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Abstract: We report on experimental and theoretical studies of Čerenkov-
type second-harmonic generation in random nonlinear photonic structures
with different two-dimensional distributions of the ferroelectric domains.
We utilize Čerenkov-type second-harmonic generation spectroscopy to
estimate the average ferroelectric domain size by analyzing the spatial
Fourier spectrum of the domain patterns. This is measured by scanning the
Čerenkov second-harmonic signal for different angles of incidence and light
polarizations of the fundamental wave. By comparing the experimental re-
sults with numerically simulated Fourier spectra, the corresponding domain
patterns are retrieved, which are in a good correspondence with images
obtained by Čerenkov-type second-harmonic generation microscopy.
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1. Introduction

In recent years, much attention has been devoted to investigate second-harmonic generation via
quasi-phase matching in crystals with a random distribution of their ferroelectric domains, i.e.
with a random distribution of the χ(2) nonlinearity [1–6]. This new class of random nonlinear
photonic crystals offers a versatile way to realize frequency conversion processes over a wide
spectral range [7–9]. Among the most interesting phase-matching schemes to achieve second-
harmonic emission is the so-called Čerenkov-type phase matching which has been demon-
strated in different bulk nonlinear media [10–13], waveguides [14] as well as in crystals with a
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periodic, quasi-periodic, and random modulation of the χ(2) nonlinearity [4, 13, 15, 16]. It is a
result of light-matter interaction satisfying only the longitudinal phase-matching condition [7].
It is named so because of the close analogy with the Čerenkov effect [17]. In this well-known
effect a charged particle moving in a medium induces polarization. The speed of this polar-
ization (medium excitation) is the same as the particle velocity vp. If this velocity is higher
than the phase velocity of light vs, the conical emission due to constructive interference at a
certain angle γ given by cosγ = vs/vp can be detected. The physical origin of the existence
of this phenomenon in random nonlinear photonic crystals is still ambiguous, being attributed
either to reciprocal grating vectors of the χ(2) structure [10,12] or to the enhancement of χ(2) at
domain walls as suggested in [18]. However, Čerenkov-type second-harmonic generation can
also be observed in an extreme case where a single boundary between two inversely oriented
ferroelectric domains is illuminated [19,20]. In a two-dimensional nonlinear photonic structure
(NPS) Čerenkov-type second-harmonic radiation is typically emitted on a cone, which is az-
imuthally modulated due to the individual form and size of the ferroelectric domains [21, 22]
and the polarization properties of the effective nonlinear coefficient [15]. Moreover, additional
modulations can also be found on Čerenkov higher-harmonic cones due to the cascaded nature
of the generation process [23]. Sum-frequency generation and more complex cascaded nonlin-
ear processes which result in Čerenkov emissions have also been reported [12, 24, 25]. Recent
studies have been devoted to enhance the generation process, depending on the combination
of the natural Čerenkov and the transverse Raman-Nath condition in one-dimensional periodic
nonlinear photonic structures [26]. This enhancement is desirable for potential applications of
the Čerenkov emission in analyzing and describing of domain patterns in ferroelectric crys-
tals [20]. In contrast to periodic structures, the process of Čerenkov-type frequency conversion
in nonlinear photonic structures with a random distribution of ferroelectric domains is still not
fully understood, being attributed either to the broad spectra that verify the longitudinal phase
matching, or the enhancement of the χ(2) nonlinearity at the domain walls [27].

For a better understanding of the nature of this process, and its relation to the domain dis-
tribution, we analyze the second-harmonic (SH) intensity of the Čerenkov emission for differ-
ent angles of incidence of the fundamental wave at different averaged ferroelectric domain sizes
in random strontium barium niobate (SBN). Different averaged domain sizes were created by
electric poling at room temperature as explained in [9]. Scanning the SH Čerenkov allows for
conclusions on the Fourier space representation of the domain spatial distribution. With this
technique of Čerenkov-type second-harmonic spectroscopy (ČESS), we explain the process
of Čerenkov-type second-harmonic generation emission and its relation to the spatial domain
distribution in random nonlinear photonic structures.

In this paper, we start by introducing the principle of ČESS in Section 2 and show the
experimental setup in Section 3, followed by the results and a comparison with numerical sim-
ulations, supported by microscopic domain images in Section 4. We use SBN samples with
two different averaged domain sizes. Hereon, the scan experiments are repeated for horizontal
and vertical input polarizations addressing specific features of the second-order nonlinear coef-
ficients of SBN. The method of Čerenkov-type SHG spectroscopy is not only a powerful tool
to characterize random nonlinear photonic structures but it is also applicable to periodic and
quasi-periodic structures as recently published in [26].

