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Problem 1.

Let X be a Baire space and let Y C X be a dense subset which is a Gg-set, i.e.

Y = N2 Uk, each Uy open. Show that Y is a Baire space. Conclude that the set of

irrational numbers R — Q is a Baire space.

Hint. Suppose that B; C'Y are subsets which are open and dense in'Y. To show that
;’io B; CY is dense inY, write B; =Y NW; with W; C Xopen and consider the sets

U, N W;.

Problem 2.

A topological vector space V is a real vector space which carries a Hausdorff topology
such that (V,+) is a topological group, and such that scalar multiplication R x V' — V
is continuous.

Let V, W be topological vector spaces and let f: V — W be a morphism of topological
groups. Show that f is an R-linear map.

Hint. Show first that f is Q-linear.

Problem 3.

Let F' = F, denote the finite field with p elements, for a prime p. Consider the vector
space V = FN and its linear subspace Vy = @732, F consisting of all sequences which
are eventually 0. Show that the linear map fo : Vo — F that maps (cx)ken to D ck
extends to a linear map f : V' — F. Show that f cannot be continuous (with respect
to the product topology on V and the discrete topology on F'). Conclude that ker(f) is
not Baire measurable.

Problem 4.
Let G be a locally compact metrizable group. Show that G is Weil complete.

Bonus Problem 1.
Let G be a locally compact group and let H C G be a closed subgroup. Show that G/H
is locally compact.



