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Abstract

Lerche (Ann. Statist. 14, 1986b, 1030—-1048) considered a sequential Bayes-test problem for
the drift of the Wiener process. In the case of a normal prior an o(c)-optimal test could be
constructed. In this paper a new martingale approach is presented, which provides an expansion
of the Bayes risk for a one-sided SPRT. Relations to the optimal Bayes risk are given, which
show the o(c)-optimality for suitable nonnormal priors. (© 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

We observe a standard Wiener process (W;),>( with unknown drift 6 € R and want
to test sequentially

H={0} against K = R\{0}.

Darling and Robbins (1967,1968) introduced the concept of tests of power one. Such
a test is given by each stopping time 7 with the properties

Py(T < x0) < 1, (1.1)

Py(T < x)=1 forall K. (1.2)

The purpose of T is to control the drift in the sense that every drift will be detected,
if it occurs. As long as we observe, we believe that the hypothesis H is true. Stopping
means that due to the observations the hypothesis must be rejected. The power of such
a test is determined by the error probability (1.1) and the mean time Ey7, 6 € K, which
is needed to detect the alternative drift 6. Weighting the power function with respect
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to a prior probability measure defines the Bayes risk B(7) of 7. We consider priors
of the form

T =700 + (1 — 70)F, (1.3)

where 7o € (0, 1) and F is a probability measure on the real line with F({0})=0. Thus
B(T) is defined by

B(T)=yoPo(T <o0)+(1— yo)c/ﬁonTF(dﬁ). (1.4)

Here ¢ is a cost constant, which takes into account the cost of observation. Since the
order of the singularity of EyT as function of 6 is at least 2, the costs of observation
must depend on the parameter to get a finite Bayes risk. The choice of 02 is quite
natural due to the fact that it is proportional to the Kullback—Leibler information of Py
with respect to Py. The problem is to find a test, that minimizes the Bayes risk B(T")
among all tests of power one, and to calculate the optimal Bayes risk B*(¢)=infy B(T).
As usual this cannot be done in the case of composite hypotheses. Thus, we may ask
for an asymptotic analysis of the problem for ¢ tending to zero. An expansion of the
Bayes risk up to an o(c)-term should be given and a test 7. be determined such that

B(T})—B*(¢)=o0(c) forc— 0.

One reasonable procedure is to stop, when the posterior probability of the hypothesis
falls under a small level. Such a test is given by

2c
Tpey=nf <t =0 :y(Wy,t) < ———
b(c) ln{ YW, t) 1+2c}

=inf{t=0: f(W;,t)=b(c)} (1.5)

with b(c)=7¢/(1—70)2¢. Here y(x,t) denotes the posterior probability of the hypothesis
given W, =x and can be expressed with

f(x,t)= /exp <0x — %0%) F(dO) (1.6)

as
Yo
yxt) =
70 + (1 =70)/(x, 1)
An important fact is that Tp) is a one-sided SPRT, since (f(W;,1));>0 is the density
process of P = | PgF(d0) with respect to Po. Thus properties of one-sided SPRTs can
be applied to it. Another way to define 7}, for b > 1 is given by

Ty =inf{t=0: W, & (y, (). % (1)},

where the functions v, Y, are the unique solutions of the equation f(x,7)=»b in the
positive, respectively, negative half-plane. Properties of these functions, especially the
asymptotic behaviour at infinity are given in Lai (1976).

Using methods of nonlinear renewal theory, Robbins and Siegmund (1974),
Hagwood and Woodroofe (1982), Alsmeyer and Irle (1986) gave expansions for the
expectation EyT}, and variance VaryT},, when the level b tends to infinity. Thus for fixed
0 an expansion of the power can be given. Since 02EyT, converges to infinity, when 0

forall xeR, ¢t > 0.
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tends to zero, compare Farell (1964), it is not obvious, whether the weighted expected
sample size [ 0%EyT,F(d0) has an analogous expansion. In the case of a normal prior
F Lerche (1986a, b) obtained that expansion and showed the o(c)-optimality of Tj),
when according to the cost constant ¢ the level b(c) is chosen by b(c)=yo/(1 —7¢)2c.
The normal case is easier to handle, since posterior distributions are normal again and
the weighted likelihood function f(x,¢) can be computed.

