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A catastrophic toy

Bernd Rodewald und Hans Joachim Schlichting

We discuss a simple mechanical toy und show that it exhibits a catastrophe which is quite similar to a first-Order
phase transition.

I. INTRODUCTION

Recently, Prigo described the so-called Christmas
tree toy. His main Intention was to explain an un-
usual wobbling of the tree sections superposing
their rotation. In contrast to Prigo we could not ob-
serve this oscillatory behaviour. Instead, we found it
more surprising that the opening und closing of the
four shell sections do not arise continuously with
increasing rotation rate, but arise rather abruptly.

Weak pushes of the thumb plunger producing only

Fig. 1 The model system involves four narrow rods hinged
at a common point P, held together by four springs attached
at points Q, at a distance b from point P. The generalised
coordinates  and % describe the polar rod angle and the
rotational position, respectively (Fig, from Ref. 1).

small rotation rates leave the shell closed, whereas
strong pushes give rise to a sudden opening. Con-
versely, if the thumb plunger is released the rotation
rate slows down und the shell closes as abruptly as
it was opened. Closer Observation reveals that the
critical rotation rate at which the toy opens is higher
than the rate at which it closes. This behaviour
seems to be similar to a catastrophe in the Sense of
Thom (cusp-type catastrophe) or to a Landau dis-
continuous phase transition.

Il. A SIMPLE MODEL

The calculation of Prigo could not reveal this phe-
nomenon since he assumed conservation of angular
momentum. This is less realistic because, by push-
ing the thumb plunger, angular momentum is added,
and is withdrawn when the rotation rate slows down
by friction.

Fig. 2 The circular bare of radius a to which the four

shell sections are hinged. They are held together by
(rubber) springs of length x.

Therefore, assuming that not the angular momen-
tum, but only the rotation rate of the shell can be
controlled, within the simple model of Prigo the
Lagrangian-effective potential U ( ) as function of
the angle  between the shell sections and the verti-
cal symmetry axis takes the form,:

U(8) = 4kb?sin? 8 - 21¢* 3in* 8 (1)

where b is the distance from the point P (at which
the sections are hinged) to the point Q (to which the
springs are attached; see Fig. 1). k devotes the stiff-
ness of the springs and | the moment of inertia of
each shell section relative to the point P. For sim-
plicity, we ignored the gravitational potential en-
ergy, which is negligible compared to the elastic en-
ergy of the springs.

The effective Potential [Eq. (1)] shows immediately
the existence of stable equilibrium positions: It has
two minima, one at the polar angle



-, 4kb?
0:00, if ¢ < 2| , (Za)
and another at
.- Akb?
0=90°if @> T (2b)

Thus starting with low rotation rates the shell sec-
tions are fixed at the stable equilibrium position
= 0°  until the critical angular velocity

1
. kb? _ .
@ = o] is reached. At this moment the

shell sections are driven into the other equilibrium
position o =90°, i.e., the shell opens. Conversely,
when the angular velocity is slowing down due to

friction the shell stays open until at gi)cit closes
again, jumping back into the state with = 0°.

This model reflects the observed behaviour in that it
predicts two equilibrium positions of U( ) for the

closed and the opened shell. But, this is not exactly
what one observes: Actually the closing and open-

ing take place at different angular velocities ¢, and

gi)c, with goc thus exhibiting a hysteresis behav-
iour.

I11. AN IMPROVED MODEL

To get the hysteresis and thereby a closer similarity
to a discontinuous phase transition we have to take
into account that the rubber springs connecting the
four shell sections are already stretched when the
polar angle is zero. Assuming that the unstretched
springs have a vanishing length, a corresponding
modification may be done if one considers that the

sections are not fastened to a common point bot to
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Fig.3.The effective potential U( ) — U(0) versus for in-

creasing values of the rotation rate 0 from (a) — (e).

the circumference of the circular base (see Fig. . 2).

Thus denoting the radius of the base with a, the

springs are stretched by an amount of /2@ at the

Position = 0° (closed shell sections), whereas at
> 0° they have an elongation

x =+/2(a +bsino).

Inserting this expression into the term 4 «:1/2 kx? of
the spring potential energy Eq. (1) takes the form

U (6)=U(0)+8kab 3in
+4kb?sin’ 0 - 21¢°sin*0,  (3)

with U (0) = 4ka? and a moment of inertia I, which
now refers to the improved model.

In Fig. 3 we depict some plots of U () - U (0)

versus the angle  for increasing values of @ [Fig.
3(a) - (e)], showing the main features of the phase

transitionlike behaviour of the toy: For small go the

effective potential U increases monotonically with
the angle , showing an absolute minimum at =
0° [Fig. 3(a)]. This minimum represents the equilib-
rium position of the shell sections for Small rotation
rates.
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Fig. 4 The measured diameter d, of the opening circle of

the shell sections for different rotation rates (0. The two

critical points @), and @), give rise to a hysteresis.

For greater qo a local minimum appearsat = 90°

[Fig. 3(b)]. With further increasing qo this mini-

mum becomes deeper and deeper [Fig. 3(c)-(e)]. At
the same time the potential barrier separating the
two minima decreases until it becomes so low that
small perturbations may drive the shell sections
from the = 0° state to the = 90° state. Con-

versely, when @ is decreased by friction, U( ) -

U(0) will pass through the sequence e a (in Fig.
3).

Now, the System is fixed to the = 90° state until,



again, fluctuations suffice to overcome the potential
barrier. But this inverse transition will happen at a

lower value of go than in the opposite direction, as
is apparent from Fig. 3.

Thus our discussion of the opening and closing of

the shell sections reveals a hysteresislike behaviour
and by this the same phenomena as the discontinu-
ous phase transition of a thermodynamic system.

A minor weakness of our model may be seen in the
fact that the potential barrier will disappear exactly

only for ¢ o, sothatthe = 0° state is still me-

tastable in the Situation of Fig. 3(e). But, due to the
permanent presence of perturbations, there will be
no practical consequence of this feature inherent in
our model. On the other hand, further improvements
of our model (e.g., taking into account the nonlin-
earity of the rubber springs) should be possible.

IV. EXPERIMENTAL INVESTIGA-
TIONS

There are no difficulties in investigating the phase
transitionlike behaviour of the toy experimentally.
Here, we shall show only two important results:

(a) The direction of the shell sections can easily
be measured by the diameter do of their opening
circle as it is visible from above. This was done for

different angular velocities ¢ adjusted by a vari-

able-speed motor. Figure 4 shows our results and
verifies the theoretically predicted hysteresis.

(b) The stability of the equilibrium position of
the shell sections has been investigated: Actually,
we measured the deviation Oof the diameter d from
the equilibrium value dy due to a definite force F
applied to the shell sections for different angular ve-
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Fig. 5. The response function (JF for different values of

>

locities (p (for experimental details see Ref. 5). In
Fig. 5 our measurements are represented by the

quantity [JF for different values of @ in the vicinity

of the critical point goc . OF may be interpreted as a

response function and shows a divergent behaviour
which is well known from phase transitions.

V. CONCLUSIONS

The bird-in-shell toy may be considered as a simple,
cheap, and fascinating device to represent the main
mechanical phenomena which are analogous to
phase transitions. The possibility of a direct experi-
ence of what may be called the sensory aspect of the
phase transitionlike behaviour, together with the
simplicity of the mathematical modeling, may give a
rather clear Intuition of phenomena which very of-
ten are only accessible by sophisticated reasoning.
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