


Some results on geometrie reflection group
-
-

tanner 's and Andree ✓
'

s Theorem

Reminder : geometrie reflection groups

A geometrie reflection group is a group
W with :

• W ? ☒
"

( → propen)
• W is genera

Ted by a Connex
, simple polytope P

- " W has (shict) fundamental domain P

The Solutions of

¥ + ¥-1 . . . + ÷ § T

gave as (polygon) reflection group in ¥

Eudidean
:
② 3,6) ;

i

.

Cate ( 3,3 , }) simplex
€4,4)

2
Question : P

"

= -1
"

n >

[
=

0

Definition : simplicial Guter group

A (oxeter
group

W is simpliciac if W 72kW, -1)
"

- -

propen with fundamental domain a simplex
: :



tanner 's Theorem

1.) Any simplicial (oxeter group can be

nepresented as geometrie reflection group
with fundamental chambon an n - simplex in #

"

.

2.) The sphuical and Eudideaen Coxetor

diagram 's can be completly class-ified .

I next week
.

Definition : Gram matrix

The Gran matrix of a GGÜ! simplex on withEuclidean

Unit inWand - painting normal,- no . . . ., un it a make

( (o) c-

* 1) ✗ Cnn)
i. t

.

(
g.
(o) : = < Ui

, Uj > , i.jaa
. . - in -4 :

Question :

sphenicac
Can me find a Euclidean simplex for any given

hyperbolic
dihedlral angles Q

;
C- (O, F) along 9- noj !

If such a simplex exists its Gran matrix would

be the matrix ( (O) defined by
1 ,

i-_ j
(
„
(O) = { - cos Q; ( itj

Lemma 5

G- is a sphericac simplex with dihedral angles

predescnibed by ¢;) if and only if its Gam matrix

( (O) is positive definite .



Proof : "

= .

"

Not that the Grammatik ( of a

spherical simplex or can be neunten as

( = UTU ,
when U = ( not . . . I un )

u-
unit isiward-painting normal:

.

Since {no , _ . ,
u) is a basis of IR

""

,

U is non singular .

Thas
.
C is positive

definite .

#

"

⇐
"

Lemma

F-
very sphericac simplex is uniquely

defermined by its Gam matrix / up
to isomehy .

proof :

Leto
,
o

'

be spherical n - simpl:<es with the some

Gran matrix
,
i. e.

j for all i.j -0, _ . - in

Since -{no , _ an} and { %
'

, _ _ _ , an

'

} are
taobao.es of

IR
""

,
there ex

.

a unique linear automorphismen

g
: IR

""
= .IR

""

with ,
:-O

, _
. - in

.

Combining this results in

< glu;) , glaj ) > = < ui
, uj

'

> = < u ; , uj > .

⇒

g
isometry '

#

Suppose ((O) is positive definite . Then there ex
.

☒ Square voof U
- (not . . . /a) EGLne.GR) of CCO) i. e.

( (O) = UTU
.

① I - s

EZ



Since C
;;
(O) = 1

,
u; is unit vector , i

--0
, _ ,
n

.

Raeover thef-s-ceHE.it#
⇐ u; / ✗ 720 and < uj , ✗ 20 iy:O , . - innix
-

have honemptyintes-s-ec-h.cn ( linear independent)
Thees

,
er is a sphesicac simplex .

EA

Reminder

• The K
"
- principal submatrix A

" of a matrix A

( ) is obtained by deletizg the Kt" - row and the

4th - column .

• < × , ] > IHN ÷ seht . . - + Xnyn - ✗
„„ %"

~ - J -_ (\)
\

Lemma H

het C - §; (O)) be a Gam matrix . Then on

is a hyperbocic simplex if and only if
1.) ( is type (nie)

2) each principal submatrix of C is positive definite .

Proof :
"
=D

"

(et (
„
the the h-thpnhcipacsubmah.ruJR

of ( and het E by a hyperbolic simplex .
RT;

÷
. ① het no , _ , un be the mit inwaral -point"g

DIR
"

wnits and f- (
'

nen ) the matrix of < '

i >„in.

and U -_ ( not . . . / un )
((early

cij (O)
= ÜJU .

⇒ nondegerera G- of
Hype (nit) .



②
het un Ettl

" be the vortex oppooik to
an .

and
n
±

in
"
i

Since < •

,
. 7µm /↳ is of type (nit) then

LI is positiv definite
Since LE spano An , An is pooihu definite .

"

⇐
"

sketch :

Lemma :

Each hyperbdic simplex is uniqudydetormineal
by its Grain matrix

.