In this paper a new martingale approach is introduced. The representation of the
density process (f(W,,t));>0 as exponential martingale together with some facts on
one-sided SPRTs provide the key formula

-T)
/GZE(;TbF(dH):zlogb+E/ v(Ws,s)ds,
0

v denoting the variance of the posterior distribution, which allows an asymptotic ex-
pansion for b tending to infinity. This will de done in Sections 3 and 4. Finally, in
Section 5 this can be used to prove the o(c)-optimality of Tj.

2. Properties of the one-sided SPRT

We list some basic facts of one-sided SPRTs, which are used in the following
sections. Let (Z;),;>¢ be a right continuous filtration and %, =a(%,: t =0). We assume
that there are orthogonal probability measures Py and P; on .., which are locally
equivalent. This means that P, 7, for each #>0. Then there exists
a density process (L;);>o such that L, is the Radon—Nikodym derivative of P|z7 w.r.t.

7 1s equivalent to Py

Py|z for all £>0. L is up to indistinguishable processes uniquely defined and has right
continuous paths. We additionally assume that L has continuous paths. Let
t
M,déf/ L7'dL, for all £>0. 2.1)
0

M is a local Py-martingale and L is the exponential martingale of M, i.e.,
L, = exp(M, — 1[M],), (2.2)

see Jacod and Shiryaev (1987), Williams and Rogers (1987). The one-sided SPRT T}
is defined by

Ty=inf{r>0:L,=b} =inf{r>0: M, — 1[M],>log b}. (2.3)
The theorem of Girsanov implies:
Proposition 2.1.

Po(T) < 00) = T ana E\[M];, =2logh (2.4)

b
for all b>=1.

Proof. Due to the continuity of L the one-sided SPRT 7} hits its boundary. The or-
thogonality yields P;(7, < oo)=1. Thus

1
Py(Ty < o0)=E\Ly' = b (2.5)
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The theorem of Girsanov, see Jacod and Shiryaev (1987), implies that M — [M] is
a P;-local martingale with [M] as quadratic variation process w.r.t. P;. This provides a
sequence (S,),en of reducing stopping times such that S, T oo and (M — [M])% is a
uniformly integrable martingale. Hence the optional sampling theorem yields

E\M — [M])s,a1, =0 forallmeN. (2.6)

Together with logb>=(M — [M])s,at, + %[M]S,,ATb this provides Ei[M]g 7, <2logb.
Hence the monotone limit fulfills £,[M]y, <2logb. This implies, see Weizacker and
Winkler (1990),

E\(M — [M])7, =0. (2.7)
Hence

YE\[M];, =EilogLy, =logh. [ (2.8)
One important poperty of the one-sided SPRT is that it minimizes the expected stopped
quadratic variation of the loglikelihood among all tests with no higher error probability.
Proposition 2.2. Let b > 1. Then

E\[M]p = E[M]y, =2logh (2.9)
for each stopping time T with Py(T < o00)<1/b.

Proof. We may assume E|[M]; < co. Then E;logLy = %El [M]; and
Eyloglr> — 10gE1L;l = —log Po(T < o0)>=logb.

Proposition 2.2 also states that the Kullback Leibler information of Pi|z w.r.t. Py
is minimized by 7, among all tests 7 with Py(T < co)<1/b. [

Ir

Besides these optimality results another useful relation between the stopped quadratic
variation of 7, and logb can be given.

Proposition 2.3.
log b
[M]z,

b
=

Pq-a.s.

N[ —

Proof. Since 7} hits its boundary,
logb = (M7, — [M]T,,) + %[M]T,;

As mentioned before, M — [M] is w.r.t. P a continuous local martingale with [M] as

its quadratic variation process. Due to the orthogonality of P; w.r.t. Py the quadratic

variation [M], tends to infinity Pj-a.s. Since M —[M] is a time changed Wiener process,

M —[M]) .

R

[M],

see Williams and Rogers (1987) theorem of Dubin, Schwarz. Thus the assertion

follows.