2. Principle of Čerenkov-type second-harmonic spectroscopy

In far-field, the second-harmonic intensity is proportional to the square of the Fourier coeffi-
cients, which result from the Fourier transform of the spatial distribution of the χ(2) nonlinear-
ity [26, 28, 29]. For a two-dimensional (2D) χ(2) structure modulated in the xy-plane the SH
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Fig. 1. (a) and (b) Phase matching diagrams for general (left) and Čerenkov-type SH gener-
ation, respectively. α is the internal angle of incidence of the fundamental wave and θ the
SH internal emission angle. (c) and (e) Modeled real space s(x,y) of random up- and down-
domain structure for the two averaged domain sizes of 0.25 µm and 3.5 µm, respectively.
(d) and (f) The corresponding spatial Fourier spectrum of the domain patterns S(Δkx,Δky).
The Fourier coefficients involved in Čerenkov SH emission at normal incidence at 600 nm
are marked with solid circles. The scan range Δkx at one side is indicated by dashed lines.

intensity in far-field is

ISH ∝ d2
effI

2
FWL2

z |S(Δkx,Δky)|2sinc2
(

ΔkzLz

2

)
, (1)

where IFW is the intensity of the fundamental wave propagating along the z-axis, Lz is the do-
main length, and S(Δkx,Δky) is the Fourier spectrum of the domain structure with the transverse
phase mismatch vectors Δkx,Δky in the x- and y-direction [see Figs. 1(a) and 1(b)]. Figure 1(b)
shows the corresponding phase-matching diagram of Čerenkov emission in the xz-plane, for
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Fig. 2. Disordered ferroelectric domain pattern in as-grown (a) and repoled (b) stron-
tium barium niobate imaged by scanning Čerenkov-type second-harmonic generation mi-
croscopy. The green color represent the domain boundaries. The insets depict histograms
of the two cases (a) d = 0.36 µm, σ = 0.18 µm, (b) d = 3.01 µm, σ = 2.6 µm. (c) Schematic
of the experimental setup. Eω , E2ω : electric field vectors of the fundamental and second-
harmonic waves, HWP: half-wave plate, (s) and (p): vertical and horizontal input polar-
izations, αex: external rotation angle, θex: external emission angle, PD: photo diode. The
second-harmonic signal is measured for each angular position αex of the sample with the
photo diode in the xz-plane.

which Δkx = k2ω sinθ −2kω sinα , Δky = 0, and Δkz = 0 = k2ω cosθ −2kω cosα are the phase
mismatch vector components and α is the internal angle of incidence of the fundamental wave
and θ the internal second-harmonic emission angle. kω , k2ω denote the wave vectors of the
FW and the SH waves. deff is the effective second-order nonlinear coefficient of the employed
configuration. At the Čerenkov angle, Δkz = 0 is fulfilled, i.e. the process is phase-matched
for the length of a domain. In a homogeneously poled crystal S is nearly zero and Čerenkov
light can hardly be measured in contrast to a periodically poled crystal which features a discrete
Fourier spectrum [26]. Because the domain pattern is random in our case, the Fourier coefficient
|S(Δkx,Δky)| will be replaced with its average 〈|S(Δkx,Δky)|〉, calculated over many domains
distributions [30, 31]. Herein, ISH is measured for each angular position αex of the sample. In
this way, |S(Δkx,Δky)| can be scanned and compared with Fourier spectra numerically calcu-
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lated for different domain distributions. In Figs. 1(c) and 1(e), simulated domain structures of a
square shape with rounded corners for two different averaged domain sizes are depicted. From
the corresponding Fourier spectrum in Figs. 1(d) and 1(f), it is expected that varying the angle
of incidence of the fundamental wave leads to a strong angular characteristic asymmetry in
the Čerenkov signal intensity in the far-field. Thus, the Čerenkov intensity will increase or de-
crease continuously, corresponding to the Fourier coefficients considered |S(Δkx,0)|, which are
located on the x-axis in our treatment here. These are marked with a dashed line [cf. Figs. 1(d)
and 1(f)]. We also note that in case of disordered structures for normal incidence of the fun-
damental wave, the Čerenkov-type second-harmonic generation can be described even by a
single-domain model [9, 21]. In this paper, we pursue this idea experimentally by creating dif-
ferent domain size distributions. All results were modeled numerically, including the role of
the second-order coefficients for the two characteristic input polarizations, perpendicular (s)
and parallel (p) to the plane of incidence. This approach allows fitting the angular intensity
in far-field to retrieve the corresponding domain width. This type of Čerenkov spectroscopy
provides an unambiguous fingerprint of the domain distribution.

