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Introduction

> For a Coxeter system (W,S), a space X and a family of
subspaces (Xs)ses, we want to construct a space (W, X)

» The idea of the construction is to paste together copies of
X, one for each element of W

» Our construction will be slightly more general than
needed, we will construct our space U for an arbitrary
group G

» This can be useful in the discussion of geometric
realizations of buildings
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Mirror structures

» A mirror structure on a space X consists of an index set
and a family of closed subspaces (Xs)ses (the mirrors) of X

» We assume, that each x € X has a neighborhood, that
intersects only finitely many of the X;

> We set
S(x) :={seS:xeXs}

For T C X nonempty, we set

Xr=(1X and X :=[JX

teT teT

and X, =Xand X =¢
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A family of groups over a set S of a group G consists of
subgroups B C G and (Gs)ses s.t. each Gs contains B

4

> We will assume, that G is a topological group and B is an
open subgroup s.t. G/B has the discrete topology

» For G discrete, we will just consider the discrete topology
» In our case, we will always assume, that B = {id}
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Definition (2/(W, X))

» Suppose X is a mirrored space over S and (Gs)ses is @
family of subgroups of G over S

> Define an equivalence relation ~ on G x X by
(h,x) ~(9,y) <= x=yand h™'g € Gy

» Consider G/B x X endowed with the product topology and
define

(G/BxX)/ ~
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Let G = (s,t,u:s? =t = u? = (st)3 = (ut)® = (us)®> =1)
and X = Cone{os, 01,04}

Foorig ) x [
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Important remarks

» Suppose, X = Cone{os : s € S}, Xs = o5, then, the space
U(W, X) is the Caley graph of (W, S) up to subdivision
> We denote the image of (gB, x) in U(G, X) by [g, X]

» For g € G, gX denotes the image of gB x X in (G, X) and is
called a chamber

> Gacts on G/B x X via g(hB, x) = (ghB, x)

» This G-action on G/B x X preserves the equivalence
relation, hence, it descends to an action on (G, X)

» The orbit space of the G-action on G/B x X is X
> U(G,X)/G and X are homeomorphic
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Definition (Fundamental domain)

> Suppose, a group G acts on a space Y, A closed subset
C C Y is called a fundamental domain for G on Y if each
G-orbit intersects C and if for each x in the interior of C,
GxNC={x}

» Cis called a strict fundamental domain if it intersects
each G-orbit in exactly one point.
» X is a strict fundamental domain for G on (G, X)
) . R
T TS oy, art aaike G-orbirt Gy wbomety
X r/)/v\;f/ Z/{, = Che )(/,\,
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Lemma

U(G, X) is connected if
1. The family of subgroups (Gs)scs generates G
2. X is connected
3. Xs #QforallseS
Conversely, if (G, X) is connected, then 1. and 2. hold
”:>u 2w (6, X) QW(%%@ 7W 70T
a wbeit of W(6L) o opell)ff )y o orsct
w s eah clobrew b ope( lomed)
X co—eMd D oy bl pliet o gpe—
el Npaeef a o D%OA&\/&)“’\/' AR
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Definition (Properly discontinuous action)

Suppose G is discrete. A G-action on a Hausdorff space Y is
called properly discontinuous, if

1. Y/G is Hausdorff

2. Foreachy €Y, Gy :={g € G: gy =y} is finite

3. Eachy € Y has a neighborhood Uy, sit. gU, N U, = 0 for all
g Gy

Definition

A mirror structure on X is called G- finite, if Xr =@ forany TC S
such that Gr/B is infinite
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Lemma

Suppose G is discrete. The G-action on U(G, X) is properly
discontinuous if and only if

1. X is Hausdorff
2. The mirror structure is G-finite

17
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» Suppose (W,S) is a pre-Coxeter system

» This gives us a family of subgroups if for each s € S, we
define W as the subgroup generated by s

» For any subset A of W/B, define

AX = U ax
acA

Lemma

Suppose, X is connected (resp. path connected) and Xs # () for
each s € S. Given a subset A C W, AX is connected (resp. path
connected)
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Corollary

U(W, x) is connected (resp. path connected) if the following
two conditions hold:

1. X is connected (resp. path connected)
2. Xs #(0 foreachs €S

22

» This is just the special case A = W of the aforementioned
lemma
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Example

If (W,S) is only required to be a pre-Coxeter system, then it's
not true, that 2. is necessary for (W, x) to be path connected.
Take W = C, x G, and S = {s, t, st} the set of it's nontrivial
elements
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Lemma (Vinberg)

Suppose Y is a space and let W be a group acting on Y. Let Y
denote the fixed pint set of son Y. Let f : X — Y be continuous,
s.t. f(Xs) C Y®. Then, there exists an unique extension of f to a
W-equivariant continuous map f : U — Y given by

A

f([w, x]) = wf (x)
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Definition

The Action of a discrete group W on a space Y is a reflection
group if there is a Coxeter system (W, S) and a subspace X C Y
s.t.
1. W=Ww
2. If a mirror structure on X is defined by setting Xs equal to
the intersection of X with the fixed set of s on Y, then the
map U(W,X) — Y, induced by the inclusion of x in Y is a
homeomorphism
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Example (The Coxeter complex)

> Let A be a simplex of dimension Card(S) — 1 and that the
faces of codimension 1 {As}scs are indexed by the
Elements of S

» {As}ses is a mirror structure on A

> U(W,A) is a simplicial complex, called the Coxeter
complex

> We will see, that, if W is finite, /(W, A)is homeomorphic to
a sphere and if W is infinite, (W, A) is contractible
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