi1, o € M(Q) via

W o (p1, p2) = inf {WE(u, u3) + WE (v, lug ) + 3Rl — g+ vl | i v € M (Q), v < | + |l } -

14 Superresolution: Exact recovery

Superresolution = image reconstruction at a spatial resolution higher than the one of the measurement!
2014 chemistry Nobel prize: Betzig, Moerner, Hell for super-resolved fluorescence microscopy

= resolution better than diffraction limit of light!
Ezamples: ITn PALM or STORM, most fluorescent molecules are switched off (e.g. by reversible pho-
tobleaching) so that at each time point only a few molecules emit light. In the camera, each molecule
then appears as a diffuse blob, whose centre can be taken as the exact molecule position. Thus we try
to reconstruct a linear combination of Dirac measures!
First rigorous analysis by de Castro & Gamboa 2012 and by Candeés & Fernandez-Granda in 2013 &
2014; we do slightly different version.
Underlying theme: Infinite precision despite finite (!) measurements.

Remark 143 (Forward operator in superresolution).
o As forward operator Candés & Fernandez-Granda used a truncated Fourier series
K M(Q) = CERD = (/ e du(x))
Q ce{—k,—k+1,.,k}n
on the domain Q = [0,1]™ with periodic boundary (k = mazimum frequency).

e Other (finite-dimensional) forward operators are possible in principle, though they might potentially
only allow slightly weaker results (e. g. because the source conditions have not as nice properties).

o We develop the theory independent of K and will a posteriori validate that it can be directly applied
for K the truncated Fourier series.
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From now on we assume ) to be a compact domain, K : M(Q) — Y a linear forward operator with
finite-dimensional Euclidean codomain Y, and the ground truth configuration to be

N
pt = Zai5ac7¢ € M(Q).
i=1

Further, yt = Kpu!. We aim to reconstruct p from a (noisy or noiseless) measurement 3 by minimizing

the Tikhonov functional 1

TE) = ~ 1K p=yl3 + llaa-

Theorem 144 (Source condition). The source condition for u' in this setting reads

Ju' €e*Y =Y s.t. | *Kw|co <1, —*Kw'(z;) =sgn(a;), i=1,...,N.

Proof. Homework. O
Theorem 145 (Support identification). Let u! satisfy a source condition with dual variable w' and let
|*Kwt| <1 onQ\ {z1,...,25}. Then any minimizer u of Jéﬁ satisfies

sptpu Csptu’ = {x1,...,zx).

Proof. Homework (use Bregman distance estimate). O

Theorem 146 (Exact recovery). Assume in addition that for any v € M(Q) with sptv C sptul a

:
source condition holds. Then u' is the unique minimizer of J§ .

Proof. Let p be another minimizer, then spt u = spt u.
Let p— put = Zfil b;0,, and w be the dual variable of the associated source condition, then

N
0=—(w,K(u—ph)) = (=" Kw,p— pf) = ngn(bi)bi >0

unless by = ... =by = 0. O

Remark 147 (Relaxation of conditions). Actually, asking a source condition with dual variable w, to
hold for every v is more than required. In fact one solely needs that —* Kw, has the same sign as v at
every T;.

Remark 148 (Existence of dual variables). Often, the conditions (of source conditions holding for any
measure v with sptv = {x1,...,xN}) are satisfied as long as the x; have a minimum distance from each
other (e. g. distance > const./k if K is the truncated Fourier transform,).

15 Superresolution: Reconstruction from noisy data

Now let y° € Y be a noisy measurement with ||y° — yf||2- < §. We will derive unbalanced Wasserstein
divergence estimates for the reconstruction error.

e Let A > 0 be the minimum distance between the z;.
e For R > 0 let Br(S) denote the open R-neighbourhood of the set S.

e Abbreviate B; = Br({z;}), B= U, Bi, B°=Q\ B.
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Theorem 149 (Unbalanced Wasserstein divergence from mass estimates). Let R € (0,A/2). If u €
M(Q) satisfies

lul(B°) <«
N
Zl(uT — ) (Bi)| < 8,

N
> [ distCa.ai?dlule) <,
i=17Bi

then
W3Rt 1) < 3R*(a+ B) +~
Proof. Homework. O

Theorem 150 (Mass distribution from Bregman distance). Let vt € TV (u') N C%(Q), i.e. of| <1
and vt (z;) = sgn(a;). If vt satisfies

lvT| <1 —~kR? on B, sgn(a;)v'(z) < 1 — wdist(x, ;)% on B;
for some k > 0,R € (0,A/2), then for any pu € M(Q) we have

1

lul(B€) < RQD MONTE

N
S [ distCo ) dlpl@) < £ o),

Furthermore, let v € OTV(v) N C°(Q) for v = Zﬁl(u — u)(Bi)ds,, thus v(z;) = sgn(v({z;})) for
i=1,...,N. If for some n > 0 the function v satisfies

v(z;)v(x) > 1 — ndist(x,2;)? forallz € Bi=1,...,N

)

then additionally

N
S 18— (B < 2L DI ) (o, i),

Proof. e first two inequalities:
) R2||(B°) +m§:/ dist(z, 2:)% || (z) </ it ) +§:/ et dpe)
— /B 7 = Jpe dlul — Jp, dlul

du
/ il ol du(z) = ulla = @F 1) = el = it = (0F 1w = gty = DY (1)
e third inequality:

o Sy [(n—ph(Bi) = [pvd(p—ph)+ 300, [5 v(z:) —vd(p— ph)
o [pvd(p—pt) = (v,u—pf >—chvd(u—u )

< (v, p—ph) + [ = pt|(B®) < (o, — p') + 3= DY (1, 1)
o iy [, vlws) —vd(u—pt) < 3L, [ ndist(x, 2:)? d|pl(x) < LDLY (1) O

A-k —)g,‘l

/\
B AYAR
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Theorem 151 (Convergence rate of reconstruction). Assume that for any v € M(Q) with sptv C spt uf
a source condition holds with dual variable w, and

| *Kw,| <1—xR? on B, 1 — ndist(z, 2;)* < —sgn(v({z;})) *Kw, (r) < 1 — wdist(z, z;)? on B;
for some k,n >0, R € (0,A/2). Then any minimizer ul, of Jg5 satisfies
W3 (it 1) < CHLEDIE (84 )

for some constant C > 0 depending on u'. The choice a = /3 thus yields W227R(uT,,ui) < const.v/3.

Proof. Homework (combine theorems 110, 149 and 150). O

16 Source conditions: Trigonometric polynomials

For the previous two sections we need the existence of dual variables w, such that —*Kw, satisfies
certain growth conditions. As an exemplary case we show when this is possible for K the truncated

Fourier series on [0,1]. Then g = — *Kw, is of the form
k ..
gla) = ) e,
j=—k

i.e. a trigonometric polynomial with maximum frequency k and coefficients ¢; € C (homework). Hence,
we need to show that for any v = vazl b;0;, with minimum distance A between the z; there exists a
trigonometric polynomial g with maximum frequency k such that

lg| <1 —KkR? on BC, 1 — ndist(x, 2;)? < sgn(b;)g(x) < 1 — wdist(x, z;)* on B;.
To this end one uses a special basis of trigonometric polynomials.

Definition 152 (Dirichlet kernel, Fejér kernel).

1. The Dirichlet kernel of frequency k is Dy(z) = Zf:_k e2miiz

2. The Fejér kernel of frequency k is Fy(x) = I%',—l Z?:o Dj(z) = Z?Z_k(l — ]J%_‘l)e%ijm.
Theorem 153 (Dirichlet kernel, Fejér kernel).

1. Dk(l') _ sin((2k+1)mx)

sin(mz)
1 sin((k+1)mz) 2
2. Fk(x) = E+1 ( sin(max) )
A A k . _k 2%k . —k 1_32k+1 s—k—1/2_5k+1/2
. J— J— -
Proof. 1. geometric series: 35, 87 =s7") 1 87 = T v
k omizg _ e”(@kHDmie _ (kitDmiz _2;sin((2k+ 1))
= Zj:—k e - e~ TIT —eTiT - —2isin(mx)

2. Zf:o sin((2j + 1)mz) = S (kD)

sin(wx)

e induction basis: k=0

e induction step: ZkH sin((2j+1)mz) = sin®((k+Dma) +sin((2k+3)mx) = sin® ((k41)me) fsin(re) sin((2k+8)z)

j=0 sin(mx) sin(mx)

by addition theorems, sin®(t) = (1 — cos(2t))/2, thus

Sinz((k + 1)7‘[‘.13) _ SinQ((k + 2)7‘('33) _ cos(2(k+2)7rm)gcos(2(k+l)7rz)
__ cos((2k+3)mx) cos(mx)—sin((2k+3)mx) sin(ww)f[gos((2k+3)7rx) cos(—mx)—sin((2k+3)7z) sin(—mx)]

= —sin((2k + 3)7x) sin(wx)
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. 2
1 k 1 ko osin((2j+D)mzx) 1 sin((k+1)mz)
Fk(‘x) — k+1 Ej:O Dj (l‘) k41 Zj:() sinJ(Trw) T k+1 ( sin(mx) ) 0

10 6
5
4
0
5 2
-10 0
-0.5 0 0.5 -0.5 0 0.5
D3 Dg Fy Iy

Theorem 154 (Estimates of Fejér kernel). There exists C > 0 such that on [—3, 3] the Fejér kernel
satisfies

