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Introduction

In [10], we have introduced Hodge operators using diagonalizable o-hermitian forms
on vector spaces over a field F' of arbitrary characteristic; here ¢ is an automorphism
of F with 02 = id, we allow ¢ = id (in fact, we concentrate on that case in the present
paper). If the dimension of that space is an even number n = 2¢ then these operators help
to understand exceptional homomorphisms between groups of semi-similitudes; these
homomorphisms can be interpreted as representations of the group of semi-similitudes
of the given form on the /-th exterior power of the space, where the latter is turned into
a module over an algebra K, generated by the Hodge operator (see [10, Sect.2]). That
algebra turns out to be a composition algebra if o # id or if char F' # 2, but it will be
inseparable if o = id and char F' = 2: in that case, we obtain K, & F[X]/(X? —§), for
some 0 € F.

In the case where ¢ = id and the characteristic is two, the forms in question are not
the ones that lead to classical groups: we then use a bilinear form that is symmetric
but not alternating (see 1.2 below); the definitions of classical groups (i.e., symplectic,
unitary, or orthogonal groups) in characteristic two employ non-degenerate forms that
are either alternating, or o-hermitian with ¢ # id, or quadratic forms.

Therefore, the inseparable case is treated in a cursory way only in [10]. However, it
leads to phenomena that appear to be interesting, if only as a marked contrast to the
results in [10]: for instance, the orthogonal group with respect to the bilinear form may
be a simple group (see 3.2.a below) or abelian (see 3.2.b), or it may act on a submodule
of the exterior power with a rather large nilpotent kernel, and inducing a simple group
on that submodule (see 3.1). We treat this inseparable case in a more detailed manner in
the present notes, with a focus on ¢ = 2 (and n = 4) because interesting phenomena are
already apparent in this dimension (and the Klein quadric provides some extra geometric
intuition).

1. Symmetric bilinear and diagonal quadratic forms in characteristic two

We recall basic facts about forms over fields of characteristic two, and fix some nota-
tion.

1.1 Notation. Let F' be any field of characteristic 2, let V' be a vector space of dimension n
over F', and let h: V x V — F be a non-degenerate symmetric bilinear form. Moreover,
assume that there exists an orthogonal basis vy, ..., v, with respect to h (see 1.2 below).

As dim V is assumed to be finite, our assumption that h be not degenerate is equivalent
to the fact that (by a slight abuse of notation) we may view h as a linear isomorphism
onto the dual space V'V,

h:V —VY:v h(v,—)
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see e.g. [9, Ch.I, §2]. Consider now the exterior algebra AV, cf. [8, VI9]. We note that A
is a functor on vector spaces and (semi)linear maps, cp. [10, 1.6]. Moreover, there is a
natural isomorphism (A V)Y = A(V"), so we may write unambiguously AV". Explicitly,
we have (fi A+ A fo,wr A -+ Awg) = det({fi,wg)) for f; € VV and wy, € V, see [11,
1.5.6] or' [2, §8, Thme.1, p.102]. Applying the functor A to h: V — V'V, we obtain
Ah: AV — AVV; we interpret this as a bilinear form Ah on the exterior algebra AV.
Using the explicit formula above, we find

Ah(vi A Avg,wg A+ Awg) = Nh(vy A+ Avgwy A= Awy) = det(h(v;, w;)).

In particular, the form /\eh is symmetric because transposition does not change the
determinant.

The quadratic form ¢ := ¢: V — F': v — h(v,v) is a semilinear map, its companion is
the Frobenius endomorphism ¢: F — F: x +— x2, considered as an isomorphism from F
onto the field F” := {2%| x € F} of squares. The kernel of ¢ consists of all vectors
that are isotropic with respect to h. In particular, it contains V*. For each vector space
complement W for that kernel in V| the restriction of ¢ to W is an injective map, and
dimF W = dimFm q(V)

Let TL(V) be the group of semilinear bijections of V' onto itself. For v € T'L(V),
let o, € Aut(F') denote the companion of 7. In the spirit of Dieudonné’s notation, we
consider the group

TrO(V,h) = {7 eTL(V) ‘ Jry, € F*Vo,w € V: h(y(v),y(w)) =1y ay(h(v,w))}

of semi-similitudes of the form h, the subgroup GO(V, h) :== T'O(V, h)NGL(V) of (linear)
similitudes, and the group O(V, h) := {’y € GL(V) ) Yo, w e V: h(vy(v),y(w)) = h(v, w)}
of isometries. Note that Dieudonné would refer to the latter group as a unitary group,
he reserved the term “orthogonal” for groups of isometries of quadratic forms.

For a quadratic form ¢: V' — F we have

ro(v,q) = {’y eTL(V) ’ Iry e F*Yo e V:q(y(v) =ry av(q(v))} ,

GO(V,q) = TO(V, q) N GL(V), and O(V, q) = {7 € GL(V)| Vv € V' gl3(v)) = a(v) }.
If the form in question is not zero then the multiplier r- of a linear similitude ~y is
determined by «, and v — 7, is a group homomorphism.

The following result dates back to [1, Th. 6, p.392], see also [5, [§10, p.20 with 1§8,
p.15] or [15, Theorem 6.3.1]. For the reader’s convenience, we include a proof.

1.2 Lemma. Let h: V x V — F be a symmetric bilinear form on a vector space V of
finite dimension n over a field F with char F = 2. Let k = dimgo g, (V).

! The treatment in [2] is quite different from that in later editions [4].
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a. If h is non-zero then there exists an orthogonal basis for V with respect to h if, and
only if, the form h is not alternating, i.e., if there exists v € V with gp(v) # 0.

b. If h is not alternating then there exists an orthogonal basis vy, ...,v, of V such that
an(v1), ..., qn(vg) is an F-basis for q, (V).

Proof. We abbreviate q := g, as in 1.1. If there exists an orthogonal basis then the Gram
matrix with respect to that basis is diagonal, and will be zero if the form is alternating.
Conversely, assume that there exists v € V with q(v) # 0. If V+ # {0}, we choose any
basis for V+, and any vector space complement W to V- with v € W. The restriction
of h to W is not degenerate, and not alternating. It suffices to show that there is an
orthogonal basis for W. Assume that wy,...,w; are pairwise orthogonal vectors in W
with g(w;) # 0. Then these vectors are linearly independent, the restriction of h to their
span Wy is not degenerate, and W,j- N W is a complement to Wy in W.

