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Chapter 1
Introduction

Problems of optimal stopping arise in various fields of applied mathematics.
In sequential analysis, the determination of optimal Bayes-tests leads to a
problem of optimal stopping for a functional of the process of posterior dis-
tributions. In mathematical finance, pricing of American contingent claims
may be reduced to solving an optimal stopping problem for a diffusion pro-
cess. Furthermore in portfolio optimization, Morton and Pliska [47] introduced
an appropiate stopping problem to determine an asymptotic optimal growth
rate under consideration of transaction costs. In quality control, optimality of
the CUSUM procedure may be derived via an optimal stopping problem, see
Beibel [4], Ritov [51].

In the following, we will give a brief overview on the development of the
theory of optimal stopping. This type of decision problems can in general be
described by a mathematical model as follows:

Ingredients are

e a time parameter set 7' C [0, 00),

e a filtered probability space (2, (F¢)ter, P),
e an adapted payoff process (Z;)ier -

Sucessively one obtains informations represented by the filtration (F)ier. At
each time point ¢ € T" one has the choice between immediate stopping, receiv-
ing the payoff Z;, and continuation of the observations in the hope of obtaining
a larger gain. Since the decision to stop must not depend on the future infor-

mation strategies for termination of the observation procedure are the stopping
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times w.r.t. (F;)ier. Denoting this set by S the problem is to maximize the
expected payoff EZ, among all 7 € § and to determine an optimal 7" € §
that attains this supremum.

Starting point for the theory of optimal stopping was the work of Wald and
Wolfowitz [60], [59] in sequential statistics. In 1948 they determined Bayes-
solutions for sequential tests by introducing and solving an appropriate optimal
stopping problem. Snell [57] formulated the general problem in discrete time
and investigated the relation to martingales and supermartingales. He showed
the existence of a minimal dominating regular supermartingale (U;)er and

proved under suitable assumptions that
T =inf{t €T : Z, = U}

defines an optimal stopping time. Haggstrom [24] and Chow, Robbins [11]
further developed the results of Snell by determining the form of U as

U, = esssg) E(Z.|F,) ,teT,
which in the sequel has been called Snell-envelope.

Although the existence and a characterization of an optimal stopping time
could be clarified, the explicit computation involves the determination of the
above minimal dominating regular supermartingale U. For finite time points
this can be done recursively backwards in time by the so called backward
induction method which already appeared in [1]. In the monograph of Chow,
Robbins and Siegmund [12] this is described in full detail.

In infinite time, generally an explicit construction of an optimal stopping
time cannot be obtained. For the so called monotone problems Chow, Robbins

[9], [10] showed that an optimal stopping time is given by
™ =inf{n € Ny : Z,, > E(Z,1|Fn)}

Starting with a paper of Dynkin [14] a theory of optimal stopping for Markov

processes has been developed. With an underlying Markov process

X = ((Xt>t€T7 (‘Ft>t€T7 (Px)xEE>
the payoff process has the form 7, = h(X;) with a function h : £ — IR.

Depending on the starting point the optimal expected payoff is a function
v: E — IR defined by
v(z) = sup E;h(X:)

TES



for all x € E. Introducing excessive and regular excessive functions, a char-
acterization of v as minimal h dominating regular excessive function could be

given, see Shiryayev [56], Theorem 8. Furthermore, the optimality of
™ =inf{t € T : h(X;) = v(Xy)} (1.1)

was shown. This led to a division of the state space E into a continuation and

a stopping region, denoted by C and £. Thus
C={zxeFE:v(x)>h(x)} , E={zeE v(x)=nh(z)}

and the optimal stopping time, defined in (1.1), is the first exit time from C.
For various Markov processes the set of excessive functions could be deter-
mined, leading to explicit solutions for associated optimal stopping problems,
see Dynkin, Yushkevich [15] for some examples.

The ideas for discrete time stopping problems can be used also in contion-
uous time. Following the martingale direction Fakeev [19], Mertens [42], [43]
and Thompson [58] carried over the approach of a minimal dominating regular
supermartingale from discrete to continuous time. Monotone case stopping
problems in continuous time were introduced and solved in Irle [27].

For so called standard Markov processes the same could be done, initiated
by Dynkin[14] and further developed by Engelbert [16], [17] , Shiryayev [55],
Engelbert [18]. For solving optimal stopping problems explicitly, a free bound-
ary value approach was introduced and led to explicit solutions for various
problems, see Bather [2], p. 606 , Bather [3], Shiryayev [54], Mikhalevich [46],
Shiryayev [56], Chapter 4, Mc Kean [41], von Moerbeke [44],[45] , Shiryayev
[53].

In a simplified way, one may say that an explicit solution can be obtained
if the underlying Markov process has a one-dimensional state space and the
payoff does not depend on time. For payoffs, depending linearly on time in the
form of h(x,t) = g(z) — ct, a reduction to an appropiate one-dimensional free
boundary value problem often leads to an explicit soluion as well.

If the payoff is a more complicated function of space and time, the de-
termination of an explicit solution usually is not possible. Here one turns to
asymptotic expansions of the continuation region. Such asymptotic expansions
were derived for various problems, see for example Chernoff [7],[8], Breakwell,
Chernoff [6], Lai [39],[40], Bather [2]. Methods related to variational inequali-

ties were used by Friedman [20],[21] to obtain asymptotic results.
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An alternative approach to optimal stopping of one-dimensional diffusions
was introduced by Salminen [52], using the Choquet representation of excessive
functions.

Following the martingale direction, Jacka [32] gave a new characterization
of the Snell-envelope for payoff processes, that are semimartingales, by study-
ing local time.

Beibel, Lerche [5] found a simple method to solve some stopping problems
related to mathematical finance. Their basic idea is to decompose the payoff
process into a product of a martingale and a uniformly bounded process. This
has been carried over to one-dimensional diffusions by Paulsen [48] using the
h-transformation.

Karatzas [35] showed the significance of optimal stopping for pricing of
American options. The price of the so called American perpetual put in the
Black-Scholes model could be already explicitly computed by Mc Kean [41] by
using a free boundary value approach. Various other methods were introduced,
see Karatzas, Shreve [36], Beibel, Lerche [5]. For finite running time no explicit
computation has been available until now. The structure of the continuation
region could be obtained by Jacka [32]. He derived an integral equation which
uniquely determines its boundary function.

Also in other fields of mathematical finance, optimal stopping has become
a topic of great interest. Morton, Pliska [47] used an appropiate problem for
maximizing an asymptotic growth rate in portfolio theory. This paper leads
to one basic application of the theory which will be developed in this thesis.

Starting point has been the fact that various stopping problems for Markov

processes have a payoff function of the form
h(z,t) = g(x) —ct

This type of payoff occurs in sequential statistics when the costs for sam-
pling are assumed to be proportional to time, and also in the paper of Morton,
Pliska [47] in portfolio optimization by using a log-utility function. But it
is also reasonable to introduce a nonlinear cost function ¢(¢). In sequential
statistics one can argue that, due to learning mechanisms, the cost rate should
decrease which would lead to a concave instead of linear growth of costs. In
the framework of Morton, Pliska [47] this could lead to a treatment of other

utility functions.



At the begining were several papers by Irle [29], [30], [31] who investigated,
motivated by the problems of locally best tests, optimal stopping problems for

the Wiener process w.r.t. the reward function

(z,t) = g(z) —c(t)

In Irle [29], [30] g(x) = o was treated for different typ of cost functions. As
a first result it was clarified, how the continuation region can be enscribed
between two boundary curves. These methods were then extended to obtain
analogous results for various typs of reward functions g, see Irle [31]. But in
those papers an asymptotic expansion of the boundary function of the contin-
uation region was not obtained. This was firstly done in Kubillus, Irle, Paulsen

[37] who derived such an expansion for payoff functions of the form
(x,t) — xt —c(t)

with increasing concave or convex c satisfying mild additional assumptions.
It is the topic of this thesis to derive asymptotic expansions for rewards of

the general form
(l’,t) - g(ill') - C(t) )

not only for the Wiener process but for a wide class of diffusions generated
by a second order elliptic differential operator. It will provide a new approach
to handle such type of optimal stopping problems. Several applications will
be presented which justify the hope that the presented methods will give a
powerful tool in the asymptotic analysis of optimal stopping problems.