1
1. 0 < Fi(x) < D sinZ(ra)’

2. |F(2)] < 5

sin?(nx)’

5. |F (2)) < ST 59 3.4,

sin?(wz) ’
Proof. 1. obvious
2. Pl (2)] = 1 ‘2(1{: + Dmsin((k + 1)mz) cos((k + Drz) 27Tcos(7rx) sin?((k 4 1)7z)
b k41 sin?(7x) sin® ()
_ ™ . cos(mzx) sin? ((k+1)7x)—sin(rwz) sin((k+1)7z) cos((k+1)7x)
= |ksin(2n(k 4 1)a) — 2<stra)sin’(( 2
(k + 1) sin®(nz) ‘ sin(2m(k + 1)) sin(re)
km

- _ gsin(krz) -
= T ‘sm(Qw(k + 1)) — 2305 iy (k + 1))

sin(kmz)
ksin(mx)

and <1

3. homework O

The Fejér kernel F}, has a pronounced maximum at 0 and quickly decays to zero away from 0 (for k¥ — oo
it approximates dp). We now construct a trigonometric polynomial g with

g(z;) = sgn(b;), g (z;) =0, i=1,...,N
(and hopefully the x; being global extrema, since we want |g| < 1).
e idea: take g as linear combination of the shifted kernels Fj(z — x;)

e while Fi(x — z;) has a pronounced maximum at z;, the other summands (though small) may shift
the extremum slightly away from x;

e as a remedy, could perturb z; to Z;; however, finding the correct Z; is highly nonlinear problem
e instead: exploit Fy(z — Z;) = Fy(x — x;) + (Z; — ;) F(x — z;) = take ansatz

N
9(x) =Y a;Fi(x — ;) + B Fi(x — ;).

j=1
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Theorem 155 (Fejér coefficients). The coefficients a = (ay,...,an)T and 8= (B1,...,8n8)T
sgn(b1)
Do __ Dby (k1) :
E+1 2/3 ,,(,H_l)z ( +1o ) - sgn(bN)
-D /
( 2/3w(1i+1)2 2(k+1)3 >\ 2/3 7r(k+1) B , 0
Y 6
—_——
w

for Do = (Fy(z1 — )15, D1 = (Fy(z1 — ;)1 L Dy = (Fy/(z1 — )5
Moreover, there exists C > 0 such that A > implies that the equation is solvable, and

k+1

c
S 7 | S —
IV =Wk < gog 17

Proof. o g(z;) =sgn(b;) & ¢'(z;) =0fori=1,...,N

T
= (g[l) B;) (%) = (Sgn(b1)7"' aSgn<bN)707"' ?O)
& given equation system with M

e M is symmetric and diagonally dominant:

— let My be the diagonal and M the rest of M, i.e.

M=M;+M with My

1
(k+1)2

1
(k+1)2

— compute | M|s
* for | < N we have

Z|Mlj| Z fi)f]|+z| 2/ wk+1

J#l J#LISN

Z 1 3v3

satisfy

+
4(k + 1)2dist® (x5, ;)

IALGSN IALISN
1/2A 1/2A
< Z ¢ Z 1.4
k+12A2 V2(k+1)2A2 = 52 7 (k+1)2A2

x again for [ < N we have

(D1) (D)
> Myl = Z'ﬁlélw > o]

J#EN+I J#ALISN

3v3 C

4V/2(k + 1)2dist? (x5, z;)

< . + :
JAITEN 4V/2(k + 1)2dist? (2, ;) ey (b + 1)2dist? (x5, ;)

1/2A

1/2A
3v3 1 2C 1 4C + 4
< — - S QL
> )2A2;j2 ( 2A2jz:: 2—(

2v2(k + 1 k+1)

* ||MHOO < A2

&+1)2AZ

) B —1
— A > MICE o e <4 = Moo < (1= it — I l) <2
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o [Vllso =MW lloo < M~ Hloo[Wlloo <21

o MgV —-W=-MV=V-W=V-M'W=-M"MV
= [V = Wlso < IM7 oo M IlooIVllso < 5352 H

Theorem 156 (Existence of trigonometric polynomial). There exist constants c1, ca, c3,cq > 0 such that
n=-cs(k+1)2, k=cy(k+1)>%

k+1’ +1’

Proof. e let wlog. x1 be closest to x, then
(using |F}/| < |F}/(0)] = %77216(/6 +1)(k+2) & |[F)"| <30(k +1)%)

|<Z|az\| (= 2)| + 1Bil | By (x — )]

5t. 5.
< const.k(k 4 2) + const.(k + 1)% + Z cons cons

sin(w(z — ;)  sin®(m(z — 2;))

1/2A
<C+1)2+ )
=1

A gé((k+1)2 A12><C'(1—|—1/01)(k—|—1)

thus can choose 7 = C'(1 +1/¢2)(k +1)2/2 = e3(k + 1)?
e analogously |g"’(x)| < const.(1+1/c?)(k +1)3

e wlog. consider second derivative at x

N
—sgn(b1)g” (z1) > —sgn(b))en ' (0) = Y (leu|[FY (1 — x3)| + |Bi||F} (w1 — 24)])
=2
C\ 2 o const const
>(1—-= ) 2n%k(k+2) — : :
- ( c%) 3" (k+2) Zz; (sin2(7r(a; —x;)) * sin?(m(x :177))>

1/2A

2
2(1—C>37rkk+2 CZ 2A2

1

Qi
)

[\v]

zé(1f;)(k+1)

= if ¢ is chosen large and ¢y small enough, —sgn(b1)g"” () > ca(k+1)? whenever dist(z, 1) < 1%
k=cy(k+1)%/2
e Assume R < A/2 and Fy(R) < Fy(0) + F}/(0)R? (else decrease c3) and let x € B, z1 closest to z.

e = choose R =

kJrl7

N
l9(2)| <Y el Fi(w — i) + Bl | F (x — )]
i=1
ol 2 Y. const. 3m
< lay|Fr(R) + Fl(x—z)|+ —|—
<l () + 1L )] + 3 T R D
Fi(R) const.  const.
< (1 const.
=1+ o >k‘+1 c k+12 dlbt
< (1 4 comst. F(0) + F//(0)R?  const. const 28
< (1 + <) ol a 22 2A2
conbt 2 2 const. 2 . .
< (T+ =) - 2n%k(k + 2)R*) + —5— < 1 — kR” if ¢4 small, ¢1 big enough O
1 cl

Remark 157 (Higher dimensions). In higher dimensions one just builds the dual variables as linear
combinations of tensor products Fy(x)Fy(y)Fr(z)--- of Fejér kernels and their derivatives.
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17 Fourier transform

The Fourier transform is the forward operator in magnetic resonance tomography. However, it also helps
to express other forward operators (such as convolution or the Radon or X-ray transform) in a basis that
simplifies their understanding. Below all functions will be complex-valued without explicit mention.

Definition 158 (Fourier transform). The Fourier transform is the linear map F : L*(RY) — L>(R%),
FNE) = @m)=2 | f(z)e™¢ dx.
Rd

We write f = F(f). If f is vector-valued, F is applied to each component. The inverse Fourier transform
is defined as the linear map F~1 : LY(R?) — L>*(R9),

F U g)(x) = (2m)~? / g(€)e € d.

Rd
We write f = F~1(f).

Remark 159 (Fourier transform on Radon measures). One can even extend F (and analogously F~1)
to Radon measures v by

F)(€) = (27r)_d/2/ e~ € dv(z).

Rd

Definition 160 (Multiindex). A multiindex in R? is a vector o € N&. One writes
D% = (2 ) ... (G2 ), =y, o) = a1 + ...+ aq.
Theorem 161 (Growth properties of Fourier transform).
L fllpoes 1 fllze < (2m) =42 ]| s
2. feL*(RY) = f,feCORY)
5. f.Vf € I'RY) = V() = if (€)¢
4. g € LNRY) for g(z) = xf(x) = §(¢) =iV f(¢)
5. Let a € Nd. If f is sufficiently differentiable and f, D*f, fo(z) = 2*f(z) are integrable,
Def(g) = ile” (),
fal®) = 1D f(©).

Thus, a differentiability order of f implies a decay order of f; a decay order of f implies a differ-
entiability order of f. Analogously for inverse Fourier transform.

Proof. 1. |[f(©),1F(€) < (2m)~Y2 [on | ()| do
2. limgoe, f(§) = (2m) "2 limgorg, [ f)e™ € da O™ B (2m) =0/ [ f(a)e 00 da = f(&)
3. 0F [0xi(€) = (2m) =2 [, 2L e € du = —(2m) =2 [, feivE(—ig) dx = i€ f (€)
4. i2L(6) = (2m) 2 [ra f(@)e™ " Cu; da
5. induction using previous two points O

Proposition 162 (Algebraic identities for the Fourier transform).