We proceed by induction on dim(W; N W): If the restriction of h to Wit N W is
either zero or not alternating, we apply the induction hypothesis. It remains to study
the case where there exist x,y € W N'W with h(z,y) = 1 and g(z) = 0 = ¢(y). Put
Wit1 = wg + q(wg)y, wrr2 = wi + = + q(wy)y, and @y, = wy + x. Straightforward
computation yields q(wg+1) = q(wir2) = q(wr) = q(wg) # 0, and that the vectors
Wy, Wet1, Whio € {w1, ..., w,_1}+ are pairwise orthogonal.

So w1, ..., Wr—1, Wk, Wk+1, Wkt2 is an orthogonal basis for Wy, + Fx + Fy. Applying
the induction hypothesis to (W}, + Fx + Fy)+ N W finishes the proof of assertion a.

For assertion b, we choose any orthogonal basis and re-order it in such a way that the
values of ¢ at the first k basis vectors are linearly independent over F©. 0O

1.3 Lemma. Leth: VXV — F be a symmetric bilinear form over a field F with char F' =
2, and let ¢ == qn: V — F: x> h(z,x) be the corresponding quadratic form. If q is
anisotropic then the groups O(V,q) and O(V, h) are both trivial, and each one of the sets
L = GO(V,q) U{0} and Ly == GO(V,h) U {0} forms a subfield of the endomorphism
ring Endg (V).

Putting ro == 0, we extend the multiplier map to a homomorphism r: L — F of fields.
This yields isomorphisms from L and from Ly, respectively, onto subfields of F'.

The set q(V') is a vector space over the field r(L). If 1 € q(V') then r(L) C q(V).

Proof. Clearly we have O(V,h) < O(V, q) and GO(V, h) < GO(V, q). Interpreting g as a
semi-linear map from V to the vector space F over F" we see that ¢ is injective by our
assumption that ¢ is anisotropic. Therefore, the group O(V,q) is trivial, and so is the
subgroup O(V, h). It follows that the multiplier map r: GO(V,q) — F* is injective. In
particular, the group GO(V q) is isomorphic to a subgroup of F*, and thus commutative.

The set L = GO(V,q) U {0} C Endp(V) is closed under multiplication, and each
member of L~ {0} has a multiplicative inverse. We extend the multiplier map by putting
ro = 0; this extension is still multiplicative.
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For A, € L, we note q((A+ 1) (v)) = q(A(v) + n(v)) = q(AM(v)) +q(p(v)) = rag(v) +
ruq(v) = (ra+ry)q(v). So L is closed under addition, and the multiplier map is additive.

Now assume A, u € GO(V, h) < GO(V, q); we need to show A+ p € Ly == GO(V,h)U
{0}. The multiplier (ry)? of A2 € GO(V, h) is also the multiplier of ryid € GO(V, h), so
injectivity of the multiplier map yields A? = ry id. Using char F' = 2 and commutativity
of GO(V, h), we obtain

B(AW), (@) + h(p(), Aw)) = 13 (@), Ma(w)) + 5 h(u2(0), pA(w))

h(v, Ap(w)) + h(v, pA(w)) = 0.

This yields h((A+ p)(v), A+ ) (w)) = h(A(v), Mw)) + h(A(v), p(w)) + h(p(v), AM(w)) +
h(,u(v),u(w)) =7y h(v,w) + 7, h(v,w) = (rx +r,) h(v,w), as required.

Finally, assume that there exists v € V with ¢(v) = 1. For A € GO(V, q), we obtain
g(A(W)) =rrg(v) =7y, and (V) = {rr| A € L} follows. O

Clearly, we have F'1 < L;, < L, where 1 denotes the identity (matrix). It may well
happen that F'1 # Ly, # L, see 3.4d below.

1.4 Remark. Let K = F + Fz be the local algebra of degree 2 over a field F' with
char F = 2, with 22 = 0. For a symmetric matrix S € F**3 let g: K* x K* — K
and §: F3 x F? — F, respectively, be the bilinear forms with Gram matrix S. Every
matrix B € K**3 can be written as B = A + zX with 4,X € F**3. Computing
B'SB = ATSA + 2(A"SX + X" SA) we see that B belongs to O(K?,g) precisely if
Ac O(F?, 3) and A" SX is symmetric.

100
E.g., for § = (010) with ¢ € F ~ F" we obtain O(F3,g) = {(H“‘]O)’ aEF},

0 1
00c
where J = (1 }), and then O(K?,g) = {<(1+QJ)(T1+ZS) Zc(l_mJ)v) ’ a,d € F,v € F?,
zZv 1+zd
§=5"e P>},

In Section 3, we will repeatedly need the following.

1.5 Lemma. Let K be a commutative local ring with 1+1 =0 in K, and let SLo(K) ==

{(ZZ)‘ a,b,c,s € K,ad — bc = 1}, We write 1 := ((1)(1)), L, = (i(l)), U, = (éf),

. 1+2 O x A 1+2 x 0 1 11

L, = 0 1 0 , Uz, = x 142 0), and T:=[|1 1 0].
x 0 1+z 0 0 1 1 0 1

The bilinear forms g and ¢ on K? are given by g(z,y) = z1y1 + x2ys + z3y2 and

g (z,y) = Zizl TrYk, respectively.

a. The set {L,| x € K} U{U,| « € K} generates SLo(K).
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b. The set {L,| x € K}U{U,| = € K} generates a group 3 isomorphic to SLy(K).
Indeed, T LT = (3 0), 707 = (5.0 ), and T ST = 5= {(3 )| A€

SLQ(K)}.
c. Now assume that the mazimal ideal M of K has the property MM = {0}.
Then = = 1 “l’) ’ u € MQ} and © = {(g 2) ‘ a €14+ M} are subgroups, and

u
=20 is an elementary abelian 2-group. The groups Z and © are both normalized by 3,
the semi-direct product

N a au'iC
(3 =)

equals O(K?, g), and T(2OX)T' = O(V,¢').

a61+M7ueM27CeSL2(K)}

Here M? denotes the set of columns with two entries from M.

Proof. Assertion a is well known ([7, Th. 4.3.9], see [16, p.22] for the case where K is a
field). Since matrix algebra over a local ring is less popular, we provide a direct argument
(actually, in a form that works for every local ring): Let A = (‘z Z) € SLo(K). Then a
and ¢ cannot both be non-invertible. If a is invertible, then
(¢ 4)
c dj-

(it D) DG 1)
D6 )6 Y

If ¢ is invertible, then
Assertion b follows by direct computations.

Now assume MM = {0}. Then M is the kernel of the Frobenius endomor-
phism, and K" = {2?| r € K} = K/M is a field. We interpret the quadratic form
¢ = qg as a semilinear map from K 3 to the vector space K over K”. The ker-
nel of ¢ is {(x1,72,23)" € K*| 23 =0} = {(21,22,73)" € K*| 21 € M}, and contains
{(0,29,23)" | 2,73 € K}. That kernel is invariant under each isometry in O(V, g).