The main idea is to determine an inner and outer approximation of the
continuation region, being asymptotically equivalent. In the case of concave c,
an inner approximation can be easily derived by applying the results for linear
cost functions. It is more difficult to find a suitable outer approximation. This
will be done by defining a majorant ® : E'x (0, 00) — IR of the payoff g(z)—c(t),
touching it at two curves m= 3, (t). Additionally, ® is superharmonic for large
t, i.e.

(O + A)P(z,t) <0 , xe€Et>1

for some ty > 0, with A denoting the differential generator of the diffusion.
These properties then can be used to show that the continuation region after

to is contained in the region enscribed between the boundary curves (m +
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B+ (t))i>t,- Note, that symmetry of the diffusion and the reward g w.r.t. a
midpoint m € E has to be supposed.

For convex ¢, an application of the results for linear costs leads to an outer
approximation of the continuation region. To determine an inner approxima-
tion a majorant ® will be defined, touching the payoff at two curves m £ (_().

Here, ® is subharmonic for large ¢, i.e.
O+ A)P(z,t) >0 , € Et>1

for some tg > 0. With these properties we can prove that the region enscribed
between the curves (m £ (_(t))t>, is contained in the continuation region,
providing the desired inner approximation.

We emphasize that we can formulate rather general conditions, which lead
to an asymptotic expansion for the boundary of the continuation region. Two
examples from sequential statistics and one from portfolio optimization will ac-
company us through this thesis and indicate that it is worth to study problems
of optimal stopping for nonlinear costs of observations.

The thesis is organized as follows. In Chapter 2 we recall some basic facts on
one-dimensional diffusions and introduce three examples of optimal stopping
problems that will accompany us through this thesis. The easier case of linear
costs of observations will be treated in Chapter 3. The obtained results play
an important role for the analysis of the nonlinear problem. For concave and
convex costs of observations the principal shape of the continuation region can
be derived and an asymptotic expansion of its boundary function will be given
in Chapter 4 and 5. Finally in Chapter 6 we weaken our assumptions such
that a wider class of payoff functions can be treated.

Each chapter ends with an application of the obtained results to examples

coming from sequential statistics and financial mathematics.



Chapter 2

Preliminaries

2.1 Diffusions

In this section, we want to clarify what we will understand under a one-
dimensional diffusion generated by a differential operator A. We fix an open
interval E of IR which shall become the state space and consider at first a non

terminating, strong Markov process with continuous paths

X = ((Xt)t207 (ft)eo, (Px>a:€E)

defined on a measurable space (2, F) governed by a right continuous filtration
(Fi)e>0 , see Shiryayev [56] p.18, Karatzas, Shreve [34], Def. 6.3, p.81 for a
definition. As discussed in Rogers, Williams [50], p. 110, this class of processes
is too wide and embraces examples with unruly behaviour. So we restrict our
attention to strong Markov processes on E with continuous paths that are
generated by stochastic differential equations. As ITkeda, Watanabe [25], p.
188, pointed out this class of processes is known to be sufficiently wide both
in theory and applications.

To be more precise, we consider an elliptic differential operator
Ly 2
A= 3@ ()05 + b(x)0, (2.1)

with continuous dispersion and drift functions a,b : F — IR. We assume that

the nondegeneracy condition

a*(z) >0 forall z € E (2.2)
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holds, and can then define the scale function
b(2)
o vdz)dy (2.3)

s(x) :/:exp(—Q/Tja B

for all x € E, where m is an arbitrary chosen element of £. The function s

is twice continuously differentiable, strictly increasing and satisfies As = 0 on
E. We introduce the function u : £ — IR by

m m

u(x) = /x s'(y) /y s’(z)2a2(z)dzdy (2.4)

for all z € F . Tt is obvious that the function u is twice continuously differen-
tiable and satisfies
Au=1

on E, subject to the boundary conditions u(m) = u'(m) = 0. We assume that
the diffusion is non-exploding. Due to Feller’s test of explosion this means
that u(x) tends to infinity when z converges to a boundary point of E; see
Theorem 5.29, Karatzas, Shreve [34].

We combine these two objects, the differential operator A and the Markov

process X, in the following definition.

2.1.1 Definition: Let the elliptic differential operator A fulfill the preceding

assumptions. Then a triple

X = ((Xt)z0, (Ft)iz0, (Po)eeck)
is called an A-diffusion with state space E if
(i) X is a strong Markov process with continuous paths on E and

(ii) for each f € C%(E) the process

t
(F0X0) = F(X0) = [ AF(X.)ds)
defines a Py-martingale w.r.t. (Fi)i>0 for allx € E.

Here and in the following C%(F) denotes the space of twice continuously
differentiable functions with compact support contained in F. Condition (ii)
states that C%(F) is contained in the domain of the infinitesimal generator of
X, which coincides on C%(FE) with the elliptic differential operator A. For the
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following we want to denote by C? the space of twice continuously differentiable
functions.

For the purpose of optimal stopping, the martingale introduced in (ii) can
be used to derive the following formula, which will be used in this thesis several

times.

2.1.2 Proposition Let X be an A-diffusion with state space E. Let U,V C E
be open sets such that V is bounded and contained in U. Let furthermore
g:U — R be a C*-function and 7 = inf{t > 0: X; ¢ V} the first exit time
from V.

Then for each stopping time o

E9(Xrp0) = g9(@) + E; /Om Ag(X)ds (2.5)

forallz e V.

Proof: The claim follows immediately with optional stopping, since there
exists an f € C%(F) that conicides on V with g. Hence

(90X = 9(0) = [ Ag(Xo)ds)izo

is a bounded martingale. a

The main examples that we are going to consider bring together the concept
of martingale problems and stochastic differential equations. For each x € F

we consider the stochastic differential equation
dY; = a(Y)dW, +b(Y)dt , Yy =z, (2.6)

with W denoting a standard Wiener process. Since the coefficients fulfill the
nondegeneracy and local integrability condition, the above equation (2.6) ad-
mits a weak solution up to an explosion time and this solution is unique in
the sense of probability law, see Theorem 5.15 of Karatzas, Shreve [34]. Due
to Feller’s test, an explosion cannot occur and a probability measure (), on
(C([0,0), E), By) can be uniquely defined by the law of a solution of equation
(2.6). Here C([0,000), E) denotes the space of continuous functions from [0, co)
to E, endowed with the Borel o-field B.
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Let us denote the coordinate process by X;(w) = w(t) for w € C([0,0), E),
t > 0, and by B, the o-field generated by {X; : s < t}. Then, from a weak

solution of (2.6), we obtain with Ito’s formula that

FOX) = 1(X0) = [ AF(X)ds

is a 0, martingale w.r.t. (B;y);>o for each x € E and f € C%(F). This shows
that @, is the unique solution to the corresponding martingale problem, see
Rogers, Williams [50] V.19.

The assumptions made on A imply that the corresponding martingale prob-
lem is well-posed. This is equivalent to the well-posedness of the corresponding
stochastic differential equation (2.6). This fact furthermore implies that the
familiy of distributions (Q.).cg together with the coordinate process (X)i>o
and filtration (Byy)i>o defines a strong Markov process, giving an A-diffusion
in canonical representation.

Throughout this thesis, only symmetric diffusions will be treated.

2.1.3 Definition: An A-diffusion X 1is called symmetric w.r.t. a midpoint
m € E, if the following holds:

(i) E=(m—1,m+1) withl € (0,00] ,
(i1) a(m+vy) =a(m —y),b(m+y) =—b(m —y) for ally € (0,1).

It is called mean reverting if b(m +y) < 0 for all y € (0,1) .

Note that the case [ = oo is included in the definition and corresponds to
E = IR. In this case, different to bounded E, multiple choice of a midpoint
may be possible.

Mean reverting diffusions have the tendency to pull back to the midpoint.
For us, a further property is of interest and will be used in the following

chapters.

