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Each question is worth 4 points.

Aufgabe 3.1 (Products)
Given nonempty metric spaces (X1, d1), . . . , (Xm, dm), define the metric product

asX = X1×. . .×Xm with metric d((x1, ..., xm), (y1, ..., ym)) =
√ ∑

1≤j≤m
dj(xj , yj)2.

Prove that

a) (X, d) is a metric space.

b) the product is complete if and only if all the Xj are complete.

c) the product is CAT(0) if and only if all the Xj are CAT(0).

Aufgabe 3.2 (Convexity of distance function)
Let (X, d) be a CAT(0) space.

a) Fix x0 ∈ X. Prove that the function x 7→ d(x, x0) is convex.

b) Let C be a complete convex subset of X. Show that the function
dC : x 7→ d(x,C) is convex. Further, for all x, y ∈ X, |dC(x) − dC(y)| ≤
d(x, y).

Aufgabe 3.3 (Embeddings of finite metric spaces)

a) Show that every metric space X consisting of at most three points admits
an isometric embedding into (R2, || − ||2).

b) Can every metric space consisting of four points be isometrically embedded
into (Rn, || − ||2), for some n ≥ 1?

c) Can every metric space consisting of finitely many points be isometrically
embedded into (Rn, || − ||p), for some n ≥ 1 and some 1 ≤ p ≤ ∞?

c) Does there exist a metric space in which every finite metric space can be
isometrically embedded?

Aufgabe 3.4 (Local geodesics)
Let (X, d) be a metric space. A local geodesic in X is a map c from an interval
I ⊆ R to X such that for every t ∈ I there is ε > 0 such that d(c(t′), c(t′′)) =
|t′ − t′′| for all t′, t′′ ∈ I with |t− t′|+ |t− t′′| ≤ ε.

Show that if X is a CAT(0) space then a local geodesic is a geodesic in X.



3.*-Aufgabe (R-trees)
An R-tree is a metric space (T, d) such that

i) given any two distinct points x, y ∈ T , there is a unique geodesic segment
from x to y, and

ii) if [y, x]∩ [x, z] = {x}, then [y, x]∪ [x, z] = [y, z], where for a pair of points
a, b ∈ T , [a, b] is a geodesic segment from a to b in T .

Prove that every R-tree is a CAT(0) space.
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