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EXErCISE SHEET 6

Exercise 1. Let F2 denote the free group on X ∶= {a, b}.
1. Show that {aba−1, ab} is a basis for F2.
2. Find an element w ∈ F2\{e} which is not contained in a basis of F2.

Exercise 2. Let G be a group and let N ⊆ G be a normal subgroup.
Show that G is finitely generated if both G/N and N are finitely generated.

Exercise 3 (Inner and outer automorphism). Let G be a group and for g ∈ G denote by γg
the automorphism γg ∶ x ↦ gxg−1.
The inner automorphism group of G is Inn(G) ∶= {γg | g ∈ G}.

1. Determine the kernel of the homomorphism

Φ ∶
⎧
⎨⎩

G → Inn(G),
g ↦ γg.

2. Show that Inn(G) is a normal subgroup of Aut(G).
The quotient Aut(G)/Inn(G) =∶ Out(G) is the outer automorphism group of G.

3. Determine the group Out(ℤm).

Exercise 4. Let G ∶= 〈xn, n = 1, 2, 3,… | x−1n−1xnn, n = 1, 2, 3,…〉. Show that G ≃ (ℚ, +).
Hint: Put α(xn) = 1

n! .

Bonus exercise. Prove the following isomorphisms:
1. 〈a, b | a−1ba−2〉 ≃ ℤ.
2. 〈a, b | a5, b3, [a, b]〉 ≃ ℤ/15ℤ.

Please hand in your solutions on the morning of November, 25th before the lecture (letterbox 162 or
electronically in the Learnweb).
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