3. Experimental setup and samples with random nonlinear photonic structures

A schematic illustration of the experimental setup for measuring the second-harmonic intensity
is depicted in Fig. 2. As a light source, we use ultrashort laser pulses, generated by a laser sys-
tem consisting of a mode-locked Ti:sapphire oscillator, a regenerative amplifier and an optical
parametric amplifier. The repetition rate is 1 kHz, the pulse duration is about τp = 80 fs, and
the pulse energy amounts to 80 µJ at the wavelength 1200 nm which is used in the experiments.
Collimated Gaussian laser pulses with a beam diameter of about 1.5 mm are propagating in the
xz-plane of the SBN crystal. The light is always linearly polarized, and the polarization orien-
tation of the entering beam is controlled by a proper λ/2 wave plate for the used wavelength.
A Sr0.61Ba0.39Nb2O6 sample with the dimensions 6.6×6.6×1.6 mm3 is employed. The large
surfaces perpendicular to the c-axis are polished to optical quality. As shown in [9, 32], differ-
ent domain size distributions can be introduced by applying an electric field along the crystal’s
polar axis [cf. Figs. 2(a) and 2(b)].

In the experiment, the SBN sample is mounted on a rotation stage which allows us to control
the incident angle αex. The Čerenkov second-harmonic signal is emitted on a cone with the
opening angle θCe(λ ,αex). The SH intensity is measured using a silicon photo diode mounted
on another rotation stage centered around the crystal in the xz-plane [see the insets in Figs. 3(a)
and 3(b)]. Both rotation stages have the same rotating axis. In preparation, the crystal was
first heated up above the Curie temperature Tc ≈ 70 ◦C, and then cooled down without ap-
plying an electric field to produce a state similar to an as-grown sample. In order to influence
the domain size and form, the sample was subsequently poled and repoled stepwise at room
temperature with the same procedure shown in [9, 32]. For this purpose, an electric field was
applied along the polar axis by increasing the field in steps of 10 V every 2 s above the co-
ercive field until finally 7.5 kV/cm are reached in one direction to pole the crystal and vice
versa to repole it. Figures 2(a) and 2(b) show two experimental images of random domain
structures of the SBN sample in two different poling states. The images were obtained by
Čerenkov-type second-harmonic generation microscopy on a separate setup described in de-
tails elsewhere [20]. Briefly, the output beam of a Ti-Sapphire laser (800 nm, 80 MHz repeti-
tion rate, 100 fs pulse duration, 12 nJ pulse energy) is coupled to a commercial laser scanning
confocal microscope (LSM 510, Zeiss) and tightly focused by the microscope objective (alpha-
Plan-Fluar 100 NA 1.46) to a near diffraction limited spot in the sample. The position of the
focus is raster-scanned in the xy-plane by a pair of galvanometric mirrors. The intensity of the
generated second-harmonic signal is measured by a photomultiplier as a function of the focus
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Fig. 3. Experimental photographs of Čerenkov second-harmonic emission for the funda-
mental wavelength 1200 nm for normal incidence. (a) for unpoled case; (b) for repoled
case. The marked positions represent the positions of the measured SH intensities.

position, using the standard transmission mode of the microscope. As shown in [20], a strong
Čerenkov-type second-harmonic generation is obtained only when the focal spot is crossing a
domain wall, which allows precise domain visualization. For a quantitative evaluation, the in-
sets in Figs. 2(a) and 2(b) depict histograms of normalized number of domains versus domain
size for the unpoled and repoled cases, respectively. Those histograms have been obtained by
analyzing several microscopic images taken with the same method for each case and provide
information about the actual domain size distribution. For the unpoled case, the corresponding
distribution is of the mean value d = 0.36 µm and standard deviation σ = 0.18 µm. The repoled
case obviously shows larger domains of a mean value 3.01 µm and standard deviation 2.6 µm.
These two size scales of the ferroelectric domains lead to different Čerenkov SH emissions in
the far-field. Figures 3(a) and 3(b) show the typical Čerenkov SH emissions at normal incidence
of the fundamental wavelength 1200 nm. Clearly, no modulation is observed on the Čerenkov
ring for the unpoled case [cf. Fig. 3(a)] [22]. This can be expected from the corresponding
Fourier coefficients, which verify the Čerenkov phase-matching condition and are marked with
a solid circle in Fig. 1(d). After two poling cycles, larger and more clearly defined domains are
formed in the SBN crystal as shown in Fig. 2(b). Again, the corresponding SH emission pattern
at the fundamental wavelength 1200 nm is shown in Fig. 3(b). The modulation on the SH ring
in this case is attributed to the individual domain shape [22] and can also be seen in Fig. 1(f). In
the experiment, the SH intensity is measured within the xz-plane for each angular position αex