We note C"4C = (det C') 4 for each matrix C € K*** and v"4v = 0 for each v € K?.
For any a € K, any u,w € K?, and C' € K**? we write w' = (w1, ws) and consider the

matrix

Aa,u,w,C = <Z wC ) .

If the kernel of ¢ is invariant under that matrix, we have 0 = q(Aq,uw,c(0,1, O)T) = w?
and also 0 = q(Aq,u,0,c(0,0,1)") = w3, so w € M?. Then ww' = 0.
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Now Aguwc € O(V,g) yields the conditions a? = 1, wa = C'iu, and CTiC = i.
This leads toa™ ' =a €1+ M, detC =1, and u € M?2.

Conversely, we have A, ,..c € O(V,g) for each choice of a € 1+ M, C € SLy(K),
we M? and w = C"iua. So

o= {(1 i)

It is easy to see that both © = {A,001| @ € 1+ M} and = are elementary abelian

a€1+M,CGSL2(K),ueM2}.

2-groups. A straightforward calculation yields that they centralize each other, and that
they are normalized by 3. Then ©Z is an elementary abelian subgroup, and normalized
by X, as well. Thus O(V, g) = E0X follows.

We note T' = T and T? = ((1) 2), so T? is the Gram matrix for g. So TO(V, g) T~*
equals the group O(V,g’) of isometries with respect to the form with Gram matrix
(T~H'1?°T'=1. O

2. The Hodge operator in characteristic two

Fundamental definitions and results about Hodge operators have been worked out in
some detail in [10]. We repeat the fundamental facts (with simplifications due to the
concentration on a special case) and refer to [10] for details and proofs.

2.1 The Pfaffian form. Recall that dim A"V = 1 if dim V' = n. We fix an isomorphism
b: 'V — F. For each positive integer £ < n the map b induces an isomorphism
Pf: A"V = A'VV given by

Pf(ogy Ao  Avp—g)(wi A~ Awg) = by A+ Avp—g Awy A=+ Awy) .

This is the Pfaffian form, see [8, VI 10 Problems 23-28, VIII 12 Problem 42]. As char F' =
2, the resulting bilinear map Pf on AV is symmetric,

Pf(vg A+ Avp_p,wi A= Awp) =Pf(wy A+ Awg,v1 A= Avp_yp) .

If n = 2¢ is even then Pf(vy A--- Awvg,v1 A--- Avg) = 0 holds for each vy A -+ A vy, so
Pf is an alternating form on /\ZV.

2.2 Remarks. For n = 4 and ¢ = 2 we are dealing with the space /\2F4 that carries the
Klein quadric. The quadratic form Pq defining the Klein quadric is also referred to as a
Pfaffian form (cf. [6] and [14] where this form is denoted by ¢), and Pf is the polar form
of that quadratic form. Under the present assumption char F' = 2, the polar form Pf
carries less information than the quadratic form Pq; in fact, for any diagonal quadratic
form k (i.e., such that the polar form of k is zero) the sum Pq + k also has Pf as polar
form. Note that Pf is alternating because it is the polar form of a quadratic form in
characteristic two.
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If one interprets the elements of /\2F4 as alternating matrices then there exists a
scalar s € F* such that Pq(X)? = s det X holds for each X € /\2F4, cf. [3, §5 no.2,
Prop. 2, p. 84]; the scalar s reflects the choice of basis underlying that interpretation.

We identify x12v1 Avg + 1301 A U3 + 21401 A Vg + TazUs A U3 + TogUs A Vg + X3403 A Uy
with

0 Ti2  T13 T4
x = | 72 0 T23  T24
—T13 —T23 0 T34

—r14 —Tog —T34 O

and compute det X = (z12734 — T13T24 + T14723)%; up to a scalar (viz., the value
b(v1 A vy A vz Awvyg) above), the value of Pq at X is obtained as x12@34 — £13%24 + T14%23,
and the polar form of Pq maps (X,Y’) to the corresponding scalar multiple of x12y34 +

T13Y24 + T14Y23 + T23Y14 + T24Y13 + T34Y12-
See [16, 12.14] for an interpretation of Pq in terms of the exterior algebra.

2.3 The Hodge operator. We now consider the composite

h -1
J =Pt oNh: NV Lﬁ NVY s N Y

This semilinear isomorphism is the Hodge operator. It depends, of course, on h and on b
but not on the choice of basis.

2.4 Explicit computation. Suppose that vq,...,v, is an orthogonal basis of V. For /\ZV
we use the basis vectors v;, A --- A v;, with ascending 44 < --- < 4y < n. Then
/\éh(vl A-+-Avg,—) is a linear form on /\EV which annihilates each one of those ba-
sis vectors, except for v A - -+ A wvyp; in fact

/\Zh(vl Ao Avg,vr A Avg) = h(vg,v1) - h(ve, vp) .

In other words: /\Zh is again diagonalizable. It then also follows that /\Zh is not degener-
ate. The linear form Pf(vs41 A--- Av,) annihilates the same collection of basis ¢-vectors,

and
Pf(vgg1 Ao A, 01 A= Avg) =b(vr A+ Awy) .
Therefore
h(vi,v1) -+ - h(ve, ve)
JWi A Avg) =vgp1 A-- Av - 2
(v ‘) et "ob(ur A Ay
Note that this last formula is correct only if vq, ..., v, is an orthogonal basis, and cannot

be used if v1 A -+ A vy corresponds to a subspace U of V' such that the restriction of h
to U is degenerate.
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2.5 The square of the Hodge operator. Let H be the Gram matriz of h with respect to
the orthogonal basis vy, ...,v,. The square of J is a linear automorphism of /\ZV, and
we find that

J*=6,1 where &= %

Recall that det(H) depends on the choice of basis; the invariant would be the square
class disc(h) € F*/F" of det(h(v;,v;)). (Here F* denotes the multiplicative group of
the field F” := {s?| s € F} of all squares in F.) However, the whole expression depends
only on h and b. Replacing the isomorphism b: A"V — F changes J by a factor and J 2
by the square of that factor. In particular, the isomorphism type of the algebra K,
introduced in 2.7 below does not depend on the choice of b.

2.6 Lemma. For all z,y € /\ZV we have

a. PE(J(2),y) = Nh(z,y), c. Nh(J(z),y) =8 Pt(z,y),
b. Pf(J(z),J(y)) = & Pi(y, ), d. Nh(J (), J(y)) = 6 Nh(z,y).

