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Abstract. We describe a group theoretic condition which ensures that any strongly simplicial
action of a group satisfying this condition on a CAT(0) cube complex has a global fixed point. In
particular, we show that this fixed point criterion is satisfied by Aut(Fn), the automorphism group
of a free group of rank n. For SAut(Fn), the unique subgroup of index two in Aut(Fn), we obtain
a similar result.
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1. Introduction

In the mathematical world, this article is located in the area of geometric group theory, a field at
the intersection of algebra, geometry and topology. Geometric group theory studies the interaction
between algebraic and geometric properties of groups. One is interested in understanding on which
’nice’ geometric spaces a given group can act in a reasonable way and how geometric properties of
these spaces are reflected in the algebraic structure of the group. Here, the spaces will be CAT(0)
cube complexes, while the groups will be Aut(Fn) and SAut(Fn). The questions we shall investigate
are concerned with fixed point properties of these groups.

More precisely, let Zn be the free abelian group and Fn the free group of rank n. One goal
for a group theorist is to unterstand the structure of their automorphism groups, GLn(Z), resp.
Aut(Fn). The abelianization map Fn↠ Zn gives a natural epimorphism Aut(Fn)↠ GLn(Z). The
special automorphism group of Fn, which we will denote by SAut(Fn), is defined as the preimage
of SLn(Z) under this map. Much of the work on Aut(Fn) and SAut(Fn) is motivated by the idea
that GLn(Z) and Aut(Fn), resp. SLn(Z) and SAut(Fn), should have many properties in common.
Here we follow this idea and present analogies between these groups with respect to fixed point
properties.

The starting point for our investigation is the study of group actions on simplicial trees which
was initiated by Serre, [Ser73], [Ser77]. Let A be the class of simplicial trees. A group G is said to
have property FA if any simplicial action of G on any member of A has a fixed point. It was proven
by Serre that GLn(Z) and SLn(Z) have property FA for n ≥ 3. Regarding Aut(Fn) and SAut(Fn),
Bogopolski was the first to prove that these groups also have property FA, see [Bog87].

In this paper, we investigate some higher dimensional analog of this property. More precisely,
we say that a group G has property FC (resp. FC∗) if it satisfies the following property: Every
simplicial action of G on a CAT(0) cube complex (resp. on a finite dimensional CAT(0) cube
complex) has a fixed point.

It was noticed by Farb in [Far09] that GLn(Z) and SLn(Z) have property FC∗ for n ≥ 3. Con-
cerning Aut(Fn) Bridson and Vogtmann formulated the following question.

Question. ([BV06, 14]) If n ≥ 4, can Aut(Fn) act without a global fixed point on a finite dimensional
CAT(0) cube complex?
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Under the additional assumption that the action is strongly simplicial, meaning that the stabilizer
group of any cube fixes that cube pointwise, we show the answer to this question to be negative.

We say that a group G has property FsC if any strongly simplicial action of G on any CAT(0)
cube complex has a fixed point. Note that property FC trivially implies FsC. The converse is not
true, see Example 3.5.

We give a group theoretic condition that implies that a group satisfying this condition has prop-
erty FsC.

Fixed Point Criterion. Let G be a group and Y a finite generating set of G. If each pair of
elements in Y generates a finite subgroup, then G has property FsC.

Our proof of this Fixed Point Criterion is based on a suitable version of Helly’s Theorem, one
important result of convexity theory.

There exist several variations of Helly’s Theorem in the literature, e.g. for finite families of convex
open, resp. closed, subsets of a CAT(0) metric space, see [Deb70, 2], [Far09, 3.2] and [Kle99, 5.3].
Indeed, it was Farb who discovered the connection between Helly’s Theorem and the combinatorics
of generating sets.

We show that the Fixed Point Criterion is satisfied by the groups Aut(Fn) and SAut(Fn). We
hence obtain

Theorem A.

(i) For n ≥ 3 the group Aut(Fn) has property FsC.
(ii) For n ≥ 4 the group SAut(Fn) has property FsC.

We use these results to show that actions of SAut(Fn) on certain low dimensional CAT(0) cube
complexes are automatically trivial.

Theorem B. Let n ≥ 4 and X be a CAT(0) cube complex such that every vertex has at most m
neighbours. Let Φ ∶ SAut(Fn)→ Isom(X) be a strongly simplicial action. If m < n, then Φ is trivial.