0, Pp-as,
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3. The martingale approach

At first some notations are given. The observed process (W; ), is adapted to a right
continuous filtration (#;);5¢. On F =0(Z,: t =0) probability measures (Py)yc g are
defined such that (W,),>( is a standard Wiener process with drift 6 according to Py.
Let F be the part of the prior on the alternative. This means that F' is a probability
measure on the real line with F({0})=0. We assume throughout this paper that F' has
a finite second moment. The weighted-likelihood function f is defined by

1
f(x,t)= /exp <0x - 20%) F(d0) for all x € R, ¢=>0. (3.1)
Obviously, f is on R x (0,00) a real-valued function, which solves the heat equation
(0 + 331 =0. (3.2)

The mixture P of (Py)gcr with respect to F is defined by
P(A) = / Py(A)F(dO) for all A€ F..

The posterior distribution Fy, w.r.t. F' given W, =x is defined by

exp(Ox — 1/2021)
fx1)

The mean, second moment and variance of the posterior distribution F,, are denoted
by u(x,t), p(x,1),v(x,t). Since the second moment of F is finite, they are well defined.
If h is a function of 0 such that [ |h(0)|?F(d0) < co for some p=>1, it is easy to
check that the posterior expectation

Ex,t(dg) =

F(d0),

Mh(Wt,t):/h(H)FW,,,(dG) for all £>0

defines a L ,-bounded P-martingale. In view of this we can ensure that (u(W;,1));>0
and (p(W,,t)),>0 are P-martingales.

The dependence of the density process on the posterior mean process can be
given by

Lemma 3.1. (f(W,,t));>0 is the density process of P with respect to Py and has the
martingale representation

(Wi, t) = exp(M, — 5[M],) (3.3)

with
t
Mtz/ W(Wo5)dW,, 10, (3.4)
0

[M] = [, u( Ws,s)? ds denotes the quadratic variation process of M.
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Proof. (exp(0W, — %QZI))tZ() is the density process of Py with respect to Py for each
0 € R. Integrating over 0 provides the first part of the assertion.
Since f solves the heat equation, Ito’s formula yields

O f (W, 5)

aw;
T(ws)

ﬂm04+/aﬂmmmu4+/ﬂMJ

t
=1 +/ f(Ws:S),U(Wg,S)dVVS
0
Hence (f(W;,t)):>0 is a solution of the stochastic differential equation
dLl:Lt th, LO = 1,

which implies representation (3.3), see Williams and Rogers (1987).
Let

t
W,=Ww, — /,u(WS,s)ds for all +>0.
0

Then in view of Lemma 3.1 Girsanov’s theorem implies that I is a standard Wiener-
process with respect to P. It is natural to search for a stochastic integral representation
for a given P-semimartingale. u(W,,¢) and tu(W,,t) — W, fulfill a representation which
is very useful in the following section.

Lemma 3.2. The P-semimartingales w(W,,t) and tu(W,,t) — W, admit the following
representation as stochastic integral processes:

MMﬁ:mmm+Awmmuh (3.5)

(Wi t) — Wy = /Ot(v(Ws,S)S —1dw,. (3.6)

Proof. f solves the heat equation and 0, f(x,?)/f(x,t) = u(x,t). Hence
Oxpu(x, 1) = v(x, 1),

S0RCx, 1) 4 Oopu(x, 1) = —p(x, )0, 1).
Thus Ito’s formula implies

du(W,,t) = Ox (Wi t) AW, + (B, (Wi t) + 132 u(W,, 1)) de

= U(VVH t)th
and

d(u(Wy, 1)) = tdp(Wi, 1) + (W, 1) de

=tw(W,t)dW, +dw, —dw,. [

This provides the above stochastic integral representations.
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For the expansion of the Bayes risk for one-sided SPRTs in the following section
we need sufficient conditions to check, whether the local martingale tu((W;,t)) — W,
is in fact a L, bounded martingale. This leads to

Proposition 3.3. Let F have a density g with the properties:

(Al) g is absolutely continuous with f((g’(@)/g(@))l{g>0})1’F(d9) < oo for some
p=1,

(A2) g(0)< Cexp(|0|*) for some C >0 and o < 2.

Then (tp(W,t) — Wy )i»o is a Ly-bounded P-martingale.