1. f,g€ LMRY) = [o. f(@)§(z) dz = [y, f(2)g(x) da

2. g(z)=f(-2) = g=f
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3. feLl(Rd):fzf
AA0, fiw) = f(Az) = Fr(&) = N9F(5)
a €RY, fu(z) = f(z +a) = ful§) = ¢ f(8)
let Fi(f)(x) = F(f(x1,. .., Tio1, - Tig1, ... xa))(x;), then F = Fy---Fy
7. f@) = fila1) - fa(za) = f(&) = Fi(&1) -+~ Fal€a)
Proof. 1. f,§ € L™(R?), and both expressions equal (27)~%2 [, [L, e~ f(z)g(€) dz d¢

ORI

2. §(€) = (2m) "2 [ e f(—a) da = (2m) Y2 [ e wEf(y) dy = f
trivial
FaE) = 2m) 92 [y fAz)e 6% de = (2m) V2N [ fly)e RV dy

5. trivial

- W

6. Fubini: f(&) = é Iz \/% Jo-- \/% Jo f(21,.. . @g)e abd day ... em 28 dag e 180 diry
7. follows from previous point and linearity O

Example 163 (Fourier transforms).
o fla) =l = fg) = e/
— f@) = fi(@1) - fal@a) with fi(z;) = e~ /2, thus sufficient to consider d = 1.
- fx)+xf(x) =0
— taking Fourier transform, i€ f(€) +if'(€) =0
1
— f(0)=1 and f(0) = \/% f]R e~ /24y — \/% (fR fR e~ (@ +1%)/2 4p dy) 2
1
2w poo B —r o)
= ﬁ( o Jo e 2/2Td7”d@)2 = ([_6 2/2]0 ) =1
— = f and f solve same ODE with same initial condition

o f(x)=xi—11(x) = f(€) = \/2/msinc(€) for sinc(x) = sin(z)/z if x # 0, sinc(0) = 1

[N

¢ 1 _ o —i& i€ .
- f& = \/%f_ﬁ i p = Ligl\/ﬂe ””5]171 — eiig\/%r = %Smcg

e v=20, = )= (2707(1/267@.5

Proposition 164 (Fourier transform of radially symmetric functions). If f € L*(RY) is radially sym-
metric, i. e. f(x) = F(|x|), then so is f with

f(6) = / rd R () J(rlE) dr for J(s) = (2m) Y2 / i1 0070 q3qd=1(p),
0 Sd—1
For d = 2 we have J = Jy with J,, the nth order Bessel function of the first kind, the bounded solution to

$2T(s) + 8T (s) + (s> —=n?)Ju(s) = 0 with / Jn(s)ds = 1.
0

For d = 3 we have J(s) = \/%sinc(s).
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Proof. Using polar coordinates (r,6) € [0,00) x 971,

f©) =@n¢ / / F(r0)e 0= dr A1 () = / riLF(r)(2m) "% / e~ IO dp=1 (6) dr.
gd-1 Jo 0 ga-1

Properties for d = 2 follow by direct calculation. For d = 3,

7(s) = (2m) 2 [

) e—is(l 00)".0 dH2(9) _ (27r)_3/27-[1(51)/ Sin(pe—iscosga dy
2 0

—1is cos ¢

= (2m) () [ }”:O:2(27r)—3/2¢z1(51)smc(s). 0

Theorem 165 (Convolution theorem). If f,g € L*(R%), then f/:k\g = (27r)d/2f§.
Proof. By Young’s convolution theorem, f * g € L*(R%).
Fro©= o2 [ e [ g2 dsds
R4 Rd
= (27r)_d/2/ e_iz'gf(z)/ e @2 g — 2) da dz
R R

=g e %8 () dz
i [ s
= (2m)2f(€)3(&) 0

Theorem 166 (Plancherel’s theorem). If f € L*(R%) N L2(R%), then || f||p2 = || f|| 2.

Proof. e |[f|2. = (f * 9)(0) for g(z) = f(—x)
o [F122 = fpu | f12de = 2m) =42 [, Frgde

o set vc(z) = e=*/2 then d.(¢) = e=¥/2¢=1€1"/2¢ anq
ﬁe(f) > 07 fRd ﬁé(f) dg = fRd €7|£|2/2 dg - (27T)d/27 65 ’°0_> (27r)d/250
e—

e set w = fxg, then & = (2m)¥2|f|> > 0 and w € C°(R%) since

fltiir%)w(x +h) = Alg%)(f xg(-+h))(x)=f*xg(x) dueto g(-+h) =9 in L?(R%)

o 2m)42w(0) = lim | w(@)i(z)dz =lim [ @(z)v(z)dz ™" “E" thn /Rd wd¢ O

e—0 Rd e—0 Rd

Theorem 167 (Parseval’s theorem). If f,g € L*(R%) N L2(RY), then (f,9)1> = (f,4) 12

Proof. (£.9)2+ (9. Pz = I1f + 9130 — 1F12 ~ 9l2e = 17+ 1% — /1B — 1413 = (F.8)ee + (@ F)re
i(f,9)12 —i(g, flrz = llif +gll72 = If1Z2: = lglZe = lif +allZ2 — 1172 — 19172 = i(f, 9)z2 — (3, f)Le
take first equation minus ¢ times second O

Theorem 168 (Inverse Fourier transform). If f and f (thus by proposition 162 also f) lie in L*(R%) N
L?(RY), then F~YFf=FF 1f=f.

Proof. (9. F)iz = (8. F)z2 = (3. Drz = Jea 07 dx = fpagf dz = (9. /)12 Yg € L'(RY) N L2 (RY)
analogously f = f O
f e L'N(RY)NL2(RY) is for instance implied by f € W41 (R%). Indeed, let d be the largest even number
below d + 4, then by theorem 161(5) |¢|9f(¢) = (—ZF/? f € L*(R%) so that f € L'(R%) N L2(RY).
Corollary 169 (Fourier transform on L?). The Fourier transform and inverse Fourier transform can

be uniquely extended to isometric isomorphisms of L?(R%) which are inverses of each other and satisfy
proposition 162 with L' replaced by L?.

38



Proof. e F, F~! are isometries on the dense subset L' N L? of L?
e unique norm-preserving extension onto L? by Hahn-Banach
o FF-1f = F1Ff = f for the dense subset L' N L2 N W41 (RY) of L2
e all properties extend by continuity O

Remark 170 (Integral representation of Fourier transform). For an L?-function f we might sometimes
write f(§) = fRd f(x)e ™€ dx even though the integral is actually not well-defined; it then has to be
interpreted as the limit of [, fn(x)e™™¢dx for a sequence f, € L*(RY) N L*(R?) with f, — [ in
L?(R%).

Summarizing, the great strengths of the Fourier transform are that it is an isometric isomorphism
(i.e. an orthonormal basis change) on L2(R%) that turns convolution into pointwise multiplication and
differentiation into multiplication with the frequency.

18 Tempered distributions

The Fourier transform and related transforms can actually be extended to much larger spaces. As an
example we have already seen the extension to measures. We will extend it to the dual space of the
so-called Schwartz space, the so-called tempered distributions.

Definition 171 (Schwartz space). The Schwartz space of rapidly decaying functions is the function
space
SRY) = {f € C®R)|[|f|ln < coV¥n € N}
with the (semi-)norms
[ £lln = sup max |z*D”f(x)|
z€Rd laf,|B]<n
(with respect to which it is not complete). It becomes a Fréchet space (a complete metric space) with the

metric
oo

(9= D Ty T gl

Example 172 (Schwartz functions).

e infinitely smooth functions with compact support, e. g.

1 .
0 else
or its translations, scalings, sums, convolutions with compactly supported functions
e normal distribution f(x) = exp(—|z|?/2)

It can readily be checked that f,, — f in S(R?) if and only if || f,,— f|lx — O for all k and that differentiation
D and translation f — f(-+x) are continuous from S(R?) into itself. Likeweise, pointwise multiplication
S(RY) x S(R?) — S(R?) is continuous. Note further that for B C R? the unit ball with complement B¢
and for p(x) = |z|7971 and any f: R? — C we have

I fll = /B |f]dz + /BC |flda < LYB)| fllo + IpllLr (o) 1 /Dl Lo (Bey < C(A)| flla+2

with a constant C(d) depending on the dimension.

Theorem 173 (Fourier transform on Schwartz space). F is a continuous automorphism on S(R?).

Proof. e £*DP(€) = ilBleaf5() = il HIBIDaf5(€) for fa(x) = 2P f(x)
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o thus [|f]ln = maxa|,|g1<n [|DfsllL < maxa)g<n D fallr < const.||flntat2

e thus f € S(RY) = f € S(RY), and F is continuous in 0 € S(R?) and thus on S(R%)

1

e analogously, F~! is continuous from S(R9) into itself O

Definition 174 (Tempered distributions). The space S'(R?) of tempered distributions on R? is the
space of continuous linear functionals S(R?) — C.

Example 175 (Tempered distributions).

o Any g € LP(R?) induces a tempered distribution T, via T,(f) = Jga fgde.

Any v € M(R?) induces a tempered distribution T, via T,(f) = [pa fdv.

Let a € N&, x € RY, then Ty, € S'(RY) for To.(f) = D f(2).

Any polynomial g on RY induces a tempered distribution Ty via Tg(f) = fRd fgdx.

Special cases: 6, fs -dH* € S(R?) for x € R?, S C RY k-dimensional and smooth
(think of X-ray/Radon transform,)

We will identify LP-functions or Radon measures with distributions, thus LP(R?), M(RY) C S'(R%).
Below, by a tilde we will denote the map

fefo fl@) = f(-a).
Definition 176 (Operations on distributions). Let T € S'(R%), g € S(R?), a € N&.

1. The (distributional) derivative DT € S'(R?) of T is defined by

(D*T)(f) = (=1)*IT(D°f).
2. The product ¢gT € S'(R?) of T with g is defined by

(T)(f) =T(gf)-
3. The convolution T * g € S'(R?) of T with g is defined by
(T g)(f) =T(g* f).