From now on, assume n = 2¢. Then J is an F-linear endomorphism of /\KV. We are
going to use J to give /\ZV the structure of a right module over an associative algebra
of dimension 2 over F'.

2.7 The algebra K,. Take §, = % as in 2.5 and put K, = F[j,]/(j7 — 0,).
2.8 Definition. For v € AV we put vj, = J(v). In this way, the space A’V becomes
an O(V, h)-K y-bimodule, i.e., it becomes a right module over K, and O(V, h) acts K-
linearly from the left. Choosing an orthogonal basis v, . .., v, for V with a fixed ordering,
we obtain a basis B for /\KV consisting of all v;, A- - -Avj, where (j1,. .., j) is an increasing
sequence of length ¢ in {1,...,n}. The sequences with j; = 1 form a subset B; of B,
and J maps each element of By to one of B \ Bi. Moreover, the set By forms a basis
for the Ky-module /\ZV, showing that the latter is a free module.

2.9 The bilinear form on the module. We define g: /\KV X /\ZV — Ky by
g(u,v) == /\eh(u, v) + /\éh(u,vje)jgl = /\Zh(u,v) + 3, (=) Pf(u,v);
see 2.6 for the description on the right hand side. This expression is K g-bilinear.

Note that K is not a field, in general: we need the more general concept of bilinear
forms over rings.

2.10 Proposition. The form g is diagonalizable.
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For a general proof (and a general formula) see [10, 2.7]. Actually, if K, is a field
(of characteristic two, and ¢ = id by our assumptions) it suffices to note that g is not
alternating, see 1.2. For the applications in Section 3 below, we give a special statement
explicitly:

2.11 Example. Let vy, vo,v3,v4 be an orthogonal basis for V', with respect to h. Then
wy = v1 A v, wg = v1 A vz, wg = v1 A vy form an orthogonal basis for the free
Ks-module AV, with respect to g. Explicitly, we have g(wa, ws) = h(vy, v1)h(ve, v2),
g(ws, w3) = h(vy,v1)h(ve,v2), and g(ws, ws) = h(vy,v1)h(vs, v4).

From the definition of g it is clear that O(V, h) preserves g and that the group TO(V, h)
of semi-similitudes (see 1.1) acts by semi-similitudes of g, see [10, 1.8]. For £ = 1 dim(V)
we have thus constructed a homomorphism n,: TO(V, h) — I‘O(/\ZV, g)-

2.12 Lemma. The kernel of n, is trivial.

Proof. That kernel consists of all scalar multiples s1 of the identity 1, where s = 1.
Since char F' = 2, this yields s =1. O

We will call K, split whenever it contains divisors of zero. This extends the established
terminology for composition algebras. Recall that K is split precisely if dp is a square:
8y = s for some s € F* (and this happens precisely if 4 has discriminant 1).

In that case, we may assume s = 1 without loss of generality. In fact, if we replace our
isomorphism b: A"V — F by sb then the Hodge operator J is replaced by J s™1: X
J(X)s™!, and we have (J s71)?2 = 1 while the algebra K, remains the same. If s = 1
then z == 1+ j, € K, satisfies 22 = 22 = 0, and is nilpotent. Thus K, = F[X]/(X?)is a
local ring if Ky is split. Recall that a local ring is a ring in which the set of non-invertible
elements is closed under addition (we allow the case where that set consists of 0 alone).

2.13 Lemma. Let W := /\KV, and assume that K, is split.

a. The maximal ideal in K, is generated by a nilpotent element z. The submodule Wz
and the quotient module W/W z are isomorphic via p,: w+ Wz — wz.

b. The restriction of the form g to the subspace Wz is trivial.

c. The Ky-submodule W z is invariant under n(TO(V, h)). Thus we obtain a homomor-
phism n7: TO(V,h) — TL(Wz).

d. The group induced by kerny on W is an elementary abelian 2-group, acting trivially
on W/Wz.

Proof. The first three assertions are taken from [10, 3.6]. For the last assertion, we note
that elements of kerng act trivially on W/Wz because p, is a module homomorphism.
So kern? is isomorphic to a subgroup of Homp(W/Wz,Wz). O
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The precise structure of O(V, h) and kerny depends on the defect of the form h.
3. The four-dimensional cases

We focus on the case where £ = 2 and n = 2¢ = 4, and write K := K. Either K
splits and is isomorphic to the local algebra F[X]/(X?), or we have an inseparable
quadratic field extension K|F. Recall from 1.1 that ¢: V — F:z — h(x,z) is a ¢-
semilinear map, where F is considered as a vector space over the subfield F of squares,
and p: F — F": 5 + 5% is the Frobenius endomorphism. Note that O(V,h) is con-
tained in O(V, q). We distinguish cases according to dimpo ¢(V') € {1,2,3,4}; recall that
dimp kerq =4 — dimpo ¢(V) € {3,2,1,0} is called the defect of q. At several places we
will use the fact that the orthogonal group of an anisotropic diagonal quadratic form is
trivial if the ground field has characteristic 2; cf. [5, §16, p.35]. Recall from 2.13 that
the restriction g|w .xw is trivial if z is nilpotent (of course, this is of interest only if K
splits).

We use the standard basis eq, s, €3, e4 for V = F*, and write W = /\QV.

We will also use the basis by = (1,1,1,1)" = e;+ea+es+eq, by == (1,1,0,0)" = e;+es,
by == (1,0,1,0)" =e; +e3, by := (0,0,0,1)" = ey.

3.1 Proposition. If ¢ has defect 3, then K splits and O(V, h) & (SLQ(F) X F2) x F. The
normal subgroup = = F? x F is the kernel of the action on W z.

Note that K = F + Fz = F[X|/(X?) is not a field; the subfield F < K is the
image under the endomorphism ¢¥: K — K : r+ sz — r. Using matrix descriptions with
respect to the K -basis by A by, by A by, b3 A by, we apply ¥ to each matriz entry and
obtain an endomorphism of the group GL3(K). Let ¥ = GL3(F') be the image under
that endomorphism; in the chosen coordinates, this subgroup ¥ < GL3(K) consists of
all invertible 3 X 3 matrices with entries from F'.

We obtain SLo(F) = n°(O(V,h)) = OW,g) N T < O(W,g9) = SLy(K) =
SLo(F) x SLo(F). Every multiplier is a square, the group of similitudes is GO(V, h) =
F*O(V,h).