2.1.4 Proposition Let X be a symmetric, mean reverting A-diffusion w.r.t.
m € E. Then the unique solution u of Au =1 subject to u(m) = u'(m) =0 is

a strictly convex function, even w.r.t m.
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Proof: Due to (2.3),(2.4) and the symmetry conditions, the function w is even
w.r.t. m, ie. ulm+y) = u(m —y) for all y € (0,1). Furthermore, due to

Au = 1, u satisfies
" o 1— b($>ul($)
We) = 2oy

for all x € E. Since X is mean reverting the right-hand side is strictly positive

and thus the assertion is valid. O

The symmetry conditions for the coefficients of A leads to a symmetry

property for the laws of the corresponding diffusion.

2.1.5 Proposition Let X be a symmetric A-diffusion w.r.t. m € E. Then
the law of 2m — X w.r.t P, coincides with the law of X w.r.t. Py, _, for all
r e F.

Proof: The result follows from uniqueness in the corresponding martingale
problem. As well one may argue with uniqueness of law of a weak solution of
(2.6); see Rogers, Williams V.19 [50]. To be precise, we examine that

F(2m — X,) — f(2m — Xo) — /Ot Af(2m — X,)ds

is a P,-martingale for all f € C%(FE). This follows from the symmetry condition
(ii), if we define the one-to-one map ¢ : C%(F) — C%(E) , ¢(f)(z) = f(2m—=z)
for all z € E. Then for g = ¢(f) we have Ag(z) = Af(2m — x) for all z € E,
and the above martingale property follows from that of an A-diffusion. This
implies that the law of 2m — X w.r.t. P, is a solution to the martingale prob-
lem with initial point 2m — z. Since this solution is unique, it must coincide

with the law of X w.r.t. P,,,_, and the assertion is shown. O

2.2 Main examples

We introduce three examples coming from different areas of probability theory

and statistics that will accompany us throughout this thesis.
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2.2.1 Brownian motion

The basic diffusion is Brownian motion. It is an A-diffusion with £ = IR
and A = %62 Furthermore, it is symmetric and mean reverting w.r.t. each
m € IR. For simplicity we choose the origin as midpoint. Then the scale
function defined in (2.3) and the symmetric solution of Au = 1 vanishing at

zero are given by

for all z € IR.
For our purpose of optimal stopping with nonlinear costs, it is important
to note that

E,sup(|X;|* — %) < 00 (2.7)
>0

for all z € R, if &« > 0 and [ > «/2, see Irle [31], Chow and Teicher [13], Ch.
10.4.

2.2.2 Process of posterior probabilities
This is an example of an A-diffusion with state space £ = (0, 1) and differential

generator

A= ;x2(1 _ 22 (2.8)

It arises in sequential statistics when testing the drift of a Wiener process, see
Shiryayev [56], Ch. 4.2, as we will briefly discuss in the following.

Let (Wi)i>0 be a standard Wiener process, that is a Browinan motion
starting from the origin, defined on a probability space (2, F, P;) and © a

random variable, independent of the Wiener process and satisfying
PO©=1)=7n=1-P,(0=0)
for some 7 € (0,1) . One observes the stochastic process
((t) =rOt+ oW, : o? > 0,7 #0. (2.9)

Thus, given © = 1, the observed process behaves like a Wiener process with

drift r, whereas ( is a Wiener process without drift given © = 0. The statistical
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problem consists of testing the hypothesis of no drift against the alternative
of drift r, based upon the observations obtained by (. As usual in Bayesian
statistics, a reasonable procedure relies on the process of posterior probabilities
(I1})4>0, defined by

I, = P.(© = 1|F})

for all ¢t > 0 with 7 = o({C,,s < t}). II, denotes the posterior probability
of the alternative, given the information up to time ¢. An application of the

theorem of Girsanov provides the existence of a standard Wiener process W
on (2, F, P;) such that (I;);>( satisfies

dHt = gHt(l — Ht)th s HO =T . (210)

For simplicity, we assume Z = 1. Then the family of laws of (Il;);>o w.r.t. P,
when 7 runs through (0, 1), constitutes an A-diffusion with generator (2.8) in

canonical representation.

It is symmetric w.r.t m = % and mean reverting. Since there is no drift,

we have a natural scale. The unique symmetric solution of Au = 1, vanishing
at m, fulfills
x 22z — 1)

u(:c):2(2:v—1)log1fx : UI(x):4IOg1—a:+:c(1—x) . (2.11)

We note that the assumptions on A are satisfied, since u(z) tends to infinity

when z converges to one of the boundary points.

2.2.3 Portfolio optimization

We will introduce an A-diffusion with state space E = (0, 1) and generator

A= ;xg(l — )22 + 2(1 - a:)(; —x)0; (2.12)
and furthermore give its relation to mathematical finance, in particular port-
folio optimization.

An obvious question for a capital investor is how to divide his money into
a risk-free bank account and a risky asset like a stock. In the Black-Scholes
model, the price process (S;):>o of the risky asset follows a geometric Brownian

motion,
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The positive constants o, i denote the volatility and rate of expected return
respectively. One unit of money increases in the risk-free bank account as
(e™)>0 with r denoting the constant interest rate. Obviously, one may suppose
@ > r. This means that, on average, the risky asset has larger growth than
the risk-free security.

Starting from a fraction my of the initial capital x, we invest xmy in the
stock and put (1 — mg)x into the bank account. Then we have the ability
to trade continuously in a self-financing manner. This means, that no extra
money can be invested from outside and no money can be withdrawn. This
kind of trading strategy is uniquely determined by the evolution of the fraction
of wealth held in the risky asset, denoted by (m;):;>o. The so-called trading or
portfolio startegies are linked together with their corresponding wealth process

(Vi)t>0 via the stochastic differential equation
AV = Vi((1 — mp)rdt + m(pdt + cdWy)) , Vo = . (2.14)

We set b = b5 and assume b € (0,1) . The high volatility of the stock

compensates the higher return pu compared to r. It is well known that, for a

given time horizon 7', the portfolio strategy 7} = I;, 0 <t < T, maximizes the
expected return (Elog Vr)/T among all portfolio strategies 7; see Karatzas,
Shreve [36]. The maximal obtained value, independent of the time horizon, is

given by
x 7 7 Loy o L,
R :(1—b)r+b,u—§ba :T+§b(u—r) . (2.15)

This strategy requires that an investor has to change the number of shares of
the risky asset continuously to stay at the optimal point b of balance. This
causes substantial transaction and management costs which may not be desir-
able. To avoid these costs, the following procedure seems reasonable.

Starting with an initial fraction 7y, we consider that portfolio strategy that
forbids any transaction. This means that the number ¢ = moV; /Sy of shares of
the stock will be held constant over time. The corresponding portfolio strategy
7 satisfies m; = ¢S;/V;. Due to (2.14), it fulfills

A~

d7Tt = 7Tt(1 — 7Tt)<0'2(b - Wt)dt + O'th) . (216)
% and 0 = 1. The assumption
o = 1 is only made for simplicity and not necessary. The condition b= % is

restrictive but has to be supposed to obtain symmetry for the A-diffusion.

Thus (m;) evolves like an A-diffusion if b =
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We note that in this symmetric case the diffusion also is mean reverting
with scale function s(x) = log(xz/(1 — x)) for all x € (0,1). Furthermore, the

unique symmetric solution of Au = 1, vanishing at m, satisfies

T 1

):1:(1 —x)

T2 () = 2log(

u(z) = log( (2.17)

1—=x 1—=x

for all x € (0,1).

The following transformation will be useful.

2.2.4 Proposition Let X be a weak solution of
1
dXt = Xt(l — Xt)<<§ - Xt)dt + th) y XO = X.

Then the law of (log(l_i)t(t))tzo coincides with that of a Wiener process starting

from log +*-.

Proof: Using [to’s formula, we obtain

Xy Xy 1 Xo x
d = —dt + dW, = :
1- X, 1—Xt(2 RO 1-Xo l-uz
Applying the logarithm yields the assertion. a

From this, we obtain the following corollary which will be used frequently.

2.2.5 Corollary: Let A be the differential generator defined in (2.12), and
let X be an A-diffusion on E = (0,1). Then for all o, 3 > 0 such that > §

|* — ) < o0 (2.18)

FE.(sup|lo i
(tzg\ 81,

forallz e F.