4. The Fourier transform and inverse Fourier transform T Tes (R?) of T are defined by

T(f)=1(f),  T(f)=T(f).

Remark 177 (Motivation for formulas). The above formulas are chosen for consistency with the case
when T equals a Schwartz function ¢ € S(RY), in which

Jpa D¢ fdx = (1) [o, ¢ D*f duz,
fRd (¢9) fdx = fRd @ (gf) dz,
Joa(@xg) fdz = [0 (g% [)dz,
Jpad fde = [pa0fda.

Example 178 (Fourier transform of Dirac & 1/|z|).
o do(f) =0o(f) = f(0) = (2m)"% [ou fda, thus do = (2m)" %
(&) = [ Jolrle)y dr = &

[ ]
~
&
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|~
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Obviously T'= T = T and 1{*\9 = (2m)9/24T.

Since differentiation, multiplication and the Fourier transform are continuous on S(R%), the above def-
initions of distributional derivative and (inverse) Fourier transform are well-defined (they indeed yield
tempered distributions). The well-definedness of the convolution follows from the following.

Theorem 179 (Convolution of tempered distributions). Let T € S'(R?) and g € S(RY), then T x g €
S’ (RY) is well-defined. Moreover we have T x g € C=(R?) and (T * g)(z) = T(g(x — -)).

Proof. 1. Let f € S(RY), then T * g(f) is well-defined.
e f,gcSRY) = f,ge L'(RY) = g* f € L'(RY)
o §.f€S®RY = §f € SRY) = gx f = 2m)2(5f) € S(RY)
2. T % g is linear (trivial) and continuous on S(R?), thus 7 * g € S'(R%):
e due to linearity suffices to show continuity in 0, so let f,, — 0 in S(R%)
e = [, > 0in S(RY) = §fn — 0in S(R?) = G fr — 0 in S(R?) = T(* f,,) — 0
3. Txg(z) =T(9(z - )):
o let f, = 4, in M(R?), then §* fn, = g(x —-) in S(RY)
o thus lim, oo (T % ¢)(fn) = limy, 0o T(g * fr) = T(g(z —-))
4. Abbreviate h(z) = T(g(z — -)), then h € C=(R?), since D*h(z) = T((D%g)(z — -)) for all a € N¢:

e suffices to consider a = (10 ... 0)
(other first derivatives follow analogously and higher ones by induction)

e note 2@t 0"'027')79(1"7') —e0 Oz, 9(x — +) in S(RY)

o Oy h(z) = lim o T(LeHe 00020l =)y — p(liy,_,, 2@ 00202020y — (9, g(z —-)) O

€ €

Remark 180 (Convolution theorem). Under additional conditions on two tempered distributions R, T
(e. g. when their singular supports are disjoint) one can even define their product and sometimes even
their convolution or the product of their Fourier transforms. In those cases the convolution theorem

T« R = (2r)Y2TR still holds.

Definition 181 (Shift-invariance). A bounded linear operator A : LP(RY) — LI(R%), 1 < p,q
called shift-invariant if it commutes with translation by z € R%, that is, A(f(- +2)) = (Af)(- +

i“/l/\

Convolutions f — T x f are shift-invariant. In fact, they are the only such operators.

Theorem 182 (Shift-invariant operators and convolutions). Let A : LP(R?) — L4(R%) be a bounded
linear shift-invariant operator, then there exists T € S'(R?) with Af =T * f for all f € S(R?).

Proof. e DY(Af) = A(D*f) (for f sufficiently differentiable):

— suffices to consider a = (10 ... 0)
(other first derivatives follow analogously and higher ones by induction)
— set fn(x f} fxl—l—hacg,.. )then
IA(LL) = A@s, f)llze = IIA(fh = Ouy e < AL = 82, fll e =10 0

— thus, pointwise limit as h — 0 of Af)(w1+h’w2};""“) Al@) Af’l(gﬂ),:Af(x) = A(L~L)(2) exists
a.e. and equals A(0,, f)

o if Af =T« fVf e S(R?), then necessarily T(f) = T(f(0 —-)) = T * f(0) = Af(0) Vf € S(R?)
o T c S'(RY):

— T is linear
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— TN =AFO)] < [|Aflleo S 1A llwarra S maxjaj<asr [|D*(AS)||ze and

ID(ADZs = AD*HI%a S 1D FI
= 1D flIgs < A+ [2P)PIDY PNl (1 + [2) ™ Plee S NI 000

thus [T(f)] < || fllza+1
o let f € S(R?), then (Af)(x) = A(f(z +))(0) = T(f(z — ) = (T'* f)(x) N

Remark 183 (Forward operator of microscopy). Ignoring boundary effects due to a microscope’s finite
field of view, the forward operator of any microscopy is shift-invariant: Shifting the sample results in the
same shift of the recorded image. Thus the forward operator is a convolution, whose kernel, called point
spread function, is found by imaging a Dirac measure.

Remark 184 (Space of test functions and distributions). The tempered distributions S'(R?) actually
form a subspace of the space D'(R?) of distributions, the continuous linear functionals on the space
D(RY) = C°(RY) of test functions (infinitely smooth functions with compact support). For these distri-
butions, differentiation, multiplication and convolution can be defined in the same way as for tempered
distributions, but the Fourier transform cannot: In the defining equality T(f) = T(f), both f and f
would have to have compact support, which is impossible by the Schwartz—Paley—Wiener theorem.

19 Radon and X-ray transform
For § € S9=1 let us abbreviate 0+ = {z € R? |z -0 = 0}.

Definition 185 (Radon, X-ray, and divergent beam transform). Let

C=8"1xRcRM,
C'={(0,s) € S xR |s € ht} c R*,
C/l _ Sd71 X Rd C R2d.

The Radon, X-ray, and divergent beam transform are defined as the linear maps

R:S®RY = S(©), Ru(0, s) = / w(w) dH (@),
{z€R4 | z-0=s}

P: SR = §(C), Pu(0,s) = / u(s + ) dt,

D : S(RY) — Cc>=(C"), Du(8,s) = /Oo u(s + t0) dt.
0

The divergent beam transform is also known as fanbeam transform in two and as conebeam transform
in three space dimensions. We write Rou = Ru(0,-), Ppu = Pu(0,-), Dsu = Du(-, s).

Radon transform X-ray transform divergent beam transform
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original u “sinogram” Ru (| S*; — R)

Remark 186 (Extension to Radon measures). The transforms can be extended to act on Radon measures
v € M(R?) via

Rov =[x 2 - 0] ,v € M(R),

Ppv=[z—z—(z-0)0,ve€ M(07F),

Dy =z |;:§|]#y € M(8971).

Remark 187 (Point symmetry). The Radon and X-ray transform satisfy the point symmetry
Ru(0, s) = Ru(—0, —s), Pu(0,s) = Pu(—40,s).
Remark 188 (Relation between the transforms in two and higher dimensions). In d = 2 dimensions,
Ru(0, s) = Pu(6', s0) or equivalently — Pu(f,s) = Ru(0',0" - s),

where ' = (=0, 61)T denotes the counterclockwise rotation by 5+ In higher dimensions one can express
the Radon transform Ry as an integral of the X-ray transform P, with any ¢ € 6+ NS via

Ru(0, s) :/ Pu(p,z) dH%(x).
{z€pt | z-0=s}

Similarly, the X-ray transform Py can be reduced to a family of two-dimensional Radon transforms R,
with any ¢ € 6+ N S wia

Pu(f,s) = Ra((0 1)T,0) with  4(z) = u(s + (8]¢)z).

Finally, in any dimension,
Pu(6,s) = Du(0, s) + Du(—0, s).

Remark 189 (Forward operator in X-ray and emission tomography). The X-ray transform is the forward
operator of emission tomography: A (radioactive) mass at a point leads to photon emissions along all
lines through that point; thus one measures total mass along every line in space.

The divergent beam transform on a subset of C" (typically on S4=1 x C for a one-dimensional curve
around the imaged object) is the forward operator of computed tomography: An X-ray point source is
moved around the imaged object, and the arriving X-ray intensity is measured in a grid of detectors on
the opposite side.

For sufficiently large distances between the X-ray source and the imaged object one can approximate the
divergent beam transform by the X-ray transform.

In reality the situation is slightly more complicated: The photons in emission tomography may be absorbed
(or even scattered) so that the X-ray transform actually has to be replaced by the so-called attenuated
X-ray transform. Likewise, the X-ray intensity in computed tomography actually is proportional to the
negative exponential of the divergent beam transform so that first the logarithm of the measurements has
to be taken. However, if the X-ray source is not monoenergetic and the imaged materials show different
absorption behaviour for X-rays of different energies, one cannot remove the exponential nonlinearity
from the forward operator.
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20 Inverse formulas for Radon and X-ray transform

Computing the inverse operator is usually based on a particular relation with the Fourier transform. To
this end it is helpful to define the Fourier transform on a k-dimensional subspace M of R%: Given a
complex-valued function or Radon measure v on M and an orthonormal basis 01, ...,0; of M, we set

Fuu: M — C, Fuu(§rbr+. . +E0k) = Fu(ly, ..., &), where @(z1,...,2;) = w(x101+. . .+x10%).

Fr is independent of the chosen orthonormal basis. We also write @ = Fasu.

Theorem 190 (Projection-slice theorem). Let M C R? be a k-dimensional subspace and denote by
7ar : M(RY) — M(M) the projection onto and by opr : C°(RY) — CO(M) the restriction to M,

Ty = Py, oMU = u|p.