Remark on Kazhdan’s property (T). Another fixed point property of interest is Kazhdan’s
property (T). Groups with property (T) play an important role in many areas of mathematics and
even in computer science.

It is a fundamental open question in geometric group theory whether the groups Aut(Fn) and
SAut(Fn) for n ≥ 6 have property (T) or not. Recently, it was proven by Kaluba, Nowak and
Ozawa in [KNO17] that Aut(F5) and SAut(F5) have property (T). Property (T) is related to the
ones studied here by the following result of Niblo and Reeves.

Theorem. ([NR97]) If G is a finitely generated group satisfying Kazhdan’s property (T), then G
has property FC∗.

A first step in answering this open question would be to show that the groups Aut(Fn) and
SAut(Fn) have property FC∗.

2. CAT(0) cube complexes

The purpose of this subsection is to introduce CAT(0) cube complexes. A detailed description
of CAT(0) spaces and their geometry can be found in [BH99]. Roughly speaking, a cube complex
is a space which one obtains by taking a union of unit cubes of possibly different dimensions and
gluing them along isometric faces.

Let us give the formal definition of a cube complex. We denote by Id the unit d-dimensional
cube [0,1]d. By convention, I0 is a point. A face of Id is a subset F of Id, that is a product
F 1 × F 2 × . . . × F d where each F i is either {0} ,{1} or [0,1]. Let C1,C2 be two cubes with faces
F1 ⊂ C1, F2 ⊂ C2. A glueing of C1 and C2 along F1, F2 is a bijective isometry ψC1,C2 ∶ F1 → F2.
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Definition 2.1. Let C be a family of cubes and F be a family of glueings of elements of C with the
properties that no cube is glued with itself and that for all cubes C1 and C2 there is at most one
gluing ψC1,C2.

A cube complex K is the quotient of the disjoint union of cubes X = ⊔C by the glueing equivalence
relation that is generated by

{x ∼ ψC1,C2(x) ∣ ψC1,C2 ∈ F , x ∈ domain(ψC1,C2)} .
A subset L of K is a cube subcomplex of K if there exist a subset C′ of C such that L is equal to

the quotient of a disjoint union of cubes Y = ⊔C′ by a glueing equivalence relation which is generated
by

{x ∼ ψC1,C2(x) ∣ C1,C2 ∈ C′, ψC1,C2 ∈ F , x ∈ domain(ψC1,C2)}.
The cube complex is CAT(0) if the cube complex with the length metric is a CAT(0) space. We

note that the CAT(0) inequality condition for a cube complex can be expressed by a combinatorial
condition on the cells, see [BH99, II.5].

For example, the d-dimensional Euclidean space Rd is a CAT(0) cube complex in the obvious
way with Zd as a set of vertices.

The following version of the Bruhat-Tits Fixed Point Theorem valid for non necessarily complete
CAT(0) cube complexes was proven by Gerasimov in [Ger98], (see [Cor13, 5.18] for details).

Proposition 2.2. Let G be a finite group acting simplicially on a CAT(0) cube complex. Then G
has a global fixed point.

3. Helly’s Theorem for cube complexes

In this subsection we prove a version of an important result of convexity theory, Helly’s Theorem
for the class of CAT(0) cube complexes.

We start by giving the following definition and result about median graphs.

Definition 3.1. Let Γ be a graph. The interval I(u, v) between two vertices u and v consists of all
vertices on a shortest paths between u and v, i.e.

I(u, v) ∶= {x ∈ V ∣ d(u,x) + d(x, v) = d(u, v)} .
A graph Γ is called median if for each triple x, y, z of vertices the interval intersection consists of
exactly one vertex, denoted by m(x, y, z), i.e.

I(x, y) ∩ I(y, z) ∩ I(x, z) = {m(x, y, z)} .
The relation between CAT(0) cube complexes and median graphs is as follows.

Proposition 3.2. ([Rol98, §10]) Let X be a CAT(0) cube complex and X(1) be the 1-skeleton of X.

Then X(1) is a median graph.

With the help of above proposition we can now prove a suitable version of Helly’s Theorem.

Helly’s Theorem for CAT(0) cube complexes. ([Rol98, 2.2]) Let X be a CAT(0) cube complex
and S a finite family of non-empty CAT(0) subcomplexes of X. If the intersection of each two
elements of S is non-empty, then ⋂S is non-empty.