Proof: Since log ; f{;(t is a Wiener process, the assertion follows immediately

from (2.7). O
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2.3 Optimal stopping

We consider an A-diffusion

X = ((X0)z0, (F)iz0, (Pr)acre)

introduced in Chapter 2.1.1 and want to treat related problems of optimal

stopping.
Associated with the diffusion X is a payoff function

h:E x[0,00) — R;(z,t) — h(z,t) (2.19)

The value h(x,t) will be interpreted as the payoff for stopping the diffusion
at time point ¢ in state x. Starting from zy at time point ty, we observe
the diffusion and have at each ¢ > 0 the choice between immediate stopping,
receiving the payoff h(Xy, ¢y + t), and continuation of the observations in the
hope of obtaining a larger gain.

Of course, our decision to stop must not depend on the future behaviour
of our observed process. Thus our strategies consist of the set of all (F;);>0

stopping times 7 such that the expected payoff
E. h( X to+ 1) (2.20)

exists. Denoting this set of stopping times by &, the problem is to determine

an optimal strategy 7" and the optimal value

v(xg,tg) = sup Ey h(X,, to+ 7) (2.21)
TES

In many situations, we can describe the optimal strategy in the following way.
Let us define the sets

C=A{(x,t) :v(x,t) > h(zx,t)} (2.22)
and
E={(z,t) :v(z,t) = h(z,t)} . (2.23)

Then C is called the region of continuation, whereas its complement £ is called
early exercise region or stopping region. Intuitively one would expect that,

starting from x( at time point ty, the strategy

7= inf{t > 0:0(Xy,to +1) = (X, to+ 1)}
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= inf{t >0: (X, to+1) & C} (2.24)

is optimal. This is indeed the case in many situations, see Shiryayev [56], Lai
(39].
Often, in particular in sequential statistics, the payoff function has the form

h(z,t) = g(x) — c(t) forall z € E;t > 0.

The function g measures the reward one obtains from the states of the diffusion,
whereas the non-negative function ¢ indicates the costs which arise from the
observation of the process. This typ of payoff functions will be treated in this
thesis.

In the following, we will discuss various optimal stopping problems.

2.3.1 Locally best tests

We briefly repeat some results from Irle [26],[28] and give its relation to our
context for the problem of testing the drift of a Wiener process.

Let (€2, F) be a measurable space with a right continuous filtration (F)>o
and let (Py)g>o be a family of probability measures on (€2, F) such that an
observed process (W;);>o is a Wiener process with drift  w.r.t. Fp for all
6 > 0. We consider the problem of sequentially testing the hypothesis H = {0}
against the alternative K = {0 : § > 0}. For a sequential test (7,1), consisting
of a stopping time 7 and a terminal F,.-measurable decision function v, the

power function 3(7,1) is defined by

1
B(T,9)(0) = Egtpl {700y = Eotp exp(0W, — 5927)1{7@0}

for all 8 > 0.

According to a given error probability a and a given bound 7" > 0, the
concept of locally best tests consists of maximizing the slope of the power
function at zero among all sequential tests with the same error probability «
and an expected sample size not exceeding 7.

As a measure for the slope, motivated by formal differentiation under the

integral, we define
/\(7—7 ¢) - E0¢WT
Clearly, we can restrict our attention to sequential tests with finite expected

sample size.
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We consider for m € IR and ¢ > 0 with m — 4% <0<m+ 4% the optimal
stopping problem for

(W —=m)™ —ct)izo (2.25)
w.r.t. Fy. The optimal stopping time is given by
1
Ome=f{t >0: W, —m|>—} |
4c
see Irle [26]. We define the decision function

wm,c = 1{ng,62m+i}
and obtain

M7, %) < MOumyes Yme)
for all sequential tests (7,1)) which satisfy

ﬁ(Ta ¢) (O) = ﬁ(o'm,ca wm,c)(()) ) EOT S EOUm,c

Thus, if we choose m, ¢ such that

1
EOUm,c = (%)2—77@2:,1_Y , 1
1 =
Eowm,c = PO(W 2m+7):461m:a 5

Om,c 4C 1

then (0, ¥m.c) defines a locally best test w.r.t. error probability a and
expected sample size T

The forgoing approach relies on the assumption that costs for observations
grow linearly in time. But due to learning mechanisms it is also reasonable to
assume that the cost rate decreases, and this leads to a concave cost function.
Hence, inserting in (2.25) a general nonlinear cost function, leads to a stopping
problem of the type we are going to investigate in this thesis, and a solution of
the correspong stopping problem leads to an alternative locally best sequential
test. Note that the stopping problem with payoff (z,t) — x—c(t) is equivalent
to that for the symmetric payoff

(@,1) = || = ct)

see [31].
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2.3.2 Bayes tests

In general, the theory of optimal stopping arises in sequential statistics when
determining an optimal Bayes-test. For the problem of testing the drift of a
Wiener process, we want to establish the associated optimal stopping problem.

We recall the notations of 2.2.2 and note that the Bayes-risk of a sequential
test (7,), based upon the observation process (; = 1Ot + oW, is defined by

B((r,¢)) = Ex(:lgg—op + (1 = )lg—ny +c7)
> Ep(min{ll,,1 —1IL.} + ¢71)

For given stopping time 7, we choose the decision rule

V' =L,y

and obtain a Bayes test by minimizing E,(min{Il,,1 —II,} + ¢7) among all
(.7-",?) stopping times. This minimization problem is equivalent to the optimal

stopping problem w.r.t. the A-diffusion introduced in 2.2.2 with payoff function
1
h(z,t) = |z — §| —ct

As in the preceding example, a replacement of linear costs by concave or convex
costs leads to a corresponding optimal Bayes test when solving the modified

optimal stopping problem.

2.3.3 Portfolio optimization

We continue the discussion of 2.2.3. The optimal portfolio strategy for max-
imizing the expected return consists of holding the constant fraction b= b
of wealth in the risky asset. This strategy yields an optimal growth rate
R =r+ %l;(u — 1), but has the disadvantage of causing non neglegible trans-
action costs as continuous trading is necessary. To avoid transaction costs, the
following procedure seems reasonable, as mentioned by Morton, Pliska [47].
Starting from the initial fraction (5, the number ¢ = l;‘/o /So of shares of the
risky asset will be held constant over time as long as the fraction of wealth in
stock is not too far away from b. When the departure from b exceeds a certain
level, we rebalance our portfolio to b.

The question on hand is, how this random non anticipating time point for

rebalancing should be chosen. One reasonable strategy is the following. We
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compare at each ¢ > 0 the return log V; of the trading strategy without trans-
actions to R*t, the optimal expected return, receiving from portfolio strategies

that allow transactions. Thus we consider the payoff process
logV, — Rt ,t>0

We solve the corresponding optimal stopping problem and use its solution 7*
as rebalancing time point for our portfolio.

Since the wealth process is associated with the evolution (7;) of the fraction
in stock by (1—m)V; = (1— 15)‘/06”, the optimal stopping problem is equivalent
to that one for an A-diffusion with generator (2.12) according to the payoff

function

1

h(z,t) = log . —(R*—r)t

Instead of taking linear growth from the optimal strategy a generalization
would be obtained by assuming a nonlinear one and solving the corresponding

optimal stopping problem.



Chapter 3

Linear costs of observations

3.1 General theory

We consider optimal stopping problems for one-dimensional diffusions with

payoff functions h of the form
h(z,t) = g(x) —ct

with a positive cost constant ¢ > 0. As was mentioned in the introduction,
these problems were often investigated by a free boundary value approach. For
specific payoffs the continuation region, giving by two straight line boundaries,
could be obtained, see Shiryayev [56], Ch. 4 , Morton, Pliska [47]. We want
to adjust the approach of Beibel, Lerche [5] to symmetric A-diffusions. This
results in sufficient conditions for the reward function g providing continuation
regions of the above form, see Theorem 3.1.1. These results are necessary for
the analysis of the stopping problem with nonlinear costs leading to inner, and
outer approximations respectively, as we will see in the following chapters.
We recall the notations and assumptions from the preceding chapter. Thus

X denotes an A-diffusion with state space E and differential generator
A= ;aQ(:ﬁ)ﬁi +b(2)0, (3.1)
We assume the symmetry conditions
alm+y)=alm—y) , bm+y)=—-bm—y) forallye(0,I).

The real number m denotes the midpoint of F = (m—1[, m+1) and 2 its length.