Then Fyma = (2m) 49/ 26 F on M(RY).
Proof. Let v € M(RY), fix orthonormal basis 01,...,0; of M, set mar(s) = marv(s101 + ... + s,0k).

(2m) R 260 Fu(€101 + ... + Exby) = (2%)_’“/2/ e i G0t F 80T gy (1)
]Rd
_ (27r)_k/2/ e Ale s (01 -, O 2)] o (5)
]Rk

= (27r)_k/2/ e dprv(s)
Rk
Z]:MWMU(§191 + '--+§k9k¢)~ O
Corollary 191 (Fourier slice theorem). Let u € S(R?), § € S~ then
Ru(0,€) = (2m) ") a(¢0) VEER,
Pu(8,) = (2m)/*a(&) Ve € 6,
where the Fourier transform on the left-hand side is with respect to the second argument.

Proof. Ru(0,-) = mpru for M = span{#} (identifying on the left-hand side R with M);
Pu(0,-) = mpyu for M = 0+ O

Remark 192 (Fourier slice theorem for divergent beam transform). A Fourier slice theorem for the
divergent beam transform does not exist in a simple form. People seem to have generalized it to this
setting, though (see Zhao, Halling: A new Fourier method for fan beam reconstruction, 1995).

Corollary 193 (Transforms and convolution/differentiation). Let u,v € S(R?).

1. Ro(uxv) = Rou* Rogv and Py(uxv) = Pyu * Pyv

2. RyD%u = 0“D!*| Ryu and PyD*u = D*((Pyu) o Py1)
Proof. Homework O
In addition, formulas for the inverse transforms involve the backprojection.

Definition 194 (Backprojection). The backprojections of the Radon, X-ray, and divergent beam trans-
form are defined as

R* 1 8(C) - C°(RY), Rt o(z) = / o(0, z - 0) AH=1(9),
Sd 1

P#.8(C") — C§°(RY), :/ v(0,Pyrx) dHIL(H),
Sd 1

D# . 8(C") — C§°(RY), / /oov 0,z — t0) dt dH*1(6).
sa-1.Jo
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Theorem 195 (Backprojection). The backprojections are well-defined, i. e. indeed map into C§°(R?).

Proof. e differentiation D can be pulled into the integral

= yields integral of same type of a Schwartz function (e.g. of aaaL“'v(o, x-0) in case of R¥)
= suffices to show that such integrals decay to zero

o let v € S(C), then lim|; o R¥v(z) = 0: Let € > 0 arbitrary.
— forz € R4, n > 0set S(x,n)={0 €S| |z-0 <n}={9€5d_1\|ﬁ-9| < ﬁ}
— pick n > 0 such that |v(0, s)| < e for |s| > n
— pick m > 0 such that H4"1(S(x,n)) < ¢ for |z| > m

— if x| > m,

[R*u(a)| < +

/ v(0,z-0)dHI(H) / v(0,z-0)dHI(H)
S(z,n) Sd=1\S(z,n)

< Hd_l(S(x, n)) sup |v(0,s)| + Hd_l(Sd_l)E <e( sup |v(0,s)+ ’Hd_l(Sd_l))
(0,s)eC (0,s)eC

e analogous for other backprojections O

The integrals of the backprojection in fact also make sense for less regular functions v than Schwartz
functions. The backprojection applied to v = Au with A being R, P, or D moves all measurements to
where they potentially stem from (hence the name; its result is sometimes called a layergram). Using
microlocal analysis one can show that this way on can identify the singularities of the imaged object,
however, the singularities will be of a slightly different type so that to the human eye the backprojection
looks very different from the imaged object.

Remark 196 (Backprojection does not map into Schwartz space). Note that the backprojection does
not map into Schwartz space. For instance, let v(6,s) = 6752/2, then

R*u(z) = / e~ (@02 q3d-1(g) > / e AN = e PHIT (S (wm)) 2 e A ()
Sd—1 S(z,n)

Theorem 197 (Adjoint transform). The backprojection A# with A being R, P, or D is the adjoint A*
restricted to Schwartz space, i. e. for all u € S(R?), v € S(C) with C being C, C', or C" we have

(Ru, U>5’3/ = <u7 R#U>5’3/ <Pu, ’U>3’3/ = <u, P#U>373/ (Du, ’U>3’5/ = <u, D#U>5,3/.
Proof. Homework O

Remark 198 (Generalization of transforms). The Radon, X-ray, and divergent beam transform can be
extended to the space E'(R?) of distributions of compact support (the dual space to E(RY) = C=(R?),
where &' (RY) € §'(RY) € D'(R?)) by simply defining them as the adjoint of their backprojection. For
compactly supported Radon measures, for instance, this will yield the same extension as in remark 186.
Note that non-compactly supported Radon measures do not lie in E'(RY), but only in the dual space to
Cs°(R?). Hence an extension to all Radon measures needs to exploit that the backprojection of a Schwartz
function decays to zero at infinity. For this it is essential to have measurements along all angles § € %1
(or at least angles from a relatively open subset): If we for instance only measure v = Ryu for a single
angle 0, then the corresponding backprojection would be Rjév(x) = v(x - 0), which is constant on 0+.
Similarly, the backprojections can be extended to tempered distributions (distributions of compact support
in case of D¥ ) by interpreting them as the adjoint of R, P, and D, respectively.

Theorem 199 (Convolution theorem for projection transforms). For u € S(R?) and v € S(C) with
C =C or C =C', respectively, we have

(R*0) 5 u = R¥(v+ Ru),
(P#v) xu = P¥# (v * Pu),

where the convolution on the right-hand side is with respect to the second argument.
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Proof. Ouly for R (analogous for P).
R*v s u(z) = y R¥v(z — y)u(y) dy

:/ / v(0, (z — y) - 0) AR (0) u(y) dy
Rd Jgd—1

:/ / v(B, (x —y) - 0) u(y) dy dHY=1(H)
gd—1 JRd

y=s0+z (0. -0 —s)uls z d—1 z)ds -1

0 /Sdil/R/% (6,20 —s)u(s0 +z) dH ! (2) dsdH? 1 (6)

:/ /v(e,x.o—s)Ru(e,s)dsdHH(@)
Sd—l R

_ / (v Ru)(6, - 0) AH*(6)
Sd—l

= R#(v * Ru)(x) =

The final ingredient for the inverse operator is the Riesz potential.

Definition 200 (Riesz potential). For a < d the linear operator I* : S(R?) — L>®(R?) is defined by

Teu(g) = €] a(g).
I%u is called the Riesz potential of u. If applied to functions on C orC', it shall act on the second variable.

I¢ is injective; its inverse on its range is denoted I~<, since for a > —d, (I”‘)_I\S(Rd) obviously coincides
with the Riesz potential of exponent —c.

The Riesz potential lies in L>(R?), because Tou € LY(RY) for u € S(RY). It can be thought of as the
inversion of the fractional Laplacian (—A)®/2, which in Fourier space becomes multiplication with |¢]*.
For a > 0 it is thus a smoothing operator, and for o nonpositive and even it maps into Schwartz space.

Lemma 201 (Integral formula). For f € L'(R?%) we have

— ; s s d—1 s d—1
| s@dr = s [ [ e o o an o)

Proof. o Let S={(0,0) € S9! x 8910 1 ¢} and proj, : S — S9=1, proj, (6, ¢) = ¢, then

projo, (H' ™' @ H*?)LS = projo, (H 2 @ HOTHLS = HO2 (ST 2R LS

e In each subspace 6 use polar coordinates (r,¢):

d—1 d—1 _ OOd—l roj r d—2 d—1
[ [reant@aio = [ [ [ .0 dr a3 e a0

0L

St [ [ e arant= o) = (s [ a0
sdi—-1 Jo R4

Theorem 202 (Riesz inversion formula). Let u € S(R?), then for any a < d we have

u=§(2m) "I RFI*T (Ru),
U= W(%)*Iﬂp#ﬂ—l(m).

Proof.
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I*u(z) = (2m)~ %2 / ¢ €] a(E) d

]Rd

= (2m) "2 / / et 0 gd=1=0g(50) ds AHI1(6)
Sda-1.J0

= (271')%7d/ / ei”'asdﬂ*a@(ﬂ,s) dsdHI1(0)
Sd=1.J0

7d1/ /eisx~9|5|d717aéa(0’s) dsderfl(e)

2 Sd—l R
= 27r)1*d1 / IRy, 2 - ) dH1(0)
2 Sd—l
(2m) I R# 114 (Ru) ()

=

= (27)

—~

1
2

*u(x) = (2m)~%? / ¢ E[€[ 2 a(€) de

Rd
1 .
— —d/2 iz-s| . |l—a d—1 d—1
(2m) HI2(577) /Sdi1 /0L e s| T a(s) dHY T (s) dHT(0)

— 1 Py x-s —a D - -
— (2r) (dH)/QW/SH /efpe 5|1 Pu(6, s) dH (s) dHA ()

_ 1 o d—
= (27‘[’) 1W /Sd,l I 1PU,(0,P9LZ‘) dH 1(0)
= W(QW)AP#IQA(PU)(@ a

Remark 203 (Riesz inversion formula for Radon transform). For the Radon transform, the case o = d—1
is known as p-filtered layergram (one takes the layergram and applies a filter which in Fourier space is
pr=™ for p the radial variable), the case o = 0 as filtered backprojection (one first filters or sharpens the
measurement via 1'=% before applying the backprojection,).