☒

There ex .
U ( = ÜJU U -

_ ( not . . . / un)

F-✗amine isteriechons < Ui , ✗ 7>-0
I. simpliciac <one

and show that < Ui , × > hier ins>de pos . light Cone
EA

Lemma E

het C - §; (O)) be a Gam matrix . Then on

is a

"

Eudidean simplex if and only if
1.) cijlc) it positive Semi definite of corcvnh 1 .

2.) Kerle (O )) = < v > for some ✓ c- IR
""

,
with

pf Coordinator Co ,- ich

proof :

"

= ;

① Suppose o is a Eaccidean simplex

and ( (o) the Gran matrix
.
As before



( (o ) = UTU U =/ not . . . / un )
A

IR "
" - * n -11

U
;

C- IR
"
i --1

. . . . /
n

.

"

= IR
"

,
( (o) has rank nSince

Spam
} " it; - o

anal in particular Covankl ((o)) = 1
.

Koreaner
,
< (o ) is positive Semidefinite-

②
Note

Kerl ( (o)) = < ✓ >
,

✓ =/ )Cn
for some c;

ER i- O
, .
. .

, n .
with

Co Go + _ . . + <nun = 0 ⇐ TUTU ✓ =D ☐= Uv -- O

C ; 20 !

Not that on is defired by
< u; , ✗ > 20

F- 1
, - ind

< uoix > 2 -d •

Then there ex
.

V; c- IR
"

i --1, _ . . / n 5. t .

Lui , Vi ) =D and Luo / V; >
= - d

.

J - ;#j

Take the Inner product with u;
:

- Cod + c; < vi. 4.7=0

☐⇒ <u
°

=

⑨ so
⇒ they haue the some sign ( toben to be positive

„
( not . . . Iao )"

⇐
"

het U be the
square

root of C (i. e. U.cl - A)
Mose.am/des-cribeUao-foKowsr :

Lf : IR
" "

s IR
""

e
; I a u; for it, _ , n -11 .

Then her (A) = her (a) = < v >
• im (a) = vt

Hence they satisfy :

↳ Hot _ . .
+ <nun =OF

"• n Vector,
f

'
5pm IR "

there Co , _ ,
<
☒
are positiv coefticients and non- zero

by assumption .



„
( not . . . Iao )

"

⇐
"

het U be the
square

root of C (i. e. U.cl -- A)
Moreau , des-cn.be U as

- follower :
Lf : IR

" "
s IR

""

e
; I a u; for it, _ , n -11 .

Then her (A) = her (a) = < v >
•

Thus
µ
im (4) = ✓

&

.
→ dim ( inca)) = n

Hence they satisfy :

Co Hot _ . .
+ <nun = 0

,

here Co , _ ,
<
☒
are positive coefticients , non- zero .

↳ Let ( be a simplicial come defired byt.h.IE- Ri
*

☐ k¥2 - d
.

;
het Ri be the

ray defined by <nix > = o
-

het I be the line defined by <uiix > - O

het v; be the unique point on L; 5. t.no/vp---d
.

Then a is a simplex if and only if u; ER;

i. e. < Ui, 4
. > ( O i--0, _ . > n .

As in ①
< u; ,

u; > =
↳d

c;

But since Co and c ; have the Jane oign

< Ui , V; ) ) 0 .

Et

Remaster

Condition 2.) holder automaticaccy if all dihidral angles

are non - obtuse

Why ?
Lemma : [ A "

> 0
in

het AE IR
" "

inalecomposabk , #perlubatianmatnxP.it .
PAPT = [ ! § ]

, symmetrie and positive semidefinite .

Then

If A is degenerate / then coranh /A) = 1

and it is spannend by a vector with <oeffnen# 70.



Definition : <ooine matrix

Suppose M is the Coxetor Matrix of a Coxeten

system on a sef I
.

Then the Corine matrix

( = (<ij ) ⇐⇐
is defired by
Cij

' = - Cos (
T

mi;
) iyj EI .

Convention :

nmij =D
= # - Cos( Fo ) =-Cos-(O) =-1

Proposition L

Ket M be the Coxeter Matrix to an associated

Coxeter
group

W on a set I and suppose no

m =D . Then W can be tepresented as a
. . -

K) . . . spherical reflection group generalrat by
a sphericac simplex aus the Grammatik C

is positive definite
Suppe (ü) . . - Euccidean reflection group generated by
M irreducibb.ca Eudideam *implex aus the Gam matrix C

is positive semidefinite of
corank 1

(iii) . . _ hyperbdic reflection group generakd by
a hyperbocic simplex a- is the Cram matrix C

is non - degenerierte of
type (nit)

and each principacscebmahrix
it positive definite .

proof :
Combino Lemma 5

,
E
,
H with the Rain Thm

. from
last weeh

. ☒



proof of Lanier 's Thm (1)

Kef WA UCW , -1
") propen with fundamental domain an

n
- simpler . Achtung propor

an UCW, -1
") i5 eqeeiracent to

the faof that the mirror structure on A
"

is W-fn.to .