Proof. It suffices to show that
9'(0)

(W, t) —

W(West) 9(0)
since the right-hand side of Eq. (3.7) is the posterior expectation of the function A(0)=
(9'(0)/g(0))1{4>0y. The integrability condition in (A1) implies then the L,-bounded
martingale property. Eq. (3.7) follows with partial integration:

Lg>0yFw,.n(d0), 3.7)

(Wi t) — W, = / (10 — W) Fy,(d0)
1 N _ L
= a0 /(t@ W,)exp(@W, 20 t) g(0)do

i
_ % /exp <0W, - 50%) g (0)do

g'(0)

9(0)

The boundary terms in the partial integration step vanish since due to (A2) g(0)exp(Ox—
%Hzt) — 0 for all x,¢. Hence Eq. (3.7) is valid and the proof is finished. [

Lig>03(0)F(w,,0(dO).

Finally the relation of the Bayes risk to the posterior second moment process
(p(W,1));>0 is given. This can be exploited in the one-sided SPRT case.

Proposition 3.4. For each (¥ ), stopping time T it holds
T
/BZEHTF(dG):E/ p(Wy,s)ds. (3.8)
0
In particular, this provides for T, =inf{¢t=0: f(W;,t)=b}, b > 1,

Ty
B(Tp)= “/0% + (1 —yo)c <2logb +E_/o U(W;,s)ds) . (3.9)

Proof. Let us first assume that 7 is a bounded stopping time. Recall that F has a
finite second moment. Thus (p(W;,1)),>¢ is a P-martingale as was pointed out at the
beginning of this section. Hence,

Ep(Wr, lirsqa :Ep(WS,S)l{T>S} for all s >0.
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This leads to
/92E9TF(d0): //92TdPHF(d0):/T/@ZF(W,,T)(de)dP

=ETp(Wr,T) :E/ p(Wr, T) (1> ds
0

e’} T
:/ EP(Wv,S)l{T>s}dS:E/ p(Ws,s)ds.
0 0

Thus formula (3.8) is valid for bounded stopping times. In the unbounded case we
approximate 7 by T At and use the monotone convergence on both sides of Eq. (3.8).
To get Eq. (3.9), notice that

T _rh D
E/ p(WS,s)ds:E/ ,u(WS,s)zderE/ v(Ws,s)ds
0 0 0
and
_ [T _ 1
E/ W(Wy,s)* ds = E[M17, =2logh, Po(T, < o0)= b
0

see Proposition 2.1.

4. Asymptotic expansion of [ 02E,T,F(d6)

Starting point for the analysis of the integrated expected sample size of a one-sided
SPRT is the fact that

Ty
/02E9TbF(d9):2logb+E/ v(Ws,s)ds.
0

The main idea is that we can replace the posterior variance v(W;,t) by 1/(t + r), the
posterior variance with respect to the prior F =N(0, 1/r). Thus the problem is reduced
to find an expansion for E log((T, + r)/r). But as we will see

T _pgatzey
2logb
Hence we guess

- T
Elog( b+r) :log(210gb)—/10g02F(d0)—logr+o(1).
r

In the following we become more precise and verify each step.

Py-a.s.

Lemma 4.1. Assume that the P-local martingale ((t + r)u(W,,t) — Wy);=o is in fact
an Ly-bounded martingale. Then

_ o>
)
0

Ty
E/ v(Ws,s)ds:E_’log( ) + x(r) +o(1) (4.2)
0

for all r >0 with y(r)=E [ vo(Ws,s) — 1/(s + r)ds.

1
U(Ws’s)_H—r’ ds < > 4.1)

and

Ty +r
r
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Proof. Let u denote the first moment of F. It follows from Eq. (3.6) that the martingale
X, =+ r)u(W,,t) — W, — ur has the representation

X, = / (s + rw(Ws,s) — 1dW,.
0
Hence
E/OO((S + r)o(Wy,s) — 1) ds = E[X] < oco.
0

Holder’s inequality provides

%) %) 1 2 12 0o 12
2
/O ds<</0 (SH)) (/0 (s + (Wi, s)—1) ds) .