Proof. If ¢ has defect 3 then dimgo (V') = 1 and we may (upon replacing h by a scalar
multiple of h, cp. 1.2b) assume that h(z,y) = x'y is the description in coordinates z, y
with respect to the standard basis. This form h has Witt index 2. In coordinates v, w
with respect to the basis by, ba, b3, by above, it is given by the map h, with

7 T

h(v, w) = W = V1Wyq + VW3 + V3Wo + V4W1 + V4Wy -

_ o O O
o~ O O
S O = O
_ o o =

The orthogonal group O(V, ﬁ) leaves the quadratic form iL(U, v) = v7 invariant. Thus it
fixes the linear form with matrix (0,0, 0, 1), and using suitable block matrices we obtain
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o< {(47)

Now one computes easily that

ac F* Ac GLg(F),xGF?’} .

1 t1 ¢
OV,h)={ [0 B Bt|| BeSLy(F),tc F* ccF
0 0 1

where 7 == ((1)(1))

Note that the elements with trivial B form an elementary abelian subgroup =. In fact,
we have an isomorphism

1 to t1 t3+tity
_ 0 1 0 t
E:F2 X F —Z: (t,ta,13) — 0 0 1 t;
0 0 O 1

The map ¢ is F-linear if we let the scalars act via the rule (t1,t2,13) -5 = (t15, 28, t352).
In particular, the dimension of F? x F' = Z becomes 2 + dimgo F which will be greater
than 3 whenever the field F is not perfect.” The group

1 0 0
2::{(0 B o>eGL4(F)
00 1

of block matrices normalizes = and acts in the expected way: it fixes £({0}* x F') point-

Be SLQ(F)} = SLQ(F)

wise and induces the usual action on the set

1 &3 t1 O

0 1 0 ¢
¢({ttatit)| e FH) =3 L0 o ] L] e F

0 0 0 1

However, that set is not a subgroup; there is no Y-invariant subgroup complement to
£({0y* x F).

We fix the isomorphism b: /\4V — F in such a way that J(er)Aera) =
er(3) N\ ex(a) for each permutation 7 of {1,2,3,4}; recall that the standard basis
e1, €2, €3,¢e4 is an orthonormal basis with respect to the form h in the present case.
In particular, we now find § = 1, the algebra K splits, and z := 1 4 j is nilpotent.

Using the basis by, ..., by from above, we obtain the K-basis by A by, by A by, b3 A by

100
for W. With respect to that basis, the Gram matrix for g is (0 01 ). The elements
01

1
0
of O(W, g) are thus described (with respect to the same basis) by the block matrices
(Z “TC’;C), with a € 1+ Fz, u € (Fz)?, and C € SLy(K), see 1.5c. We observe that

2 This phenomenon also plays its role in the study of duality of symplectic quadrangles, cf. [12] and [13].
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Y, = (bl /\b4)2 = (61 Neyg+es Neyg+ es /\64)Z = by Aby+ by Abs,
Yo = (b2 A\ b4)Z = (61 Neg+ex N 64)2 = by Aby,
Y; = (bg A\ b4)Z = (61 Neg+e3 N 64)2 = by Abs

form a basis for W z.
Evaluating £(t1,t2,t3) € E at Y7, Ys, and Y3, we see that = acts trivially on Wz, and

100
then also acts trivially on W/Wz, see 2.13d. For B € SLo(F') we find that (0 B 0) €
001

Y maps Yia1 + Yaas + Yzas to Yia; + Yaa) + Ysah with (a’g,ag)T = B(ag,a3)". In
other words, the image of that element of ¥ under 7° is described by the block matrix
(10).

This action of SLo(F') is an action by isometries of the F-bilinear form k& on Wz
defined by k(Yia1 + Yaas + Ysas, Yiz1 + Youg + Yszs) = a121 + asxs + aswe; see 1.5¢
(applied with M = {0}). Note that ¥ = SLo(F') induces the full group O(Wz, k).
However, the form k is not g° because g° = 0, see 2.13.

The range ¢(V) of the quadratic form ¢ is just F”. So every similitude of ¢ has an
element of F* as multiplier, and belongs to F* O(V, q). From GO(V,h) < GO(V,q) it
then follows that GO(V,h) = F* O(V,h). O

3.2 Proposition. Assume that q has defect 2. In coordinates with respect to the K-basis
e1/\ea, e1\es, e1 ey, let U = GL3(F) be the subgroup of GL3(K) consisting of matrices
with entries from F'.

a. If K is not split, then O(V,h) = SLa(F) Z n(O(V,h)) = O(W,g) N ¥ < O(W, g) =
SLo(K). The field Ly, is an inseparable quadratic extension field of F1.

b. If K is split, then O(V,h) = F3 is abelian, and its action on Wz is neither trivial
nor faithful. We have O(W, g) & F x ((F3 x F?) x F).
Again, the field Ly, is an inseparable quadratic extension field of F1.

In both cases, we have L = Ly, and that field is a quadratic extension of F1.
Proof. If dimpo ¢(V) = 2, we may assume h(z,y) = x1c1y1 + T2C2ye + T3¢3Yy3 + TaCays,

where ¢3 and ¢4 lie in ¢ F + o F°, and c1,cy are linearly independent over F".
If ¢3 € FP¢; we may assume cz = c1. If ¢3 ¢ FP¢; then there exist s,t € F with

¢y = s%c; + t?c3. Then T = (22 ‘Z) is invertible, and 7" (Col CZ) T = (cg 002) holds
with ¢} = (te3)?c; + (sc1)?c3. Thus f1 = tcze; + scies, fo = ea, f3 = sei + tes,

f1 = eq is an orthogonal basis, and the Gram matrix for h with respect to that basis
has diagonal entries c7, ca, c2,c4. Repeating the argument, we obtain that either there
exists a diagonal Gram matrix with three identical diagonal entries (if ¢4 ¢ F”c}), or
there exists a diagonal Gram matrix with two pairs of identical diagonal entries.

Up to similitude, we may thus assume that the Gram matrix (with respect to the
standard basis) is one of
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m 0 0 0 m 0 0 0
w800 0) e (D)
0 0 0 1 0 0 0 1
respectively, with m € F ~ F".
a. If the form A is described by H; then its discriminant m is not a square, and K

is not split; in fact, we have K = F(j) = F[X]/(X? — m), with j° = m ¢ F”. With

m 0 0
respect to the K-basis e; A ea, e1 A ez, ey A eq, the Gram matrix for g is ( 0m 0 >
0 0m

From 1.5¢ (applied with M = {0}) we know that O(W, g) = SLo(K). As m is a square
in K, the set g4,(W) coincides with K", and every multiplier of gy is a square. So
GO(W, qg) = K*O(W,qg), and GO(W, g) = K*O(W, g).