Proof. We argue by induction on m ∶= ∣S ∣. For m = 2 there is nothing to prove. Let m ≥ 3 and

Y ∶=X3 ∩X4 ∩ . . . ∩Xm.

By induction hypothesis X1 ∩ Y , X2 ∩ Y and X1 ∩X2 are non-empty. Choose vertices P ∈ X1 ∩ Y ,
Q ∈X2∩Y and R ∈X1∩X2. Since Y is CAT(0) subcomplex and P,Q ∈ Y , we have I(P,Q) ⊆ Y and
therefore also m(P,Q,R) ∈ Y . For the same reason P,R ∈ X1 gives m(P,Q,R) ∈ X1 and Q,R ∈ X2

implies m(P,Q,R) ∈X2. We have shown that m(P,Q,R) ∈X1 ∩X2 ∩Y . This finishes the proof. ◻
We need the following crucial definitions.
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Definition 3.3. (i) A simplicial action on a CAT(0) cube complex is called strongly simplicial
if the stabilizer group of any cube fixes that cube pointwise.

(ii) A group G is said to have property FsC if any strongly simplicial action of G on any CAT(0)
cube complex has a fixed point.

Using Helly’s Theorem for CAT(0) cube complexes we obtain the following group theoretic con-
dition for the fixed point property.

Proposition 3.4. Let G = ⟨{g1, . . . , gk}⟩ be a finitely generated group and X a CAT(0) cube com-
plex. If Φ ∶ G → Isom(X) is a strongly simplicial action such that the fixed point sets Fix(⟨gi, gj⟩)
are non-empty for all i, j = 1, . . . , k, then the fixed point set Fix(G) is non-empty as well.

Proof. Since the action is strongly simplicial, the fixed point sets of the generators are CAT(0)
subcomplexes. By assumption we have that Fix(⟨gi, gj⟩) = Fix(gi) ∩ Fix(gj) is non-empty for all
i, j = 1, . . . , k. It hence follows from Helly’s Theorem for CAT(0) cube complexes that Fix(g1) ∩
. . . ∩ Fix(gk) = Fix(G) is non-empty. ◻

3.1. Fixed Point Criterion. Combining the above proposition with Proposition 2.2, we immedia-
tely find

Fixed Point Criterion. Let G be a group and Y a finite generating set of G. If each pair of
elements in Y generates a finite subgroup, then G has property FsC.

Proof. By Proposition 2.2, Fix(⟨gi, gj⟩) is non-empty for all i, j ∈ {1, . . . , k}. Now apply Proposi-
tion 3.4. ◻

Example 3.5. Let I be a finite set. A symmetric matrix M = (mij)ij indexed by I × I, with entries
in N ∪ {∞} is called Coxeter matrix if the following two properties are satisfied: mij ≥ 2 for all
i ≠ j, i, j ∈ I and mii = 1 for all i ∈ I. The corresponding Coxeter group W has generating set I and
relators (ij)mij . Every Coxeter group with a Coxeter matrix M such that mij < ∞ for all i, j ∈ I
satisfies the Fixed Point Criterion and hence has property FsC. But one can construct for every
infinite Coxeter group a fixed point free simplicial action on a CAT(0) cube complex, see [NR03].
Therefore an infinite Coxeter group with finite entries in the Coxeter matrix has property FsC but
doesn’t have property FC.

4. Generation Aut(Fn) and SAut(Fn) by finite subgroups

We begin with the definition of the automorphism group of the free group of rank n. Let Fn

be the free group of rank n with a fixed basis X ∶= {x1, . . . , xn}. We denote by Aut(Fn) the
automorphism group of Fn and by SAut(Fn) the unique subgroup of index two in Aut(Fn). More
precisely, the abelianization map Fn ↠ Zn gives a natural surjection π ∶ Aut(Fn)↠ GLn(Z). The
group SAut(Fn) is equal to the preimage of SLn(Z) under this map.

4.1. A generating set of Aut(Fn) and SAut(Fn). It was proven in [Var14] that Aut(Fn) and
SAut(Fn) have generating sets such that each pair of its elements generates a finite subgroup.

Proposition 4.1. ([Var14])

(i) Let n ≥ 3. The group Aut(Fn) has a generating set Y1 such that any subgroup generated by
{α,β} ⊆ Y1 is finite.