E = IR is covered to | = oco. An essential role in the analysis of the linear

23



24 CHAPTER 3. LINEAR COSTS OF OBSERVATIONS

stopping problem is played by the symmetric solution u of Au = 1. Since X is
non-exploding u tends to infinity at the boundary of E. For symmetric reward
functions ¢g and positive constants ¢ we will study the problem of optimal

stopping for the payoff function
(xat) - g(l‘) —ct
We define the optimal value by

v(z) =sup B, (9(X;) — c7) (3.2)

TES

for all z € F, with § denoting the set off all stopping times. The problem is to
determine an optimal one that attains this supremum. We introduce functions
G,U :10,1) — [0,00) by

Gly)=gm+y) , Uly)=ulm+y) (3.3)

for all y € (0,1). We state the following conditions, which will lead to straight

line boundaries for the optimal continuation region.
(L1) For each = € E there exists some € > 0 such that

E, igg)(g(Xt) —(c—e)t) < @

(L2) y — G(y) — cU(y) has a unique maximum at 1(c) € (0,1).

(L3) gis C? on (m+¥(c) —e,m+1) for some € > 0 and fulfills Ag(z) < c
for all |z —m| > 9(c).

The main task is to prove that the continuation region defines an open

interval.

3.1.1 Theorem: Let g be a symmetric continuous reward function bounded
from below, and let ¢ > 0. Assume conditions (L1)-(L3).

Then the continuation region C coincides with the open interval C = (m —

W(c),m+1(c)) and

T =inf{t >0:|X, —m| > ¥(c)}
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defines an optimal stopping time. Furthermore the optimal value function v

fulfills
[ eu(@) + (g — cu)(m+(c)) if [z —m| <P(c)
ve) = {g<x> fle—m > Y

forallz € E.

For the proof we use the following Lemmata. At first we show that we need

only consider stopping times with finite expectation. Let us denote this set by

S

3.1.2 Lemma: If condition (L1) is fulfilled, then the optimal value function
18 finite, and
U(.Z‘) = sup Ex (g(X‘r> - CT)

TEST

forallz € F.
Proof: Let x be an arbitrary element of E. Due to

9(Xy) — ct < sup(g(X,) — (c —e)s) — et

for all ¢ > 0 the left-hand side tends to —oco P,-a.s. . Furthermore for each
stopping time 7 due to (L1)

E.(9(X;) —cr) < E, sup(g(Xs) — ¢s) < o0

s>0

If E,7 = oo then

E, (9(X;) —cr) < Ep sup(g(Xs) — (¢ —€)s) —eE,7 = —0

s>0

Thus we only have to maximize among stopping times with finite expectation

and the lemma is proved. O

Thus only stopping times with finite expectation are of interest, and this

permits an application of the following lemma.
3.1.3 Lemma: For each stopping time 7 with E,7 < 00
E.u(X;) <u(x)+ E,T (3.5)

forallz e F.
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Proof: Since u is a non-negative solution of Au = 1, (u(X;) —t);>0 defines

a local martingale. We use the sequence of reducing stopping times 7,
T, =mf{t >0:|X; —m|>r,} , (3.6)

with r,, an increasing sequence in (0,1) converging to [. Since the diffusion is

non-exploding, 7, increases to infinity. Furthermore,
E,u(Xopn,) =u(z) + E, 7 AT, (3.7)

for all z € (m — r,,m + r,), since u is bounded there. The right-hand side of

(3.7) increases to E, 7 and with Fatou’s lemma we get
E,u(X;) < lim inf F, w(Xopr, ) = u(x) + E, 7

Hence the assertion holds . O

We are now prepared for a proof of Theorem 3.1.1 . Due to (L2), the
function g(x) — cu(z) is bounded with maximum attained at m £ ¢(c). We
start by showing that the first exit time 7* from (m—1(c), m+1(c)) is optimal
for starting points € (m — ¥(c), m + ¢(c)). For each stopping time 7 with
E,T < 00, due to Lemma 3.1.3 and (L2),

Ey (9(Xr) —er) = Eu(9(X7) = cu(X7) + cu(X7) —e7)
< (g —cu)(m+¢(c) + cu(x)

The upper bound on the right-hand side is attained by 7*, since
u(m+1Y(c)) = By u(X) = u(z) + E,7° (3.8)

see Proposition 2.1.2. Hence 7* is optimal, and each x € (m —¢(c), m +1(c))
is contained in the continuation region. Furthermore, the optimal value fulfills

(@) = (9 — cu)(m +¢(c)) + cu(x)

Secondly, we show that immediate stopping is optimal when starting from x
with |z — m| > ¢(c). We use the sequence (7,) of reducing stopping times
introduced in the proof of Lemma 3.1.3, and consider an arbitrary stopping
time 7 with E,7 < 0o. Due to (L1) and

9(Xonr,) — (T ATp) > ig}fzg(z) —cr forallne N |
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we may apply the dominated convergence theorem and obtain

E.(9g(X;) —cr) = lim E,(¢(Xorr,) —c(TAT)) . (3.9)

n—o0

From symmetry, we may assume w.l.o.g. > m+1(c). We introduce the first
hitting time of m + ¢ (c) by

o=if{t >0: X; =m+¢(c)}
Since u is bounded on [m + ¢(c), m + ]
E.u(Xopmno) = u(z) + Ex(t AT Ao) (3.10)

and furthermore the expected payoff of 7 A 7,, can be improved by 7 A 7, A 0,

since o stops at a maximal point of g — cu:

E, (9(Xonm,) —c(TAT)) < Eu(9(Xoan,) — cu(Xons,)) + cu(x)
S Ex (g(X’T/\’Tn/\O') - CU(XT/\Tn/\U)> + CU(ZL’)
= E.(9(Xsrmne) — (T AT AO))

Boundedness of g and Ag < ¢ on [m + ¢(c),m + r,] imply due to (2.1.2)
TNATRN\O
E, 9(Xoprono) = g(z) + Ew/o Ag(Xs)ds < g(x) + cE, (T A7y A O)

Hence E, g(X:ar,) — c(T AT,) < g(x) and, plugging this into (3.9), we obtain
v(x) < g(x). Thus (m + 1(c),m + 1) is contained in the stopping region. By

symmetry, this is also true for (m —,m —1(c)) and Theorem 3.1.1 is proved.

3.2 General applications

We want to apply the forgoing result for linear costs to two typs of reward
functions. At first we consider the case, when the reward is a power of the
symmetric solution u of Au = 1.

3.2.1 Theorem: For the reward function g(x) = u(z)®* with 0 < a < 1, the
conditions (L2),(L3) are valid for each cost rate ¢ > 0. If additionally (L1)

holds, the continuation region is given by

C = (m—1(c),m+¢(c))

with ¥(c) = gb((g)ﬁ) and ¢ denoting the inverse of U(y) = u(m +y).
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Proof: Note that g(z) = G(|m — z|) with G(y) = U(y)* for all y € (0,).
Then G'(y)/U’(y) = aU(y)*~! is decreasing, since a < 1, with
G'(y) . G'y)

li = 1
0 U(y) 0l UY(y)

-0 . (3.11)

Hence the equation
G'(y) —cU'(y) =0

has a unique solution ¥(c), and y — G(y) — cU(y) attains its maximum there.
Furthermore, due to G'(y) = aU(y)*'U’(y), the above equation is equivalent
to

= (3.12)

and therefore ¢(c) = ¢((<)/(@~1).

(07

~—~

To verify condition (L3), we compute on (m,m + 1)
1
Ag(x) = §a2(m)G"(m —m) + b(z)G' (x —m)
= ou(z)* '+ ;aQ(:p)a(a — Du(x)* %/ (z)?

For z > m + ¢(c)
au(x)* ' < au(m+ )t =c

and therefore
Ag(z) <c

since a?(z)a(a — u(z)*2u/(z)? < 0. Hence (L3) holds, and an application

of Theorem 3.1.1 yields the assertion. O

A second application can be given for reward functions of the form g(z) =
G(|z — m|) with concave increasing GG. Here we distinguish between the case
of bounded and unbounded E and consider mean reverting diffusions, where
b(m +y) <0 for all y € (0,1).