In order to understand the group O(V, h), we first study the quadratic form given by
q(x) = h(z,2) = ma? + 23+ 23+ 23 = ma? + (v2+ 23 +14)2. As m is not a square in F,
the kernel of ¢ is the hyperplane {(O, To, T3, T4) ‘ To+ a3+ x4 = 0}. This hyperplane is
invariant under O(V, h); it will be convenient to use the basis by = ey, by = es + €3 + €4,
b3 = ez + e3, by == ey + e4. With respect to that basis, the Gram matrix of h is the
block matrix (N 3)7 where N = (m 0) is a Gram matrix for the norm form of K|F, and

7= ((1) (1)) In cgordinates with resgelct to that basis, the isometry group of h consists of
the block matrices of the form (] ) with the 2 x 2 identity matrix E, and A € SLy(F).
In particular, we find O(V, h) = SLa(F).

As in 1.5a, we generate the group SLo(F) by the matrices L, and U,, with z € F.

Transforming (]g LO, ) and (0 U, ) back into the description with respect to standard

coordinates, we obtain that O(V,h) is generated by the matrices A, =T"1 (lg ﬁ) T

and B, = T71 (0 B, )T where T = (ég), A, = ((I)LOI)v and B, = (é[i), with
rekF.

With respect to the K-basis e; Aea, e1 Aes, ey Aey for W, we then find that the action of
these elements on W is described by the matrices L, and U,, respectively, with € F.
The same matrices, but with z € K instead of x € F, generate O(W, g) = SLy(K);
see 1.5¢. Therefore, the image of O(V, h) under 7 equals O(W, g) N GL3(F).

For each similitude ¢ € GO(V,h), the multiplier r, lies in the range ¢(V) =
F" + F"m because that range contains 1. We note that q(V') forms the quadratic ex-
tension field F”(m) = F(y/m) = K of F". Every element a® + b*m € F”(m) ~ {0} is
the multiplier of some similitude of the form h; in coordinates with respect to the basis

b1, ba, b3, by, the block matrix ( 0 A) with A == (bfrln Z) € GLo(F) describes a similitude

with multiplier a® + b*m. So L = Lj, = Fl—&—F(rOn(l)).

b. Now consider the case where h is described by Hs. Then the discriminant is a
square, and K is split. We normalize such that 5% = 1, and K = F + Fz = F[X]/(X?)
holds for z := 1+ j. The kernel of the quadratic form given by ¢(x) = h(z, ) is spanned
by di == e1 + e and dy = e3 +e4. We use d3 := e; and dy := e4 to extend this to a basis
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for V. With respect to that basis, the Gram matrix for h is the block matrix ( ][\), %)

Again, N = (ZL (1)) but this is no longer a Gram matrix for the norm of K|F. However,
from 2 = dimpo ¢(V) = dim(F” + F”m) we infer that 1,m are linearly independent
over F”, and N is the Gram matrix of an anisotropic quadratic form on F2. Thus the

isometry group of that form is trivial.

A B

In the chosen coordinates, a block matrix ( ) describing an isometry of h will

C D
leave the kernel of ¢ invariant, so C = 0. Invariance of ¢ then gives (8 J(\),) =
T
(gT ;T) (81%) (3 g) = (8DT(;VD>, and D is an element of the trivial isometry

group of the quadratic form described by N. So D = 1. Now invariance of h implies

T T
(oM = (gT g) (ON) (258 = (NOA NB+ABTNN+N), and A = 1 follows.

In the chosen coordinates, the isometry group of h therefore consists of the block
matrices of the form ( 2) with B € F**? such that N B is a symmetric matrix. Trans-
forming this description into coordinates with respect to the standard basis eq, ez, €3, €4,

we obtain O(‘/v7 h) = {(17:;:}] 11{;]) ’ a,b,c S F}, where J = (} }) This shows that

O(V,h) = F? is an elementary abelian 2-group.
Now wy = e; Aey, wy = e1 Aes, wg = e; Ney is a K-basis for W, with jw; =
ea Nes, Jwas = ea Aeyq, Jjws = mesg A eq. With respect to the K-basis wy,ws,ws, the

action of (1;{;}] li‘iJ) € O(V, h) is described by the matrix

1+a+c+z(ac+mb?) a+c+z(a+ac+mb?) zmb
a+c+z(a+ac+mb?) 1+a+c+ z(lac+mb?) zmb |,
zb zb 1

and the action on Wz, with respect to the F-basis

w1z = (e1Nes)z=-e1 Neg+ea Aes,
wez = (e1Nesz)z=-e1 Nes—+eaAey,
wsz = (e1ANea)z=-¢e1 Nea+esAey,

is described by the matrix

l+a+c a+c 0
a+c l+a+c 0].
0 0 1

This shows that the action of O(V, h) on Wz is not faithful, the kernel of the restriction 7°

is
o 1+aJ bJ
kern-{( bJ 1+aJ> aGF}.

In coordinates with respect to the basis wy, w3, w1 + ws, the form g is described by the

m 0 m
matrix ( 010 ) The matrix describing an isometry A\ of g with respect to that basis
mO0 0
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a0l
to the basis wy, ws, w3, such an isometry A is thus described by a matrix of the form
( 1+Oa‘] (1)) Using 1.4 we now infer that the elements of O(W, g) are exactly those K-linear

maps that are described (with respect to wy,we, w3) by matrices of the form

100
has all entries from F' if, and only if, that matrix is in { (0 1 0)

ac F} With respect

W(a,u, S,t) = ((1 +ad)(1+25) em(1+ aJ)u) |

2U 1+ 2t
where a,t € F, v € F? and S is a symmetric matrix with entries from F. So
O(W,g) = {qp(a,u,S,t) ‘ a,te FueF? §=8" ¢ F2X2};
the multiplication is given by
Y(a,u, S, 8)Y(b,v,T,t) =9 (a+bu+v+bJu, S+ T + tr(S)bi, s + t) .

The subgroups © = {(a,0,0,0)| a € F} and Z := {1(0,0,0,s)| s € F} are both in
a natural way isomorphic to the additive group of F'. Note that Z is contained in the
center

{w(O,u,S,s) ‘ seFuc JF? S=8" € F¥3 t1(5) = o}
of O(W, g). The subgroups
S = {0(0,u,0,0)| ue F2} = F* and Z3:={¢(0,0,5,0)] S=5" € F¥>*?} =~ 3

are both normal in O(W, g), and O(W, g) is the direct product of Z with the semidirect
product of Z5 x Z3 with the subgroup ©; conjugation by (a,0,0,0) maps v (0,4, S,0) €
E2Z5 to ¥ (0, u+ aJu, S+ tr(S)(ai + a?J),0).