Remark 204 (Locality of Radon transform). For odd dimension d (in particular d = 3) the p-filtered
layergram and the filtered backprojection obviously read

u(z) = 1(2m) " (=A,) T " Ru(6,z - 0) dH*~1(6),

(2m)1—4 /Sdil(—l)%ag_lRu(Q,x L0) M1 (0)

N[

u(r) =

with A, the Laplace operator in the x-variable. As these formulas tell, the inversion of the Radon
transform is local in the sense that to reconstruct w at a point x from Ru, one only requires the values
of Ru belonging to hyperplanes arbitrarily close to x.

This is not true for the Radon transform in even dimensions (or for the X-ray transform, which, as we
know, is related to families of 2D Radon transforms). In particular there exist Schwartz functions u that
are nonzero on the unit ball, but satisfy Ru =0 on S x [-1,1].

Corollary 205 (Representation of A#A). Let u € S(RY), then

R*Ru=H"2(572)gxu Jor g(z) = |27,
P#Pu=2hxu for h(z) = |z~

Proof.
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§(6) = B g

hE) = Hrps el
_ _ Ad=1)/2

Hd Q(Sd 2) — W
r(1/2) =
R#Ru(€) = 2(2m) 1 T4 1u(g) = 2(2m) ¢~ %a(¢)
= mEEIT) ge)a(e) = (2m) PR (ST)g()a(E) = HUA(ST)gTu(E)

P#Pu(€) = 2nH (S92 Tu(€) = ot D26 a(e) = 22m) Y2 h(©)a() = 2hxu(€) O

Remark 206 (Extension onto L?). Similarly to the comment on Radon measures in remark 198 one can
extend A= R or A = P to a bounded linear operator A : L*>(R%) — S'(C) with C being C or C' (simply by
setting *A = A% ). From the above formulas we see that this extension cannot be continuous into L*(C):
This would imply *A = A" = A# : L2(C) — L*(R?) to be bounded so that also A# A : L*(R%) — L?(R%)
is bounded, which is false. Exemplarily, consider d = 2, in which case R¥R = P#P. Let g be the
restriction of g to the unit ball and go to the complement, then g1 € L*(R?) and go € LP(R?)\ L?(R?)
for any p > 2. By Young’s convolution theorem there exists a u € L*(R?) with go x u ¢ L*(R?) (while
g1xu € L2(R?)), thus g*u = g1 *u + go *u ¢ L*(R?).

Remark 207 (Ill-posedness). Since we defined them on an unbounded domain, the Radon or X-ray
transform are not compact on shift-invariant function spaces (cf. theorem 42). Still their inversion is
ill-posed, e. g. with respect to the L?-metric on domain and codomain. For instance, in d = 2 dimensions

we have P#Pu(€) = R/#EJ(S) = const.i(€)/|€] so that a small perturbation of P¥ Pu = R* Ru leads to
an arbitrarily large change of u, if the perturbation happened at low frequencies (recall that the Fourier
transform is an isometry on L?(RY)).

21 The range of Radon and X-ray transform

Theorem 208 (Helgason-Ludwig consistency/moment conditions). If u € S(R?), then for any m € Ny
there exist polynomials py,, qm homogeneous of degree m with

/ s Rou(s) ds = pm(0), / (z - y)" Pou(z) dH ™ (2) = gm(y) Y0 € Sy € 0+
R 0+

Proof. [os™Rou(s)ds = [ s™ [, u(s6 +y) dH" (y)ds = [u(x - 0)™u(x) dx

is homogeneous polynomial in

Jou (@) Pyu(z) dH* " (z) = [, (z-y)™ [pu(z +t0) dtdH () = [pa(z - y)™u(z)dz

is homogeneous polynomial in y, independent of 8 O

Note that all p,, might be zero even if u # 0 (e.g. Rou(s) = f(0)h(s) for f,h from remark 212 later).

Theorem 209 (Range of Radon transform). Let v € S(C) with v(0,s) = v(—6,—s) and the Helgason—
Ludwig condition

[ 5m00.9)ds = p(6)
R
for m-homogeneous polynomials p,,, m € Ng. Then there exists u € S(R?) with v = Ru.

Proof. Define u via a(£) = (QW)(I’d)/zﬁ(é—l, 1€]).
Suffices to show @ € S(R?), then Ru = v by Fourier slice theorem.
@ has derivatives up to an arbitrary order ¢ (already clear for £ # 0):

o et = 0o W 4 e () with e, (t) = Yo,y Y2

m=0 m/! m!
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. €l
gz (N D™ [

= (2m) <mZ_m, [ mgsas+ [ eq<—s|s>v<|§|,s>ds)
agz [N )@

= (2m) /2 (;_jﬂfj + [ eal-lelshot.) ds)

o D2 (eq (—|§|s)v(%,s)) is Schwartz in s and continuous & unif. bdd. in £ € B; (0)\{0} for any |a| < g¢+1:
— sufficient to show: Dg (eq (—|§|s)v(%,s)> is finite linear combination of terms

€l la(lgls)h g 8)

with b € S(C) and a € C*(R) s. t. a{™ grows at most polynomially for any n € Ny
— induction basis (|a| = 0): take h(0,s) = s9T1v(0, s) and a(t) = e (—t)/t9T!

— induction step: for |a| < g assume claim holds; differentiate one of the terms,

Vel 1l algls)h( g 9)) = I€l1a(léls) | & )]
€771 [(gls)a’ (Igls)) [ A 9)] + el la(lels) [(1 - & @ ) Voh( . 9)]
= also next higher derivatives are linear combinations of terms with required properties
e For any |a| = ¢, Dgi(§) can be continuously extended to £ = 0:
— VeDgi is bounded and continuous on B1(0) \ {0} by previous point

Dga(€) decays faster than any power of |{]:
® SUD[¢|>1 |£5D?ﬁ(£)| = (2n)(1=D/2 SUP|¢|>1 |§ﬁD§‘f)(%, |€])] < oo since v is Schwartz O

Remark 210 (Helgason—Ludwig conditions). If one considers non-Schwartz functions v : C — R, it is
known that the Helgason—Ludwig conditions on v determine the decay of R~'v (see Madych € Solmon:
A range theorem for the Radon transform, 1988). Roughly, if the conditions hold for m = 0,...,k,
then (under additional smoothness conditions) v = Ru for some function u which decays at least like
|z|~4=F=1. This is quite natural: The necessity of the Helgason—Ludwig conditions followed from the
identity [ s" Rou(s)ds = [pa(x - 0)™u(z) dz, whose right-hand side is only well-defined if u decays fast
enough (faster than |x|=97%).

Theorem 211 (Range of X-ray transform). Let w € S(C') with w(6,s) = 0 for |s| > R and the
Helgason—Ludwig condition

/ (2 - )™ w(6, 2) AH () = gu(y) V0 € S,y € 0+
oL

for m-homogeneous polynomials q,,, m € Ng. Then there exists u € S(R?) with w = Pu.

Proof. With ¢ € §9~' N6+ we can compute the Radon transform v from the X-ray transform w via
v(d,s) = / w(ep, z) dH " (x).
{zept |z-0=5s}

e v = Ru for some u € S(R?) with support in the R-ball:

e sT0(0.5)ds = fo 5™ [rcos sy @l @) AHI2 (@) ds = [ (2 6)Mw(p,x) dr = g (0)
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— v(#,s) =0for |s| > R theorem g4 later ), 1 ag support in R-ball
e v does not depend on ¢:

— polynomials are dense on L?((—R, R))
— = v(0,-) uniquely specified by qo, q1, - . -

e w = Pu, since integrals of w and Pu over arbitrary hyperplanes in 6 coincide:

— pick hyperplane H = {x € 6+ |z - p = s} for arbitrary s € R, ¢ € S4~1 N 6§+, then
[ 0.0 a2 @) = v(0,9) = Rui. s
H
/ Pu(f, ) dHI2(z) = / / u(zx + t0) dt dH?2(z)
H HJR
= / / u(sp +y +t0) dt dH2(y)
0+tnept JR

= / u(sp + ) dHH (x)
as
= Ru(¢p, )
— Thus Radon transforms of w and Ru within #+ coincide, but Radon transform is injective. [

Remark 212 (Noncompact support). If d > 2, the support condition w(f,s) = 0 for |s| > R cannot
be dropped (for d = 2 it can since R and P and their moment conditions are equivalent). Indeed, there
exists a nonzero even h € S(R) with

/ s™h(s)ds =0 for all m € Ny.
0

If w(9,s) = f(O)h(|s|) for some f € C=(S4=1) with f(—0) = f(0), the Helgason—Ludwig condition is
satisfied due to

[ e ue. a6 = 160) [ (s u)mhsl) ant s
0+ oL

= f(0) (o-y)™dHI2(p) /OO rd=2Fmp () dr = 0.
Sd—1ngL 0
If w = Pu for some u € S(R?), then for p € SN o+
Rulp.s) = [ w(,z) dH () = £16) | h(la]) aH*2(2),
(€0t |z-p=s}

{z€bL |z-p=s}

function solely of s, since integrand only depends on |x|
a contradiction unless f =const.