3.2.2 Theorem: Let |l < oo, and let X be a mean reverting diffusion on
E=(m-—1l,m+1). Let g(x) = G(|m — x|) be a reward function with strictly
increasing , concave C%-function G. Then the continuation region is given by

C=(m—1y(c),m+Y(c) ,
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where ¥(c) is the unique solution of the equation

G'(y)=cU'(y) on (0,1).
Furthermore:

(i) If for some ay,q1,p1 > 0,71 >0

- : G'(y)
! o o — e\
lim 7 W=y =p lim o 1, (3.13)
then
li(l = ()T =1 (3.14)
CcC— 1
(i1) If for some aa,qa,p2 > 0,72 >0
- U'ly) _ i
== G =a (3.15)
then
cC— 00 2

Proof: We examine the conditions (L1)-(L3) and then apply Theorem 3.1.1.
Since G is concave, it is bounded on (0, ) and condition (L1) is satisfied. Since
X is mean reverting, the even solution u of Au =1 is convex, see 2.1.4. Thus
G'/U’" is decreasing with

im W _g gy G
v=1 U'(y) =0 U'(y)

(3.17)

From this it follows that y — G(y) — c¢U(y) has a unique maximum attained
at a point v (c) with ¢ denoting the inverse function of F' = G'/U".
Finally condition (L3) holds true, since b(z) < 0 on (m, m+1), and therefore

Ag(e) = 5a(2)g"(x) + b(x)g () < 0

Thus Theorem 3.1.1 provides that the continuation region has the form

C = (m—¢(c),m+y(c))
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Due to
- G'(y) - ¢ 0 &) ¢
lim [ —y) o) = 2 ot = = 3.18
o) Y p B Ty) G
we have
lime(l —(e)~@tm = L i egp(e)ortr = B (3.19)
=0 pr e P2
from which the assertion follows. O

Almost the same result holds true for unbounded E. Only condition (L1)

has to be assumed separately. We obtain

3.2.3 Theorem: Let X be a mean reverting diffusion on E = IR. We assume
that condition (L1) holds for a reward function g(z) = G(|m — x|) with strictly
increasing , concave C?-function G. Then the continuation region coincides
with

C=(m—=1(c)m+v(c) ,
where ¥(c) denotes the unique solution of the equation

G'(y)=cU'(y) on (0,00).

Furthermore:

(i) If for some aq,p1,q1 > 0,0 <y <1

U ,
g&ygkﬂh’ g Gy =a (3.20)
then
limy(c)(Pe)amn =1 . (3.21)
=0 Q1
(ii) If for some ag,pa, g2 > 0,72 > 0
U/
tim &) _ p2 , limG'(Yy”=q , (3.22)
y—0 g2 y—0
then
. P2 L __
lim ¢(c)(=¢c)oztz =1 . (3.23)

Cc— 00 q2
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3.3 Special applications

We want to apply the preceding results to the three main examples introduced
in Chapter 2. We investigate for several reward functions how the boundary of
the continuation region depends asymptotically on the cost constant c¢. This
will be useful in the analysis of the stopping problem with nonlinear costs in

the following chapters. At first we consider Brownian motion.

3.3.1 Brownian motion

The differential generator of Brownian motion is given by
1
A= 209?
2 x

We consider the origin as midpoint, and note that u(z) = z? is the even
solution of Au = 1 vanishing at zero. Theorem 3.2.3 for Brownian motion

takes the following form:

3.3.2 Theorem: Let g(x) = G(|z|) be a reward function with strictly increas-

ing, concave C*-function G. If

lim G'(y)y" =q  with ¢ > 0,0 <y <1,

y—00
then the continuation region satisfies C = (—(c), ¥ (c)) with
2 1
(c) = (q—c) T (1+o0(1))  forc— 0. (3.24)
1
If lim, 0 G'(y)y?* = g2 for some 2 > 0,q2 > 0, then C = (= (c), ¥ (c)) with

(c) = (qic)—lim Fo(l))  forc— oo, (3.25)

Proof: The assertion follows immediately from Theorem 3.2.3, since U’(y) =
2y. O

The preceding result derives the asymptotic behaviour of the boundary
¥(c) of the continuation region for ¢ tending to zero, and infinity respectively.

For special reward functions we can determine 1 (c) explicitly.
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. g(x) = || :
This reward is strongly related to sequential statistics, see 2.3.1 . We
obtain
1
P(c) = % forallc >0 . (3.26)
c

cg(x)=lz/*with0<a<1:

This is an example of a concave reward function. We get the boundary
2

P(c) = (—c)_ﬁ foralle>0 (3.27)
!

by solving ay®™! —2cy =0 .

Cg(z) = |x|* with 1 < a < 2:

This is a convex reward and Theorem 3.2.3 yields that the continuation
region is the interval (—(c), v (c)) with

P(c) = (—c) 7= for all ¢ > 0.

Although this result coincides with the preceding one, we have seperated

it since the arguments differ.

. glw) = log(1 + |z

Again this is a concave reward and Theorem 3.2.3 yields that the con-

tinuation region is of the form (—(c),%(c)). The boundary

1 1

1
Yl =5+t (3.28)

is obtained by solving (1 + y)2y = +.

3.3.3 Process of posterior probabilities

We continue the example introduced in 2.2.2. Thus we consider an A-diffusion

with generator

A= ;1‘2<1 — 1)20? (3.29)

on E = (0,1). Using the midpoint m = %, a symmetric solution u of Au =1,

vanishing at m, is given by

u(z) =22z — 1) log N ’ for all z € (0,1).
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It is of the form U(|z — 5|) with U : (0,1/2) — (0, o0) satisfying

1/2+y , 1/2+y 4y
U(y) = 4ylog ., Uly) =4log + .
) 1/2-y ) 12—y (1/2+y)(1/2—y)
Hence
. . U'(y)
/ — = e
Jim U(y)(1/2-y) =2, lim y 32, (3.30)

and Theorem 3.2.2 takes the form:

3.3.4 Theorem: Let g(x) = G(|lz —1/2|) , xz € (0,1), be a reward function

with strictly increasing concave C?-function G. Then the continuation region

satisfies C = (—(c), ¥ (c)) and

(1/2—¢(c)):(3f)1+%(1+o(1)> forc—0 | (3.31)

if limy 12 G'(9)(1/2 — 5) ™ = g1 for some g1 > 0,71 2 0.
If im0 G'(y)y"* = g2 for some gz > 0,72 > 0, then

qp(c):(?’;;)—%uﬂu) forc— oo . (3.32)

Proof: The assertion is an immediate consequence of Theorem 3.2.2 together
with (3.30). O

We consider the following examples for reward functions.

1. g(x) =]z —1/2]:
This reward was introduced in 2.3.2 yielding an optimal Bayes test for
simple hypothesis for the drift of a Brownian motion. An application

of the preceding theorem shows that the continuation region fulfills C =
(1/2 —¢(c), 1/2 + 9(c)) where ¢(c) is the unique solution of

1/2—|—y+ 4y
12—y (1/24+y)(1/2 —y)

Furthermore we obtain

1—c(4log >:O on (0,1/2).

S0 = 2(l+o(l)) fore—0,

P(e) = 3;6(1 +0(1)) for ¢ — 0. (3.33)
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2. g(x) = G(|lz — 3|) with G(y) = —(5 — y)* for v > 1:
This is a further example for a concave reward and Theorem 3.3.4 shows

C = (% —Y(c), % + 1(c)) with

; —(c) = (2¢/a)a(1+o0(1)) forc— 0,
b(e) = &(1 +o(l)) forc—oo | (3.34)
with ¢ = a(2)* .