1+aJ bJ b a®+b*m  ata®+b*m
Note that n maps ( i 1+CJ) to ¢ (a +¢(,), (a+a2+b2m b m ) a0>-

As in case a, the set ¢(V) coincides with the subfield F”(m) of F, and F"(m) \ {0}
is the set of all multipliers of similitudes of h; in coordinates with respect to the basis
di,ds,ds, dys, the block matrix (‘g 2) with 4 = (b‘:n Z) € GLy(F') describes a similitude
with multiplier a? + *m. So L, = L = F1 + F (T?L (1)) is an extension of degree 2

over F'1. O

3.3 Proposition. If ¢ has defect 1, then O(V,h) = F is abelian, and K is not split. We
have O(V,h) = (F,+), and n(O(V,h)) < O(W, g) = (K, +). There is a basis v1,va, v3, V4
for V such that h has the Gram matriz

01 0 0
(11 0 o0
H=10 0 ¢ 0
00 0 c
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With respect to the basis v1 A vs, vy Avs, v1 A vy for W, the elements of n(O(V,h)) are
those elements of O(W,g) that are described by matrices with entries from F'.

For each one of the forms h, qn, and g, every multiplier is a square, the respec-
tive groups of similitudes are GO(V,h) = F* O(V,h) and GO(W,g) = K* O(W,g).
However, the multipliers of the form qq are the non-zero elements of the quadratic ex-
tension K" (c3) over K°.

Proof. If dimpo g(V) = 3 then there is u; € V ~\ {0} with A(uz,u1) = 0. As h is not
degenerate, there exists ug € V with h(uj,us) = 1. We write s := h(ug,us). If s =0
then dimker g > 1, contradicting our assumption that the range of ¢ has dimension 3.
We multiply the form by s~! and then replace u; by sui; we may thus assume s = 1.

The restriction of h to Fu; + Fug is not degenerate, so {uj,uz}t forms a vector
space complement for that subspace in V. If the restriction of h to that complement
were isotropic then dim ker ¢ would be greater than 1.

So the restriction of h to {uy, us}* is anisotropic, and diagonalizable by 1.2. Choosing
an orthonormal basis usz, us for {us, ug}L, we obtain that the Gram matrix for h with
respect to the basis w1, us, u3, us is H; the discriminant of h is represented by ¢ := c3cq.
Now § ¢ FD; otherwise, the vector uscs + u4,/c3c4 would be isotropic, and dim ker g
would be greater than 1. So K = F(1/4) is not split. We note that c3 ¢ K"; in fact
c3 = (r + t\/g)2 with 7,¢ € F would imply 0 = 1 + c3(r/c3)? + c4t?, contradicting the
fact that dimker g = 1.

The group O(V, h) leaves invariant the quadratic form ¢. Therefore the subspace ker ¢
is invariant under O(V, k), and so is the orthogonal space ker g*, which is spanned by
{u1, us, us}. Using these facts facilitates to see that the elements of O(V, h) are described
(with respect to the basis u,us, us, us) by matrices of the form (%’ 2) with = € F,
E=(}Y),and U, as in 1.5a. So O(V, h) = (F,+).

The vectors vy = u1 + us, v2 = ug, V3 = us, v4 = uy form an orthogonal basis. In
coordinates with respect to that basis, the group O(V, h) consists of the block matrices
Uz = (%ﬂc (1)), with z € F. With respect to the K-basis wy = v1 A v3, wg = vy A vg3,

C3 00
w3 = v1 A vg, the Gram matrix for the bilinear form g is (0 c3 0). The form g is
0 01

isotropic (as prophesied by [10, 2.9]); in fact, the vector wy + wy is isotropic with respect
to g.

In order to determine GO(W,g), we consider the quadratic form g, obtained by
evaluating ¢g on the diagonal. That quadratic form has one-dimensional kernel because
c3 ¢ K”. So K(w; + wy) is that kernel, and both K (w; + ws) and (w; + wg)* =
K (w, + w2) + Kws are invariant under the group GO(W, g). It turns out that the ele-
ments of GO(W, g) are described (with respect to the basis wy, we, w3) by matrices of the
form aU,, with a € K* and U, as in 1.5, with 2 € K. This yields O(W, g) = (K, +), and
the group GO(W, g) is the direct product of that group by the multiplicative group K*.
In coordinates with respect to the basis w1 + ws, w2, w3, the members of O(W, ¢,) are
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010
of ¢, with multiplier c3, so K Y(c3) is the field of multipliers for qq-

For each similitude of h, the multiplier lies in ¢(V) = F° 4+ F 3 + F¢;. If m €
q(V) ~ F" were a multiplier of some similitude then ¢(V') would be a vector space
over the field F™(m). Since this is impossible, we obtain GO(V,h) = F*O(V,h), and
GO(V,q) = F*O(V,q). O

100
described by matrices of the form ((1J i) with b € K2, and (0 0 c3 ) describes a similitude

3.4 Proposition. If g has defect 0 then both O(V,q) and O(V,h) are trivial, and the
following assertions hold.

a. If q(V) is a subfield of F then the subfield L = GO(V,q) U {0} of Endg(V) is a
totally inseparable extension of degree 4 and exponent 1 over F1, and r(L) = ¢(V).
In all other cases, we have L = F'1.

b. If there exists § € GO(V,h) \ F1 then the discriminant of h is represented by an
element of the field F(rs).

c. If the discriminant of h is trivial then the field L; = GO(V,h) U {0} coincides
with L, and r(Ly) = r(L) = q(V).

d. If the discriminant of h is not trivial but q(V') is a subfield of F then the field Ly,
is an inseparable extension of degree 2 over F1, and F” < r(Ly) < r(L) = q(V).

e. If 1 € q(V) but q(V) is not a subfield of F then Ly, = L = F1, and the discriminant
of h is not trivial.

Proof. Let vy,v2,v3,v4 be an orthogonal basis for V' with respect to h. Passing to a
scalar multiple of the form, we may assume ¢(v1) = 1, then both h and ¢ are described
by the diagonal matrix with diagonal entries 1, a := g(v2), b := ¢(v3), and ¢ = q(v4).
The discriminant of & is the coset in F*/ F™ that is represented by det H = abe, and
1,a,b,c are linearly independent over F~ because ¢ is anisotropic.

Recall from 1.3 that L and L;, are subfields of the endomorphism algebra Endg(V'),
and that the multiplier map r: L — F is a field homomorphism. For A € GO(V,q),
the set Ey := F1+ F\ is a subfield of L, and ¢(V) is a vector space over the field
r(Ey)={ry| y€ F1+ F\} = F°(r)).