This implies Eq. (4.1). The second assertion follows from the dominated convergence
theorem, since

_ (D — T _ (T 1
E/ U(Ws,s)ds—Elog< b+r) :E/ o(Ws,s) — —— ds.
0 0 s+r

r

1
U(WS,S)—H—r

Proposition 4.2. Let @ denote the limiting random variable of the uniformly inte-
grable martingale (W(Wy,1));>0.
Then
Tp bp—ooo 1 -
—, P-as.
2logh @ Y

and © = 0 Py-a.s. for F-almost every 0.

Proof. It holds

1 [h oo -
— / W(Wy,s)2ds"=% 0% P-as.,
Ty Jo

M oo _
ﬁ oo 1, P-as.,
2logb

see Proposition 2.3. Hence the first part of the assertion follows. To prove the additional
remark, recall that W, — fot w(Ws,s)ds is a standard Wiener process w.r.t. P. Hence

due to lim,_, . 1/¢ fot w(W;,s)=0. But W,/t tends to 0 Py-a.s. for all 0 € R. Thus ©@=0
Py-a.s. for F-almost every 0.
In view of the limiting random variable @ it holds

/ 0%EyTyF(d0) = EO*T}.
From Eq. (3.9) or Proposition 2.2 we obtain the trivial lower bound

/ 0 2E()T/,F(d0)>2 log b.

A first upper bound is given in the following:
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Lemma 4.3. Let ((t + r)u(W,t) — Wi)iso be an Ly-bounded martingale and
[ |log(0%)|F(d0) < co. Then

/ 02EyT,F(d0)<4logh + o(1).

Proof. From Lemma 4.1 and Proposition 4.2 it follows:
EOXTy+r)=rE@* + EOT,

Ty
=rEO®* 4 2logh +E/ v(W,,s)ds
0

- - T, (T 1
=rE@* + 2logh +Elog((b+r)> +E/ o(Weys) — —— ds
r 0 s+r
=21logh + Elog(O* (T + r)) + O(1).
Using Jensen’s inequality and logx < %x for all x>2, we obtain fa. b>e,

EOX Ty +r) < 2logh + log E(OX (T, +r)) + O(1)
< 2logh + 1EOX(T, + r) + O(1),

since E@*(T, + r)>2logh>2. Hence the assertion follows. [

To get the desired expansion for £ log((T, + )/r), notice that

(2 —¢)logh

Py <Th< 02

> = o((logb)™") (4.3)

uniformly in 6 € R\ {0} for all 0 <& < 2. This can be shown by nearly the same
arguments as in Woodroofe (1982), (p. 69).

Lemma 4.4. If the assumptions of Lemma 4.3 are valid, then

Elog(Tb i r) =log(2logh) — /logGZF(dH) —logr +o(1). (4.4)
r

Proof. Due to Proposition 4.2 it holds

(Tb"’r)@z b—o0 =
log ( L6 TP P-as.
°g< Jlogh ) 0 Pas

Let ¢, = ((Tp + 7)0?)/2logh and A, = {T,>(logh)/O*}. |log(¢ )| is bounded on
A, N {&p, <M} by logM for each M > 2. Hence we may conclude by dominated
convergence

Elogéplie, <ayrn, == 0 for all M > 2. (4.5)

On A5 N {¢» <M} it holds

r@?

2logh

<Ep<M.
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Furthermore,

- r@? -
E10g<m) 1,420{5 LM} = Elogl’@2 1A;’ﬁ{cf s<M}
~log(2logh)P(45 N {& <M }).

Both terms on the right tend to zero due to Eq. (4.3). Thus it follows

blggo Elyenge ,<mylog&p=0. (4.6)
The last step is

_ logx -

Bl 2unylogéy< sup —22 &,

x=M X

The first factor tends to zero for M to infinity, the second remains bounded in b due
to Lemma 4.3. This together with Eqgs. (4.5) and (4.6) yields

blim Elogé,=0
from which the desired expansion follows.

The preceding considerations run into the following:

Theorem 4.5. Under the assumptions of Lemma 4.3 it holds

/ 02EyTyF(d0)=2logb + log(2logb) — / log 02F(d0)
—logr + x(r)+o(1) “4.7)
and

B(The)) = % (1 = 30)c(2logh(c) +log(2logh(c)) — A —log r + 7(r) +0(1))

with y(r)=E [} o(Wy,s) — 1/(s + r)ds, b(c) = po/(1 — 79)2¢,4 = [log(0*)F(d0).