of the sample. The sample is rotated in an angular range of −60◦ ≤ αex ≤ 60◦, corresponding
to transverse phase mismatches of |Δkx|= 1.9−21 µm−1 and Δky = 0. Since the domain shape
is symmetric, no significant changes are expected when rotating the sample 90◦ around the z-
axis. Measuring the SH intensity in the xz-plane is almost equivalent to the one-dimensional
case, represented in [26]. However, the presented method can also be used to analyze nonlinear
photonic structures with asymmetric domains like one dimensional periodically poled crystals
by scanning the SH signal in different planes. We distinguish between two characteristic input
polarizations, horizontal and vertical, because the effective second-harmonic nonlinear coeffi-
cients take different forms in each case. The experiments are performed with an unpoled and
repoled sample, respectively, exhibiting the average domain size indicated in Fig. 2.

4. Retrieving the averaged domain sizes by ČESS

A scan experiment for an unpoled SBN sample, corresponding to the domain image shown in
Fig. 2(a), is depicted in Fig. 4(a). As shown, at normal incidence the external Čerenkov an-
gle is about 37◦ with respect to the c-axis and this angle increases while rotating the crystal.
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Fig. 4. (a) and (b) Experimentally measured Čerenkov second-harmonic signal at 600 nm
while rotating the unpoled (a) and repoled (b) SBN sample, respectively for an s-polarized
fundamental wave. (c) and (d) Numerically simulated far-field intensity of the second-
harmonic signal as a function of the incidence angle αex for an average domain width
of 0.25 µm (c) and 3.5 µm (d). (e) and (f) Second-harmonic intensities emitted at the
Čerenkov angle on one side of the crystal marked with dashed arcs in (c) and (d) as a
function of the tilting angle.

#181210 - $15.00 USD Received 5 Dec 2012; revised 15 Feb 2013; accepted 3 Mar 2013; published 28 Mar 2013
(C) 2013 OSA 8 April 2013 | Vol. 21,  No. 7 | DOI:10.1364/OE.21.008220 | OPTICS EXPRESS  8227



At the same time, the SH Čerenkov intensity becomes asymmetric and increases with increas-
ing transverse phase mismatch Δkx or equivalently with increasing negative tilting angle. This
means that the largest Fourier coefficients are on a ring in the Fourier space with a radius larger
than the one for normal incidence as clearly shown in Fig. 1(d). The experiment has been re-
peated for a repoled sample, prepared in the same manner as explained above, corresponding to
the domain image depicted in Fig. 2(b). The result is shown in Fig. 4(b). In this case, in contrast
to an unpoled SBN crystal, the Čerenkov intensity increases with decreasing transverse phase
mismatch, i.e. increasing positive tilting angle. This indicates large Fourier coefficients close to
the origin of the Fourier space [see Figs. 1(e) and 1(f)], what in turn means large domains as
shown in the domain image in Fig. 2(b). The line perpendicular to the fundamental wave is due
to the reflection at the sample’s edges.