If L # F1, we choose A\ € GO(V,q) such that the multiplier r is not a square.
Then ¢(V') has dimension 2 over 7(E)). The restriction of h to Exv; = Fv; + FA(vq) is
not degenerate because (the restriction of) ¢ is anisotropic.

Pick any w € (Eyv1)t~{0}. Then d := q(w) is not in 7(E,) = q(Ex(v1)) because q is
injective. Now q(V) = q(E») +q(Ex)d = F” + F ry + F”d+ F"rd coincides with the
field F- (ra, d) generated by ry and d over F". This is a totally inseparable extension of
degree 4 and exponent 1.

Conversely, assume that (V') is a subfield of F. Then there are s1, $4, Sp, S € F with
ab= s¥+s2a+ sf)b—i— s2c, and s, # 0 because 1, a, b, ab are linearly independent over F-.
Replacing the fourth basis vector vy by siv1 + S,v2 + spvs + s.v4 now yields a basis
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for V, and with respect to that basis, the form ¢ is described by the diagonal matrix
with diagonal entries 1, a,b, ab. In those coordinates, the matrices

A= and B =

— o oo
o OO
o= OO
— o oo

oo —O
oo
ococoo
oo T O

represent similitudes of ¢, and taking multipliers maps L = F1+ FA+ F B+ F AB onto
F"(a,b) = q(V). This completes the proof of assertion a.

Now assume A € GO(V, k), and that A is not a scalar multiple of the identity. Then
q(V) is a subfield of F, and 7y € q(V) ~ F”. We put w; := vy, wy = A(v1), and pick
w3 € {wy,wy} ~ {0}. We observe that the restriction of the form h to Fw; + Fws is
not degenerate. As A is a similitude of h, the subspace Fws + FA(ws) is the orthogonal
complement for Fwi + Fws.

With respect to the basis wy, wa, w3, wg == A\(v3), the form h is described by the Gram
matrix
0
H = 0

)

q(ws) l
0 t raq(w3)

SO W»n
o

where s := h(wy,ws), and t = h(ws, wy). The discriminant of h is represented by det H' =
(ra+352)(q(w)2ry+12) = q(w)?r2 + (st)? + (s+1)?r\ € F7(ry), as claimed in assertion b.

We now use the orthogonal basis vy, va, v3, v4, again. If the discriminant of A is trivial
then abc is a square in F', and with respect to the basis vy, va, vs, Vabe ¢y, the form h
has the diagonal Gram matrix with diagonal entries 1, a,b,ab. The endomorphisms A
and B from above then give similitudes of h, with multipliers a and b, respectively. This
yields Lyp = L and (L) = (L) = q(V), so assertion ¢ is proved.

Now assume that ¢(V) is a subfield of F, so ¢ € F”(a,b). The discriminant of h
is represented by abc, and by assertion b that element lies in each subfield F°(rs),
where § € GO(h) \ F1. If the discriminant is not trivial then abc is not a square,
and we have {rs| § € GO(h)} C F"(abc). Again, there exist sy, 54,85, u € F with ¢ =
s? + s2a + sib + u?ab, and u # 0 because 1,a,b,c are linearly independent over F".
Replacing the last basis vector v4 by u~'vs, we achieve u = 1, and

(%) ab= s +s2a+sib+ec.

We claim that there exists v € GO(V, h) with multiplier r, = abc. In order to find the
images of the basis vectors vy, va, v3, v4 under -y, we use the relation (x) to compute

q(y(v1)) abc = (ab+ s3)% + (spb+ s154)%a + (sqa + s15,)%b + sic,
q(y(v2)) = a?*bc = a*((spb+ 5154)% + (b+ s2)%a+ (s1 + Sq55)%b + s2¢c),
q(y(vs)) = ab’c = b*((saa+ s150)® + (514 sasp)?a+ (a + s7)%b + sic),
q(y(v4)) abc®> = A(s?+s2a+sib+c).
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As ¢ is injective, this yields

Y(v1) = (ab+sP)vr + (spd + s18a)v2 + (50 + s18)v3 + s104,
v(v2) a((spb+ s18a)v1 + (b+ s2)va + (s1 + SaSp)v3 + S404)
Y(v3) = b((saa+ s18p)v1 4 (51 + sase)vz2 + (a + s3)vs + spv4)
Y(vg) = c(slvl + SqU2 + Spvs + V4) .

Straightforward computations (using the relation (x), again) yield that ~y(v1),~vy(v2),
~v(v3),v(v4) is an orthogonal basis with respect to h, and thus « is indeed a similitude
with multiplier abc. We obtain Ly = F'1 + F~ and the proof of assertion d is complete.

If ¢(V) is not a subfield of F then assertion a yields L = F'1, and L, = L follows from
F1 < Lj < L. The discriminant is non-trivial by assertion c, and the last assertion e is
established. O

We collect the results obtained for the different cases:

3.5 Theorem. Assume char F' = 2 and { = 2. Then one of the following holds.

a. If q has defect 3, then K splits and O(V,h) = (SLo(F) x F?) x F. The normal
subgroup 2 = F? x F is the kernel of the action on Wz. See 3.1.
We obtain SLa(F) = n°(O(V,h)) < O(W, g) = SLy(K) = SLy(F') x SLa(F).
Every multiplier is a square, so L, = L = F1, and GO(V,h) = F* O(V,h).
b. If q has defect 2 and K is not split, then O(V,h) = SLy(F'). See 3.2.a.
We have SLy(F) = n(O(V, h)) < O(W, g) = SLy(K).
The field Ly, = L is an inseparable quadratic extension field of F'1.
c. If q has defect 2 and K is split, then O(V,h) = F? is abelian, and its action on Wz
is neither trivial nor faithful. See 3.2.b.
We have O(W, g) = F x ((F* x F?) x F).
Again, the field Ly, = L is an inseparable quadratic extension field of F1.
d. If q has defect 1, then O(V,h) = F is abelian, and K is not split. See 3.5.
We have O(V, h) = (F,+), and n(O(V,h)) < O(W,g) = (K, +).
The field Ly, equals F1, and the group of similitudes is GO(V,h) = F* O(V,h).
e. If q has defect 0, then q is anisotropic and both O(V,q) and O(V,h) are trivial.
See 3./.
o If q(V) is a subfield of F then L is a totally inseparable extension of degree 4
and exponent 1 over F1, and r(L) = ¢(V).
o If q(V) is not a subfield then the discriminant is not trivial, and Ly = L =
F1.
o If the discriminant is trivial then q(V) = r(L), and L, = L has degree 4 over
F1.
o If the discriminant is not trivial but q(V') is a field then Ly, is an inseparable
extension of degree 2 over F1, and F1 S L, S L. O
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