3. g(z) =u(x)* = (2(2:5 —1)log &)a with 0 < < 1:
This is an example for an unbounded reward function, where we can
apply Theorem 3.2.1. Thus the continuation region fulfills C = (% —
¥(c), 5 +¥(c)), and ¥(c) is the unique solution of

1 %—F

)o-1 = Ul(y) = 4ylog

c
- 1
o 2

3.3.5 Portfolio optimization

We consider portfolio strategies without transaction costs that initially invest
a fraction of capital in a risky asset and hold this until stopping. The fraction

of wealth in the risky asset is a diffusion with generator

1 1
A= 5:52(1 —2)20% + 2(1 - x)(i —x)0, (3.35)
see 2.2.3 and 2.3.3. This is symmetric w.r.t. the midpoint m = % and mean

reverting. Furthermore a symmetric solution of Au = 1 vanishing at m is given

by

T 1
= (1 2 — -
u(z) (Ogl_x) U(|x 2|)
for all x € (0,1) with
1/24y
1/2 + log 15—
Uly) = (log L2792 gy =2 2y

1/2 -y (1/2+y)(1/2 —y)

for all y € (0, 5). We consider some reward functions
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1. g(z) = u(z)* = |log(z/(1 — z))[** with 0 < a < 1:
Theorem 3.2.1 and Corollary 2.2.5 yield

—(*—w() +¢(C)) :

with (c) the unique solution of

1/2+y 2 Cﬁ 1
(o8 {2 = ()77 on (0.).
Thus
Lexp((£)%2) — 1
c Qs for all ¢ > 0. 3.36
Y el e)F ) 11 ” .

2. g(x) = |log 1|
This is a special case of the preceding example with @ = 1 . Thus

C=(3—v(c), 5 +¢(c)) with

ble) = 1exp(2i) 1
=9 exp(%) +1
log L ifx>1
3. = 1w 2
9(@) {logi if o < %

Here we want to apply Theorem 3.1.1 and have to verify (L1)-(L3). The
first condition holds as in the second example. To prove (L2) note that
G(y) = g(5 +y) satisfies

1

Gly) = ~loz(z—1) . G) = 15— (3.37)
Thus = G'(y) 11/2+y
(y) =

Uly) 2 log %;J“z

is strictly decreasing with lim, .o F(y) = oo, lim,_,1/2 F(y) = 0. Hence
y — G(y) — cU(y) has a unique maximum attained at ¢ (c), and ¢(c)
is the unique solution of F(y) = ¢ on (0,1). The condition (L3) follows

since 1
Ag(x) = 59&(1 — )

is decreasing on ( ,1). Therefore Theorem 3.1.1 shows that the contin-

uation region fulfills C = (3 — ¢(c), & 4 ¢(c)) for all ¢ > 0.
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Chapter 4

Concave costs of observations

4.1 Asymptotics of the continuation region

In the case of nonlinear costs, the analysis of the corresponding optimal stop-
ping problem becomes more difficult. As before we consider an A-diffusion X
on an open interval E = (m —1,m+1). We assume that X is symmetric w.r.t.
the midpoint m, see Definition 2.1.3. Instead of linear costs we investigate

payoff functions of the form
(x,t) — g(x) — c(t)

with concave increasing ¢ and continuous, w.r.t. m symmetric g.
We recall Chapter 2 and note that, starting from x € E at time t, the

optimal value is denoted by

v(w,t) = sup Ey (9(X7) = c(t +7))

TES

for all x € E, t > 0. The continuation region C is defined by

C=A{(z,t) :v(x,t) > g(x) —c(t)}

and its compliment is called stopping or early exercise region.

For concave cost functions the cost rate decreases. Thus one may expect that
the continuation region increases. This is indeed true and we will determine
in this section its asymptotic growth rate. We assume the following conditions

for the cost function ¢ : [0, 00) — [0, 00).

37



38 CHAPTER 4. CONCAVE COSTS OF OBSERVATIONS
(ccl) c is strictly increasing with limy; o ¢(t) = oo |
(cc2) c is twice continuously differentiable and concave ,

(cc3) For each x € E there exists an « € (0, 1) such that

E, szgg(g(Xt) — ac(t)) < oo

Since c¢ is increasing and concave the condition (cc3) implies that for each
x in E there exists an « € (0, 1) such that for all £, > 0

E, stl>1£)(g(Xt) —ac(ty+1)) <oo . (4.1)

Hence, as in the linear case,

lim (g(X;) —c(tg+t)) = —c0 P, as. forallze E ty>0. (4.2)

t—o0

Furthermore, for determining v(x,t) we need only consider stopping times 7
with E,c(ty+7) < co. Condition (4.1) allows us to apply the standard results

of optimal stopping for continuous time Markov processes. We obtain

4.1.1 Theorem: If the conditions (ccl)-(cc3) are fulfilled with a symmetric

continuous reward function g, then
(i) For each ty > 0 the first exit time from C,
T =inf{t > 0: (X, to +t) €C} |
is an optimal stopping time, satisfying P,(7; < 0o) =1 for all v € E.

(ii) The optimal value function v is lower semi-continuous on IR x [0, 00),

the continuation region C is an open subset of IR x [0,00) .

(111) If additionally the coefficients a,b of A are locally Holder-continuous,
then v 1s twice continously differentiable in x, once continuously differ-

entiable in t on the continuation region C, and fulfills

(O +Awv=0 on C
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Proof: Assertions (i) follows from Shiryayev [56], Theorem 6, with following
corollary. Approximating v by the optimal value function of the truncated
stopping problem with finite horizon yields an increasing sequence of lower
semi-continuous functions. Hence the limit v is lower semi-continuous itsself,
see section 3.2.4 Shiryayev [56]. Furthermore this implies that C is an open
subset of E x [0, 00).

It is well known, that the optimal value function is harmonic on the con-
tinuation region. In the case of a one-dimensional non-exploding diffusion this
implies that v is continuous on G, see Lai [39], Theorem 2 and the remark
on page 423. To examine that v fulfills the above parabolic equation, we fix
(x0,t0) € C and consider an open rectangle R = (x1,z2) X (t1,t2) contained in
C such that (xg,t9) € R. The first-initial boundary value problem

O +A)w = 0 on R
w o= v on OR (4.3)

with OR = [z, xo] X {to} U{x1} X [t1, 2] U {xa} X [t1, 2] has a unique solution
w, see Friedman [22], Theorem 3.6, page 138. Since v is harmonic, it coin-
cides with w on R and is therefore a solution of the above partial differential

equation, due to

v(x,t) = Eu(X,t+ T)T: Ew(X,,t+71)
= w(z,t)+ Ex/o (O + Aw(Xs, t+ s)ds = w(x, t) (4.4)

for all (x,t) € R with 7 denoting the first exit time from R. O

The preceding theorem in principle gives the solution to the optimal stop-
ping problem. But it remains to determine the continuation region explicitly.
As was pointed out in the introduction this seems not to be possible. Thus
we want to give in the following an asymptotic description of the continuation
region. As a first step we will determine some facts on its shape with the
following lemma. Let us denote the difference between optimal expected and

immediate payoff by

d(x,t) = v(x,t) = (g(z,1) — c(t))
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4.1.2 Lemma: If the conditions (ccl)-(cc3) are fulfilled with a symmetric

continuous reward function g, then
(i) v(z,-) is decreasing for all x € E,
(i1) d(z,-) is increasing for all v € E,

(111) v(-,t) is even w.r.t. m for all t > 0, and the continuation region is

symmetric w.r.t. m, i.e.

(m+y,t)eC<= (m—y,t)eC forallye(0,0),t>0

Proof: Since c is increasing, the expected payoft E, (¢(X;)—c(t+7)) decreases
in ¢t for each stopping time 7. Thus assertion (i) follows. To verify (ii) we note

that ¢(t + 7) — ¢(t) is decreasing in t as ¢ is concave. Hence,
d(z,t) = sup B, (9(Xr) — g(z) — (e(t +7) = (1))

is increasing in t . (iii) follows from the fact that the law of X w.rt. P,
coincides with the law of 2m — X w.r.t. Ps,,_., see Chapter 2.1.5, and from
g(x) = g(2m —x) for all z € E. O

We want to apply the results for linear costs to obtain an inner approxi-
mation of the continuation region, and to achieve this, we make the following
assumptions for the reward function g. Recall that G(y) = g(m +vy),U(y) =
u(m +y) for all y € (0,1).

(R1) G is twice continuously differentiable and strictly increasing.
(R2) & is strictly decreasing with

. G'(y)

_ . G'(y)
2 T =00 , lim

-0
v—1 U'(y)

(R3) Ayg is decreasing on (m,m +1) or Ag <0 .

Although not explicitly mentioned, these conditions were often examined
in the examples of Chapter 3. In the following we show that mean reverting
diffusions satisfy (R1)-(R3) for concave G.
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4.1.3 Proposition Let g(x) = G(|x —m|) be a reward with strictly increasing
concave C?-function G. Then the conditions (R1)-(RS3) are valid for any mean

reverting diffusion.