Remark 213 (Continuous inverse on Schwartz space). The range ran R C S(C) of R : S(R?) — S(C)
is closed: If v, — v € S(C) with v, satisfying point symmetry and the Helgason—Ludwig conditions with
polynomials p}},, then also v satisfies point symmetry and the Helgason—Ludwig conditions with p,, being
the uniform limit of the pl', (which again must be an m-homogeneous polynomial). Thus by the open
mapping theorem (which also holds on Fréchet spaces), R is an open map from S(RY) onto its range.
Since by the Fourier slice theorem R is also injective on S(R?), it follows that R has a continuous inverse
R~!:ran R — S(R?) - one does not see ill-posedness on the level of Schwartz functions!

Similarly, the range of P: S() — S(C') is closed (where S() are the Schwartz functions with support
in the compact  C R?) and P has a continuous inverse.
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22 Fractional Hilbert spaces

Definition 214 (Fractional Hilbert space). For v € R the (fractional) Hilbert space H”(R?) is defined
as

1/2
HW(Rd) ={ue S’(Rd) | ||U||HW(R¢1) < 0o} with norm ||’U,||H7(Rd) = (/}Rd |ﬁ(§)|2(1 + |£|2)7 df)

Similarly we define HY(S*™! x R") = {u € 8'(S¥* x R") | ||ul gr+(sa-1xrn) < 00} with norm

1/2
lallsso-xien = ([ [ 100,90+ 16 agams=))

where the Fourier transform is with respect to the second argument of u.
For Q C R? open and bounded, the completion of {u € S(R?) |u = 0 outside Q} with respect to ||| g~ (ra)
18

H)(Q) = {u € H"(RY)|sptu C OQ}.

HJ (S9! x Q) for Q C R™ open and bounded is defined analogously.

Remark 215 (Identification with periodic functions). IfQ = (—m,7)% and~y > 0, then anyu € HJ(Q) C
HY(Q) = L3(Q2) can be interpreted as (a periodic) L?-function on . An orthonormal basis of L*(S2) is
given by (by)peza with by(z) = (2m)~%2e™*® . Therefore we can decompose u into its Fourier series

u(x) = Z Ggeby () = (27) "2 Z et with 4y = (u, by)r2() = (27r)_d/2/ u(z)e”** dx
kezd kezd @

(it is always clear from the context whether 4 refers to the Fourier transform or the Fourier series
coefficients). It turns out that the norms |lu| gy ) and

1/2

lull gy = | D (14 [k[*) il
kezd

are equivalent on Hy (), where H,.(Q) is the completion of infinitely smooth periodic functions on

Q with respect to || - | gy, ). This is usually proved by interpreting H{J () as interpolation between
H(%’YJ(Q) and HOM () and the analogous for HJ.. () (see Lemma VII.4.4 and references in Natterer,

Mathematical Methods of Computerized Tomography, 2001). For other periodic domains an analogous
statement holds true.

Theorem 216 (Properties of fractional Hilbert spaces). Let v, 3 € R, Q C R? open and bounded.

1. For ~ € Ny the fractional Hilbert spaces HY(R?) and Hy (Q) coincide with their usual notion, and
the corresponding norms are equivalent.

u > uPT with u/ﬁzf(f) = (€)(1 + |€]?)P=1/2 is an isometric isomorphism HP?(R?) — H7(R?).
HY(RY) is a Hilbert space.

. Its norm is shift-invariant.

G S R

(HY(RY)* = H™Y(RY) with dual pairing (u,v) = [p, 40 dE;
furthermore (HJ (Q))* C Hy 7 (Q) if v > 0 (opposite inclusion for v < 0 by reflexivity).

6. ||l > |- s for v > B and HY(RY) ¢ HP(R), HJ(Q) € HY ().

7. HJ () embeds compactly into Hg(Q) for v > p.

N S a1 () e
P 1 3 [ iptrae= 3 [ evate) d§{>c§nst. i 1+ 162" l() e

la<n le|<m

o1



. straightforward

. inner product (u,v)gr = [pa U( )L+ [€2)7 d¢

Cauchy sequence u,, € H” mduces Cauchy sequence u; in L?;
convergence of the latter to u in L? implies convergence of the former to u~7 in H”

. straightforward

. By 2., there is a one-to-one correspondence between £€ (HY(R%))* and I € (L?(R%))* = L?(R?)
via l(u) = 1(uY) = [z [0 d¢ = Jga 4d¢ = (17, u), where [Y € H=7(R9).

. straightforward

. Let u, — u in HY(R); need to show u, — u in H ().
Wlog. 8 > 0.

o if B <0set m=2[-3/2] €Ny
let x € C°(R%) with xy = 1 on a neighbourhood of Q, x = 0 outside Q > Q
Uy, — win Hy (Q) = up™ — u™™ in HYT™(RY) = yu,™ — yu™™ in Hg+m(f2) CHVH”(]Rd)
Ocuy™ —u™™))™ = (id = A)™ 2 (x (u,™ —u=™)) = (id = A)™/2(u,™ —u™™) =
o if yu,;™ — yu~™ in Hy "™ (Q), then

—wu on €.

lwn = ull ooy = s (o, Celug™ —u™)™)
lv]| = <1,spt vCQ

< sup (v, (x(u, ™ —uwT™)™)
ol —p <1

= sup (o,x(u," —u"")) =0
1ol g7 5-m <1

Wlog. Q = (—m,7)%

e by shifting and rescaling coordinates we achieve  C (—m, 7)% without changing convergences
o (Hy((—m,m)%))* C (Hy(9))*; thus up, — u in Hy((—m,m)%)

. Hoﬁ(Q) is a closed subset of HOB((—’IT,’JT)d);
hence, u,, — u in Hy ((—m,)%) implies u, — u in HY ()

Uy — win HY(Q) = (un)r — Gy for all k € Z4.
e v>0= u, —uin L?(Q)
o (up —u,by)r2() = ((@n)k — )

Up — U In Hg(Q)

e abbreviate M = max{||u| g7, ), Sup, lunl g2, (@)} and fix an arbitrary € > 0

let R2 > (8M2/e)77 — 1
let N > 0 large enough such that 3, c7a 3 <p(1+ k)P | (Un )k — t)? < § for all n > N

-l o= Do QHER @k —alP+ Y (U R (@) — axl®
kEZ,|K|<R kEZ,|k|> R
5 _ N
S5 +2 Do W+ EP(@* + )
kezd,|k|>R
5

— +2(14+ R»P72M?

IANIA
M o
|
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Remark 217 (Dirac measure). We have 6, € H~7(R?) if and only if v > & (homework). Similarly,
v > % is equivalent to point evaluation at x being a continuous linear operator on HY(R?) (homework).
Now let v > % and z € OQ for a bounded open Q C R%, then §, € Hy (Q), but u(z) = 0 for any
u e H(Q) so that (Hy "'(2))* ¢ Hy ().

Remark 218 (Compact embedding versus shift-invariance). The embedding H”(R?) — H?(R?) is never
compact due to the shift-invariance of HY(RY) and HP(R?) (cf. theorem 42).

To understand later the degree of ill-posedness of the Radon and X-ray transform we now aim to derive
how the singular values of the compact embedding Hy (Q2) < Hg () decay.

Theorem 219 (Courant—Fisher-Weyl min-max principle). Let X,Y be Hilbert spaces, K : X — 'Y
linear and compact. The kth singular value pr of K equals the numbers

Cr = max {inf{||Kz||y |z € S, ||z|lx > 1}|S C X is k-dimensional subspace} ,
Dy, == min {sup{||Kz|ly |z € S*, ||lz||x <1}|S C X is (k — 1)-dimensional subspace} .

Proof. o Ko =3, pn(x,uy)xvy, for orthonormal left & right singular vectors u,, € X, v, € Y

e take S = span{uy,...,ux}, then
Cr > inf{||Kz|ly |« € span{uy,...,ut}, ||z]|x > 1}

wt { (S wy)

:Nﬁmmendeﬂle}%

e consider arbitrary k-dimensional subspace S C X;
there exists some x € span{ui,...,ux_1}- NS (k unknowns, k — 1 equations); set v = z/||x|| x;
= | Kvll3 = X0l pn(v,un)k < 07 Yooy (0,un)% = pi
= C; <max{px|S C X is k-dimensional subspace} = pj,

e analogous argument for Dy, O

Theorem 220 (Singular values of composition). Let W, XY, Z be Hilbert spaces, K : X — Y linear
and compact with singular values (ox)ken,, and J : W — X as well as L :' Y — Z linear and bounded.
Then the singular values (A\g)ren, of LK J satisfy

e < L)1 o

If L and J are bijective, then also
1
Ak Z T Ok
Proof. For any w € W and S C W we have

|LK Jullz < ILIIK Twly,
{veX|ze S, [alx = ]} = {Jwe X [we S, [Julx =[]} € {Jwe X |we S, wlw > 1}.