Proof. Eq. (4.7) follows immediatly from Egs. (3.9),(4.2) and (4.4). Due to Py(Tp < 00)
= 1/b the expansion for B(Tj)) holds.

5. o(c)-optimality of the one-sided SPRT Ty,

In this section we show that the expansion for the Bayes risk of the one-sided SPRT
Ty in Theorem 4.5 is an expansion for the optimal Bayes risk B*(c) too. Throughout
this section let F' be a probability measure on the real line with finite second moment
and Lebesgue-density g such that
(A1) g is absolutely continuous with f((g'(@)/g(@))l{g>0})2 F(df) < o0
(A2) g(6)<Cexp(|0|*) for some C >0 and o <2 .

Note that then the assumptions of Theorem 4.5 are fulfilled. Furthermore, let 7 be a
o(c)-optimal Bayes test. This means that

B(T?) — B*(c) = o(c).

At first the Bayes test problem is expressed as an optimal stopping problem.
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Lemma 5.1. Let h(x) = yoexp(—x) + (1 — yo)2¢cx for all x € R and D, = log f(W;t).
Then

_ T
B(T)=E (h(Dr)+(1 - Vo)C/ U(WS,S)dS)
0

T
> log(b(e)) + (1 = 10)eE [ o(Weus)ds (5.1)
0
holds for each stopping time T with finite Bayes risk.

Proof. Since T has finite Bayes risk it is P-a.s. finite. Then due to the assumptions
on F Eq. (3.8) provides

T
B(T)=yPo(T < o0)+ (1 —1y)c (E_[M]T +E/O U(Ws,s)ds).

EDy = %E[M]T, since E[M]; < oo and Py(T < 00) = E exp(—Dr). Hence the first
equation of Eq. (5.1) follows. The inequality holds due to the fact that 4 is a convex
function with minimum at log b(c).

Lemma 5.1 provides a lower bound for the optimal Bayes risk with the leading term
h(b(c)) from the expansion of B(Tp)). The remainder term E fOT v(W;,s)ds can be
expanded by the methods of Section 4. Eq. (4.2) yields

I «
E/ wmmm:io%(n+ﬁ>+ﬂm+wn
0 r

for all » > 0. To get an expansion for the first term on the right, we have to analyse
the error probability a(c)=Py(T) < oo) of the o(c)-optimal test T.*. Eq. (5.1) together
with the expansion of B(Tp) can be used to get an upper bound for a(c). Especially
it tends to zero fast enough.

Lemma 5.2. The error probability a(c) of T is a function less than O(log b(c)/b(c)).

Proof. We compare T to T,,)-1, the one-sided SPRT with the same error probabil-
ity. T~ minimizes the expected quadratic variation E[M]; among all tests T with
Py(T < co) <o, see Proposition 2.2. Hence

E[M];. 2E[M]y

a(c)— !

=2loga(c)™!

and in view of Eq. (5.1)

*

B(T) = yox(c) + (1 — y0)c (Zlog(x(c)l +E/ ‘ U(WS,s)ds>
0

> h(loga(c)™h).

Together with the expansion of B(Tj)) and b(c)~! = O(c) the estimation

h(loga(c)™ ") <B(TY) <B(Tyy) +o(c)<h(logb(c)) + O (c log log%)
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follows. The convex function % has a unique minimum at log b(c). Hence

0<yo (oc(c) - b()> — (1 —y9)2¢c log(a(c)b(c))SO(cloglogi> .

Thus

()<

log b(c)
e )+b()log(oc(C)b(C))*O(Cloglog )<O( b(c) )

In particular, this lemma yields b(c)*a(c) — 0 for 0 < A < 1. Thus nearly the same
arguments as in Woodroofe (1982) p. 69 provide

Py (Tj < Q_?ZW) = o((logh(c))™h) (5.2)

for all 0 < ¢ <2 uniformly in 0 € R\{0}. This is the key to:

Lemma 5.3. For each r >0 and 0 <& <2

Elog(T::— r) >log((2 — ¢)logb(c)) — /logHZF(dG) — logr +o(1).