In order to analyze the intensity behavior for each case, the SH Čerenkov intensity distribu-
tion inside the sample can be obtained by Eq. (1) with the corresponding effective nonlinear
coefficient. For that, we assumed a 2D random domain structure in the xy-plane with a domain
width described by Gaussian distribution [12, 31] of an average domain width d and standard
deviation σ and a square domain shape [22, 33]. No modulation in the z-direction is supposed
at this point. Moreover, the Frensel losses have also been taken into account for each polar-
ization case. For a vertical polarization of Eω , the effective nonlinear coefficient is given by
deff = d31 sinθ . The calculated Čerenkov intensity as a function of the tilting and emission
angles is depicted in Figs. 4(c) and 4(d) for the unpoled (small domains) and repoled (large
domains) sample, respectively. For the unpoled case [Figs. 4(a) and 4(c)], the best agreement
with the measured intensity and the microscopic domain image [cf. Fig. 2(a)] is with the chosen
parameters for the averaged domain d = 0.25 µm with a standard deviation of σ = 0.07 µm,
averaged over possible 200 realizations of domain structure. For the repoled case [Figs. 4(b)
and 4(d)], the averaged domain width is larger and d = 3.5 µm with σ =0.7 µm, which fits
well to Fig.2(b) and previous experimental results [9]. This can be seen more clearly when
plotting the SH intensity at the Čerenkov angle for each case as a function of the tilting angle
only [see Figs. 4(e) and 4(f)]. In Figs. 4(e) and 4(f), only one side is plotted exemplary. The
resulted distribution by the numerical simulation differs slightly from those of the histograms.
This can be attributed to the fact, that our simulation did not consider the agglomeration, which
can be seen in the domain structures. Furthermore, the microscopic Čerenkov-type SH images
represent a small area and a thin slice of the whole sample. In spite of that, the numerical
simulation fits very well the measured SH intensity. Now, for p-polarization, the Čerenkov in-
tensity behavior seems to be the same for unpoled and repoled cases. In both cases, the SH
intensity increases with decreasing the transverse phase mismatch. The measured intensity is
depicted in Fig. 5 for the unpoled state. The results exhibit a minimum in the Čerenkov second-
harmonic intensity at the tilting angle of about ∓14◦, which can be attributed to the effective
nonlinear coefficient deff for p-polarized light. In the case of normal incidence, deff in the xz-
plane is described only by dz

eff = d31. When rotating the sample around the y-axis, deff takes
the form (d31 cos2 α + d33 sin2 α)sinθ + 2d15 cosα sinα cosθ . The total SH signal consists of
these three contributions and depends on whether contributions from both of these processes
add coherently or not. The SH intensity behavior for a p-polarized fundamental wave indicates
coherent superposition of these three SH contributions in this configuration, where the longi-
tudinal phase-mismatch is zero and the phase velocities are matched over the whole domain
length. This characteristic trend of the SH Čerenkov intensity for this polarization is calcu-
lated with the corresponding effective nonlinear coefficient. It is worth to mention here that the
position of the intensity minimum depends on the ratios of the involved nonlinear tensor ele-
ments d33/d15, d33/d31 which are chosen to be about 2 [34]. However, the scan experiments for
p-polarized fundamental light show a broad intensity minimum. For this case, the same param-
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Fig. 5. (a) Experimentally measured Čerenkov second-harmonic signal at 600 nm while
rotating the unpoled SBN sample for p-polarized fundamental light. (b) Numerically sim-
ulated far-field intensity of the second-harmonic signal as a function of the tilting angle
αex for an average domain width of 0.25 µm. (c) Second-harmonic intensity emitted at the
Čerenkov angle on one side of the crystal, marked with dashed arcs in (a) and (b). as a
function of the tilting angle αex.

eters as for the s-polarization and the unpoled case are taken to describe the SH intensity traces
for p-polarization. Figures 5(b) and 5(c) show a very good correspondence with the measured
data. The experiment shows no significant influence of the Fourier coefficient S on the inten-
sity traces because of the dominant effect of the effective nonlinear coefficient. This can be
explained by the extraordinary polarization component in the effective nonlinear coefficient for
p-polarization, which is naturally larger than the ordinary one in the case of s-polarization.

5. Conclusion

In conclusion, we have demonstrated significant features of Čerenkov second-harmonic emis-
sion in two-dimensional random nonlinear photonic structures. These features allow determin-
ing the mean width of the ferroelectric domains by measuring the second-harmonic intensity
at the Čerenkov angle for different incidence angles, i.e. mapping the spatial Fourier spectrum
of the domain patterns. This method was applied for two different domain distributions and
two characteristic polarizations of the fundamental light, proving its versatility. For s-polarized
light, two different SH intensity traces were measured, numerically analyzed, and compared
with microscopic images. For p-polarized light, no significant changes in the SH intensity dis-
tribution was measured when changing the domain size due to the dominant effect of the effec-
tive nonlinear coefficient in this case. All experimental results are in excellent agreement with
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the applied model.

Acknowledgment

Financial support of Deutsche Forschungsgemeinschaft and Open Access Publication Fund of
University of Münster is gratefully acknowledged.

#181210 - $15.00 USD Received 5 Dec 2012; revised 15 Feb 2013; accepted 3 Mar 2013; published 28 Mar 2013
(C) 2013 OSA 8 April 2013 | Vol. 21,  No. 7 | DOI:10.1364/OE.21.008220 | OPTICS EXPRESS  8230