(ii) Let n ≥ 4. The group SAut(Fn) has a generating set Y2 such that any subgroup generated
by {α,β} ⊆ Y2 is finite.
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5. Proof of Theorem A

Now we have all the ingredients to prove Theorem A. We show that the Fixed Point Criterion is
satisfied by Aut(Fn) and SAut(Fn), and therefore these groups have property FsC.
Theorem A.

(i) For n ≥ 3 the group Aut(Fn) has property FsC.
(ii) For n ≥ 4 the group SAut(Fn) has property FsC.

Proof. The generating sets Y1 and Y2 in Proposition 4.1 show that Aut(Fn) for n ≥ 3 and SAut(Fn)
for n ≥ 4 satisfy the Fixed Point Criterion. Therefore, these groups have property FsC. ◻

6. Triviality for actions of SAut(Fn) on CAT(0) cube complexes

The aim of this section is to show that SAut(Fn) cannot act non-trivially on an m-ary CAT(0)
cube complex for m < n. By definition, an m-ary cube complex is a cube complex where every
vertex has at most m neighbours.

For the proof we need the following variant of a result by Bridson and Vogtmann [BV11, 3.1].
For a detailed proof the reader is referred to [Var10, 1.13].

Proposition 6.1. Let n ≥ 3, G be a group and φ ∶ SAut(Fn)→ G a group homomorphism. If there
exists α ∈ Alt(n) − {idFn} with φ(α) = 1, then φ is trivial.

We finish by proving

Theorem B. Let n ≥ 4 and X be an m-ary CAT(0) cube complex. Let Φ ∶ SAut(Fn) → Isom(X)
be a strongly simplicial action. If m < n, then Φ is trivial.

Proof. The group SAut(Fn) has property FsC by Theorem A, therefore Φ has a global fixed vertex
v ∈ X. The group SAut(Fn) acts on the link of v, i. e. the set of all neighbours of v, via Sym(m).
As SAut(Fn) is perfect, we even have

ΦAlt(m) ∶ SAut(Fn)→ Alt(m).
If m < n, the restriction of this map to Alt(n) cannot be injective, therefore ΦAlt(m) is trivial by
Proposition 6.1. This shows that any neighbour of v is in the fixed point set of the action, hence
all vertices of X are in the fixed point set. Thus SAut(Fn) acts trivially on X. ◻

Acknowledgements. The author would like to thank Yves Cornulier and Genevois Anthony for
their comments concerning completeness in Proposition 2.2 and the referee for many helpful com-
ments.

References

[Bog87] O. Bogopolski, Arboreal decomposability of groups of automorphisms of a free groups, Algebra and Logic 26,
(1987), no. 2, 79–91.

[Bri10] M. Bridson, A condition that prevents groups from acting nontrivially on trees, in The Zieschang
Gedenkschrift, 129–133, Geom. Topol. Monogr., 14, Geom. Topol. Publ., Coventry. MR2484701 (2010a:20055)

[BV06] M. Bridson and K. Vogtmann, Automorphism groups of free groups, surface groups and free abelian groups,
Proceedings of Symposia in Pure Mathematics 74 (2006), 301–316, Proc. Sympos. Pure Math., 74, Amer.
Math. Soc., Providence, RI, 2006. MR2264548 (2008g:20091)

[BV11] M. Bridson and K. Vogtmann, Actions of automorphism groups of free groups on homology spheres and
acyclic manifolds, Comment. Math. Helv. 86 (2011), no. 1, 73–90. MR2745276 (2011j:20104)

[BH99] M. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 319. Springer-Verlag, Berlin, 1999.
MR1744486 (2000k:53038)

[Cor13] Y. Cornulier, Group actions with commensurated subsets, wallings and cubings, ArXiv:math/1302.5982.



6 OLGA VARGHESE

[CV96] M. Culler and K. Vogtmann, A group-theoretic criterion for property FA., Proc. Amer. Math. Soc. 124 (1996),
no. 3, 677–683.

[Deb70] H. E. Debrunner, Helly type theorems derived from basic singular homology, Amer. Math. Monthly 77 (1970),
375–380. MR0261443 (41 #6056)

[Far09] B. Farb, Group actions and Helly’s theorem, Adv. Math. 222 (2009), no. 5, 1574–1588. MR2555905
(2011c:20076)

[Ger98] V. Gerasimov, Fixed-point-free actions on cubings, Siberian Adv. Math. 8 (1998), no. 3, 36-58.
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