Proof. Let

R(c) = /log (W) Py (T: <(28§2°gb(6)> F(d0)

Eq. (5.2) yields
R(e)| < / ‘ ((2 F)log b(c)) ’P() <Tj < 2 - aélgg b(c)) F(d0)
< log((2 — )log b(c)) / Py (Tj < Q“?Sgb@) F(d0)

/ Py (T Q%W) F(d0)
= o(1).

Hence for all 0 < ¢ < 2 it holds

T T
Elog( r+ ) :/E910g< C:—r) F(d0)
+r

T
= /Ee 10g( . ) I{T*>(2—s)logb(c)}F(d0)
Sz 02

. / log<(2 - s)logb(c)) P, (T: . 2- s)logb(c)) F(d0)

1
logg2

02 02
= log((2 — ¢)logb(c)) — /10g 0%F(d0) — logr — R(c).

Thus the claim holds.

We can use Lemma 5.3 to give a lower bound for the Bayes risk of 77*. This differs
from the Bayes risk of Tp) only up to a o(c) term. Hence Tj) is a o(c)-optimal test.
This is summarized in the following.
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Theorem 5.4. Let F have a density g with properties (Al) and (A2). Then for all
r>0and 0 <eg<?2
BUZ) > s + (1= j0)e(2logh(e) + log((2 — log h(e))
—A —logr + y(r)+o(1))
with A = [log 02F(d0), x(r) = E [;° v(W,,s) — 1/(s + r)ds,b(c) = y0/(1 — 7)2c.
Tw(ey is an o(c)-optimal test and the expansion
B*(¢)= % + (1 —y9)c(log b(c) 4 log(2log b(c)) — A4 — logr + x(r) + o(1)).

holds for the Bayes risk.

Proof. Theorem 4.5 and Lemma 5.3 provide for each ¢ > 0 a function R.(c) with
R:(c) =0(1) such that

B(Tb(c)) - B(T:)S(l —70)2¢ (10g<22—8) +RS(C)> .

Let 6 > 0. We can choose a ¢ and a ¢y such that
2(1 — yo)lo 2z <é 2(1 — y0)R (c)<é for all c<c¢
Y0 g 7 _ 2 2a Yo Mg, ) xC0-

Hence
B(Twc)) — B(T))
c

<o forall ¢ < ¢

and the claim follows. [J

6. Examples of priors

In this section some examples for the choice of a prior probability measure F on the
alternative are given. One interesting class was introduced by Diaconis and Ylvisaker
(1979). Let p be a measure on the real line with the Borel g-field and A ={(4;,4;) €
R? : [exp(04 — 3420%)u(d0) < oc}. For 4 € A a probability measure F* is defined
by the u-density

g(0) = exp(210 — 12202 — C(J1, 1))

with
cul,zz):mg(/exp(zle— 51292);4@19)).

(F*)e4 defines a two parameter exponential family that is closed under posterior dis-
tribution. Starting with a prior F*, the posterior distribution given W, =x is F(1+%/2+)
for all x € R, £ > 0 . The moments can be calculated by the partial derivatives of the
function C. Hence the posterior mean- and second moment process are given by

uW,t)y=0,C(h1 + Wi, Ao +t), p(Wyt)=—=20,C(A1 + Wy, Ao +1).

If u is the Lebesgue measure, F* = N(A,/A2,1/4;). Thus the normal case is included.
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We can verify the assumptions on the prior in Theorem 5.4 if the measure u has a
Lebesgue density # with the following properties:
(i) h is absolutely continuous with [(A'(0)/h(0))*exp(041 — %/1202)h(0) dl < oo,
(i) A(0) > 0.
The following choices of /4 are possible:
(a) A =1 leads to a normal prior,
(b) h(0)=(1+0)), p >0,
(c) h(0) = 1[()’00)(0) + (0 + 8)p87p1(,,;,0)(9) e>0,p>1.
Condition (i) is not valid for p =1. For 4; <0, 4, =0 and small ¢ this is nearly
an exponential distribution. The second term has to smooth the jump at zero.
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