Therefore

A = max {inf{||LK Jw|z |w € S, ||w|lw > 1}|S C W is k-dimensional subspace}
< || L] max {inf{|| K Jw|y |w € S, ||w|lw > 1}|S C W is k-dimensional subspace}
= ||L|| max {inf{|| K Jw||y |w € S, |w|lw > 1} | S C W is k-dimensional subspace, J injective on S}
= ||L|| max {inf{|| K|y |z € JS, ||z|x > ||J]|} | S C W is k-dimensional subspace, J injective on S}
= ||L|| max {inf{||Kz||y |z € JS, ||z||x > ||J]|}|JS C X is k-dimensional subspace}
< || L||||J|| max {inf{||Kx||y |z €S, ||lzllx >1}|S C X is k-dimensional subspace}
= [IL]l[ Tl
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Now let L, J both have bounded inverse, then

|KTwly = |LLE Jully < |L7M|LK Jullz,
{Jwlwe S, fuwlw 21} = {e]a € IS, |7 elw > 1} € {z]2 € IS, [le|x > 74 )-

Therefore
A = max {inf{|| LK Jw||z |w € S, |Jw||w > 1}|S C W is k-dimensional subspace}
> ﬁ max {inf{||KJwl|ly |w € S, ||w|jw > 1}|S C W is k-dimensional subspace}
> ﬁ max {inf{||Kx||y |z e JS, ||z|x > ﬁ} ‘ S C W is k-dimensional subspace}

= m max {inf{”KzHy |z e s, ||z)x >1} ‘ S C X is k-dimensional subspace}
_ 1
= T Ok =

Theorem 221 (SVD of H”-embedding). Lety > 8 > 0 and Q2 C RY open and bounded, then the singular
values oy, of the embedding 1 : H] (Q) — HE(Q) decay like o, ~ LT
Proof. First consider = (—m, 7)<,

1. The singular values Ay of HY. . (Q) < HS _(Q) decay like \j, ~ kT

per per

(V%) peza with (09), = (1+|n]?)~*/2 and (v)x = 0 else forms orthonormal basis of Hp..(2)

vy =1+ |n|2)%vﬁ, hence singular values are (1 + |n|2)ﬁ;7

kth singular value corresponds to ny € Z? with kth smallest norm, thus & ~ |ng|?
8

Mo = (L+ [ngl?) 7" ~ k5T

2. The Hp,, (Q2)-orthogonal projection Py : HE, () — Hg (Q) for a > 0 is well-posed:

o HE(Q) C HY.(Q)

per

o HE(S2) =completion of Schwartz functions with support in Q wrt. ||-|| gg (o), thus wrt. ||| ge (@)

per
o = H{(N) is closed subset of HY, ()

per

B—v .

3. o decay at least like o, < k™ a
o let 1§ ot HE' () — HE, () and tper + HJ, () — ngr(ﬂ)

per per
— v
® L =Ppgoiper 0ty per

® 1) e and Py are bounded; now use theorem 220 to obtain o < Ax

4. o decay at most like oy, 2 5

e let B : Hp, () — Hp,, () be given by (EO‘\u)gk = Uy, and (E‘l\u)k = 0 else;
then ||E%|| < 2% and E®u(x) = u(2z) (assuming u on rhs is periodically extended)
o let x € C°(Q2) with x = 1 on a neighbourhood of £2/2 and F* : HS, () — H§ (), F*u = xu;

per
F* is bounded (which can be seen using the norm || - [|ga (o) on domain and codomain,

since Foy = X * G, where ) decays faster than any power of |k|)
e X =ran (FPEP) is closed in H? (Q):

per
let u, € X with u,, »u in ngr(Q)7
then also u,, —u in L?(2) and thus pointwise a.e. along a subsequence

veX « veHS (Q) & pointwise condition v(z) = x(z)v(z/2) if 2 € Q\ ¢

per

e X C HJ,.(9) closed
= orthogonal projection P : chr(Q) — X is well-defined,
= (FPEP) has bounded inverse T : X — H5_(Q) by injectivity and bounded inverse theorem
= by Hahn-Banach, T can be extended to a bounded linear operator T : HS, (Q) — HZ (Q)

per
per per
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® lpey =ToPo Lg)per oto F7 o E7; now use theorem 220 to obtain A, < o
For an arbitrary domain Q let Q = (—7,7)¢ and G, J be domain translations and rescalings such that
GQcc Qand JQ CC Q,
and let 7 be the embedding HY () — HJ (), then

bounded oG bounded oG~
_—

L HY(Q) H)(GQ) — HY(Q) <& HE(Q) 2P g8 (Ga)

I Hg(Q) bounded oJ !

Hy (9)

orth. proj. bounded oJ
e _—

Hy (J71Q) = Hy(Q) < HJ (Q) HY(J7Q) Hy ()

so that the singular values of « and 7 decay at the same rate. O

Remark 222 (Embedding for negative 8). Let 0 < 8 < ~. The adjoint of the embedding HJ () —
H(J’@(Q) is the embedding (Hég(Q))* — (HJ(Q))*, so its singular values also decay at the same rate.
Ezxploiting the embeddings Hy “(2) C (H§(Q))* C Hy *(Q) for @ CC Q CC R, as in the previous proof
one obtains the decay rate k5T even for HJ (Q) < H(JB(Q) with arbitrary v > .

23 Radon and X-ray transform on bounded domains

Remarks 206 and 207 depended on the unbounded domain. On a bounded domain things get simpler.
Below we identify a pair (#,s) € C with the hyperplane s6 + 6+ and a pair (,s) € C’ with the line s+ 6R.

Lemma 223 (Support of integral transforms). If u is compactly supported, then so are Ru and Pu (they
only have support on hyperplanes or lines (0, s) that intersect the support of u).

Proof. trivial O

The reverse holds true as well (which in case of nonnegative w is trivial). It can be shown using Cormack’s
original inversion formula for the Radon transform (which we will not derive).

Theorem 224 (Support of inverse integral transforms). Let u € S(RY) and Q C R? be conver and
compact.

1. If Ru(0,s) =0 for every hyperplane (0, s) not intersecting 2, then u =0 on R%\ Q.
2. If Pu(f,s) = 0 for every line (0, s) not intersecting €2, then u = 0 on R?\ Q.

Proof. 1. Suffices to consider balls 2, since for any x ¢ ) there is a ball containing €2, but not z.

By coordinate transform suffices to consider €2 to be the unit ball.

Cormack’s inversion formula shows Ru = 0 on S%~1 x (R\ [~1,1]) = u = 0 outside unit ball.

2. Follows from 1. since each hyperplane not intersecting €2 is spanned by lines not intersecting 2. [

Theorem 225 (Sobolev estimates for Radon and X-ray transform). Let Q C R? be bounded and open
and v € R. There exist constants ¢, C > 0, depending only on v, d, and  such that

cllullzy @) < [[Rull (| Pull < Cllull gy o for all u € C§°(9).

H’Y+%(C)’ H'YJF%(C’) —_

Procf 1 Rl s = [ [ Reulo) P do it 0)
- (27r)d‘1/ /(1+02)7+%|a(09)|2dadyd—1<9)
Sd-1 JR
= 2(27m)?" / / (14 022 |a(00)[2 do dH1(6)
sd-1 Jo

d

= 2(2m)"! /Rd(l IR ) Plel  dg
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©NRUIE s 222 fou (1 )P A = 22 ful e
HRu”2“’+% 2 d—1 2 ¢11—d 2 d—1 2 ¢11—d
o ot = [P R e [ P @R [ de
{lgl<1} S~ {lgl>1} —~ .

S”uHLoo({‘g‘Sl}) S(1+\25\2)%

S 112
seonst i ez <2 T ull?, )

let x € C§°(R?) be one on €, and set y¢(z) = e~ Sx(z), then

[ xemitna

1
2 2

< ——|xe(n)Pd 1 am)Pdy) = — -

< ([ eran)” ([ aempyiaor an)” = gl

I xell -~ (ray depends continuously on £, thus the supremum over [£] < 1 is bounded

2. 2 _ 2\ +3 D ()2 gyd—1 d—1
1P s = [ O+ IER RO R a6 4= 0)

H’H—% (c

(27r)d/2|a(§)| = ’/}Rd xe(z)u(x) de
1

=27 27435 7€) (2 dH 4L d—1
—or [ [ g Hagran @ oe o

= 2rH?(5972) /Rd(l + )72 ()|~ dn

(using lemma 201 in last step); rest analogous to Radon transform O

Remark 226 (Compactness of transforms). We see that on a bounded domain €, not only is R
(analogously P) bounded from L*(Q) = HJ(Q) into L*(C), but even compact: It is the composition
d—1 d—1
of the compact embedding HJ(Q) — H, > (Q) with the bounded R : Hy, * (Q) — L*(Q). (Note that
d—1
Hy? (891 x[a,b]) does not embed compactly into L*(C) since it has no additional regularity along S~1,
but one can show that the subspace satisfying the Helgason—Ludwig conditions does; in other words, R is

continuous from HJ(Q) into an even more reqular space than o+ (C) - one with additional regularity
along S4=1.)

Remark 227 (Ill-posedness). Obviously, inversion of R (analogously for P) is well-posed if R is inter-

preted as an operator from L?(S2) to s (C). However, typically the measurement error lies in L?(C)
or is even less reqular (for instance, Gaussian white noise is in H~7(R%) if and only if v > 3), and we

often require the reconstruction to have small errors in L*(Q) or even HE (). Thus we need to interpret
R as an operator from L*(Q) or H}(Q) into L*(C) or H=7(C), which is compact.

Corollary 228 (Mild ill-posedness). Let 8 <. The singular values of R : Hy () — HP(C) decay like
op ~ kST 5T the singular values of P : HY () — HP(C') like oy, ~ k5T =31, so inversion of both is
(very) mildly ill-posed.

Proof. Interpret R as composition

¢ (compact embedding)

41-d R (boundedly invertible on its range)
Hy " F(9) HP(C),

Hy ()
and apply theorem 220 and remark 222. Analogous argument for P. O

In fact, explicit singular value decompositions for the Radon transform between multiple different spaces
are known, for instance between weighted L2-spaces on bounded domains.
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