But W finite ☐⇒ Cosme matrix C is positive
(! ) ( each definite

pnncipal
snbmähik

.

⇒ finding all Coxeter diagrams M it .

(!) euch pvoper
sub diagramm it positive definite

1.) det C >0
,
⇒ Cpooibie definite

2.) det ( = 0
,
⇒ ( positia semidefinite

Of coranh 1

3.) det ( < o , ⇒ C is of type ¢1)

Apply Proposition L
.

Et

Hyporbdic reflection group
5 in dimension 3

W geometrie reflection
group on :

$"

⇒ fundamental
/ simpler④ E"

„µ

domain [product ofsimph.cn?
, simple

11J fundamental domain is a simplex , how does

P
" took like ? Im=L ~ " m -gon

)
m 23 2

In=3 : o

(ombinatorial equivacence : Two pdytopes-arecombinatai.ly
equivalent , if their Set of faces are isomorphie

% combinatorial type : ffn equivalence class of pdytopes under combi
. equirabna.



Andrer 's Theorem Kombinatorik type )
het P

}

be mple polytopc , F- the edge set ,
⑦ : E ☐ (O , )

an angle assignment function .

Then 43,0) is a fundamental pdytope of a hyporbdic
reflection group WE

Hom (AP) if and only if :
A1) At each vortex me have

O (en) + Olez) + Oleg ) > T

A 2.) If 3 faces internat but don't have a

Cannon vortex
, them

Olea) + Olez ) + Oleg ) < T

1- 3.) 4 faces can
'

t intorsect perpendicular ( i. e.Oki) )

wnless two of the opposite faces also

intersecf

AG) If P
}
is a triangular prism , then the

angles along the tune and to P cait beak -2.
Moneover

,
W is unique up

to isometry (inkl}) .

Uniqueness Proposition :

A simple connex polytope in IH
}
is determined

up
to isometry by its dihedral angles .

Proof - strategy :
- show statement for each 2-dimensional face of P

}

- 2 - dim faces of P
}
are detormised up to

concvaence by the face angles .

↳ Cauchy 's Geometrie/Topologieal Lemma-



AIR
Definition : de Sitter sphere $

"" "

it Em
$
" -"

E IR
" ' '

n - dim hyper surface :
" IN

-
.
-
-- --_

$
" " "

:-. } ne IR
" "

/ < a. u > = 17
IH"

proof - sketch

Lef P
}

c- IH
}

be a simple pocytope ,
I its Jet of faces -2,1

c-
$

For each FEE het
up be the inward -painting

unit normal Vector
.

Then { UF#⇐ deturmineo P ( Proposition )

Denote Y : = 2nF #⇐ ⇐
c- $

" -" ^

.

ldea :

Identity "

u

g-pace of isometry dass-es = %
.com (AP)IIP) :<(byperbocicpocyt-opercombinatorakyeqeivabr.lt

- P
"

D

Koreaner : Hom (µ,}) is a Smooth Manilow•

Then
dim ( Kom (µ,>, = f. dim (

Ä"") - dim (013.1))
= 3J - 6

.

We Set

(CP) : = ICP) s I byperbolicpolytopesuithdihedralangles.EE/-



As above me have

( CP) = 3J - 6 .

We note that if me

setup
) ⇐ { (QEJE / A1 ) - 1- 4) are 7

fulfilled )

and if me olefine
O : (CP) i> ✓( P)

Q 1 " ( OG) )EEE °

dihedral angle
of Q along e .

Then we need to show that O is a homeomorphism .

- injecf.ve : follows from wniquenessi . E

✓(P)
E
IR

- Dimension Count : (( P)

3J - 6 (
open ⇒ e)

a

Since (CP) E ICP) E $
""

"

we note that

✗(5) =L
,
i.
e.ge -+ +3J =}-2 < = - 3J - 6--3<-3%1

Since 3 edges meet at each Vortex we have

3r -_ Ze
.

H)
→ 3G - 6 =3-2e = e

Ihm (v)dimc D=

- O is continuous (!) we can apply the theorem

of the invoriance of the domain that

OCCCP)) E KP)

opem.ro'

fast
'

show that OCCCP)) = KP ) !

EE