Proof: We have to verify (R2) and (R3). We recall that U is strictly convex

in the case of a mean reverting diffusion, see 2.1.4. Hence U’ is strictly increas-

ing. Furthermore, due to concavity the derivative G’ is decreasing. Hence F' =

G'/U’ is strictly decreasing. Furthermore, lim, ,; F'(y) = 0 and lim, .o F((y) =

+o00, since U'(0) = 0 and U'(l) = +oo. Thus (R2) is valid. Condition
1.2

(R3) holds since X is mean reverting and therefore Ag(z) = 5a*(x)g"(z) +

b(x)g'(z) <0 for all x > m. O

In the following we define an increasing curve 5_ which will lead to an inner

approximation of the continuation region for concave costs of observations.

4.1.4 Definition: We define the function F : (0,1) — (0,00) by

_ G
U'(y)

If condition (R2) is valid, F' has an inverse function which we denote by 1.

F(y) for ally € (0,1) . (4.5)

Furthermore, for a concave cost function ¢ we define the increasing curve (5_

by
B_(t) =(d(t))  forallt > 0. (4.6)

Thus the moving boundary S_ is determined by applying the results for
linear costs to each cost rate ¢/(t). This is possible as will be explained below.
The C'-function v is strictly decreasing and a one-to-one map of (0, c0)

onto (0,7). The point (k) is the unique solution of the equation
G'(y) = kU'(y) (4.7)
on (0,1) for any k € (0,00). Thus the function

y — G(y) — kU(y)

has (k) as unique extremal point in (0,7) which must be a maximum due to
(R2). Thus condition (L.2) holds true and furthermore

G'(p(k) < RU"((R)  G'((k) = kU (¢(R)) - (4.8)
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Hence,
Ag(m + (k) < kAu(m + (k) =k . (4.9)

From Ag is decreasing on (m, m+1) it follows Ag(z) < k for all |x —m/| > (k).
Thus we have verified that condition (L3) holds, and we can state the following

lemma.

4.1.5 Lemma: If g satisfies (R1)-(R3) and ¢ fulfills (cc1)-(cc3), then the
conditions (L1)-(L3) are valid for each cost rate k > 0. Thus the results for

linear costs can be used.
As a first application we derive the following inner approximation.
4.1.6 Proposition Under the conditions (ccl)-(cc3), (R1)-(R3), the set

Cin ={(x,1) : |z —m| < (c(1))}
s contained in the continuation region

Proof: Let us fix an arbitrary ¢, > 0. Since the cost function c¢ is concave,
c(to+1t) —c(t) < d(to)t for all ¢ > 0. An application of the linear case, see
Theorem 3.1.1, yields for |x — m| < 1(c/(ty)) the existence of a stopping time
7 such that

B, (9(Xr) — C,<t0)7—) > g(x)
Hence

v(z,to) = Eu(9(Xr) —clto + 7)) = Ex(9(Xr) = (to)7) — c(to)
> g(x) = c(to)

and the assertion is proved. O

We can use the inner approximation to prove that the continuation region
is a set enscribed between two boundary curves m= 3*(¢). This basically relies
on

Ag(z) < (1)
for all (z,t) with |z —m]| > ¥ (d(t)).
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4.1.7 Theorem: If the cost function c fulfills (cc1)-(cc3) and the reward func-
tion g satisfies (R1)-(R3), then there exists an increasing function B* such that

C=A{(z,t): Jx —m| <G5°(1)}
The boundary function B* is continuous from the left and fulfills
P(d(t) < B (t) <l  forallt>0. (4.10)
Proof: We define for all t > 0
G (t) = inf{y € (0,1) : d(m + y,t) = 0} = inf{y € (0,1) : (m +y,t) ¢ C}

with the convention inf ) = [. Due to the inner approximation 3*(t) > (c/(t)),
and it remains to prove that all points (z,ty) with |z — m| > B*(¢y) belong
to the stopping region. From symmetry it is sufficient to consider the case
x > m+ (*(ty). We introduce the first hitting time of the moving boundary

(m + (¢ (to + 1)) =0,
o=mf{t>0: X, =m+¢((to+1)} , (4.11)
and recall the optimal stopping time
" =inf{t > 0: (X, to+t) ¢ C}

Since the starting point z lies above m + 5*(ty) ¢ C, the diffusion will
first exit the continuation region before it reaches the moving boundary m +
(' (to + +)), hence 7" < g. As in the linear case, we use the sequence (7,,) of

reducing stopping times defined by
T, =1inf{t > 0: | X, —m| > r,}
with r, T, see (3.6). Dominated convergence implies
Eu(g(Xee) = elto + 7)) = lim By (9(Xrons,) — clto+ 7 A7) - (412)

Since g is bounded on [m — r,, m + r,],

T* AT,
Bog(Xeons) = 9(a)+ B, [ Ag(X))ds . (4.13)
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see 2.1.2, and
Ag(Xs) < Ag(m +(c(to + ) < d(to+s)

due to Xy > m +¢(d(tg+ s)) for all s < 7% < o and (R3). Thus
B [T Ag(X)ds < Brelto + 7 A — elto)
and inserting into the above equation 4.13 shows
By (9(Xr+) — c(to + 7)) < g(x) — c(to)

Hence (z,tp) is contained in the stopping region.

The boundary [3* is increasing since the difference d(z,t) between immedi-
ate payoff and optimal payoff increases in ¢ for fixed . A point (x,t) lies in
the continuation region if d(z,t) > 0, but then d(x,t + s) > 0 and therefore
(x,t+s) € C for all s > 0.

The increasing function 5* cannot reach [ in finite time, say to. Otherwise
the region E X (ty,00) would be contained in the continuation region and the
first exit time from C would not be finite when starting after ¢y, and this would
contradict Theorem 4.1.1.

To prove the continuity from the left let (¢,) be a sequence increasing to
t. Then (*(t,) increases to 5*(t—) < [*(t). Since the stopping region & is
closed the sequence (3*(t,),t,) converges in € to (5*(t—),t). Hence the other
inequality 5*(t) < *(t—) is valid, and the theorem is proved. O

We now know that the continuation region is an open set enscribed between
the moving boundaries m + 5*(¢). In the following, we will show as a main
result that the growth of the inner approximation coincides asymptotically

with that of the continuation region, i.e.

—p(c'(t))) (4'14>

: B*(t) ; _
hmtﬂoo W ,lf B = 0

{mmm;HW0 if B < o0

with B = lim;_,, (' (t)).

To verify this we need mild additional conditions. We recall that ¢ :
(0,00) — (0,1) denotes the inverse function of F' = G'/U" and (_(t) = ¢ ((t))
for all £ > 0. Furthermore we set ¢/(00) = limy_,o ¢ (t), B = limy_o ¥( (1))

and formulate the following condition:



4.1. ASYMPTOTICS OF THE CONTINUATION REGION 45

There exists an increasing differentiable function h > 0 with the following
properties:

(cc4) limy ooy (@) =0, limy o) zh/(z) =0
(cc5) The curve (3, defined by
Bo(t) =(d () (1 —h(d(t)) forallt>0 (4.15)

is asymptotically equivalent to (_, i.e.

B—pB4(t)

lims oo g;g; ,if B=o00

{limt_mB_ﬁ(t) ,if B < o0

Y

(cc6)
L OUE0)

AR T ewye

Note that m 4+ (_(t) determines the boundary of the inner approxima-
tion C;,. Since v is decreasing, (. exceeds _ and both are asymptotically
equivalent in the sense of condition (cch). In the following we will see that
asymptotically the optimal boundary (* lies between 3_ and B,.. In a first
step we will construct a function ® : E x (0,00) — IR, superharmonic for
large ¢, that exceeds g(z) — ¢(t) and touches it at the curves m + [, (¢). The

following lemma gives the precise formulation:

4.1.8 Lemma: Let the reward function g fulfill the conditions (R1)-(R3), and

let the cost function ¢ satisfy (ccl)-(cc6). Then there exists a function
61 Ex (0,00) — R
and some ty > 0 such that
(i) (O + A)p(x,t) <0  forallz € Et > 1.
(ii) ¢ is even w.r.t. m .
(i1i) ¢(x,t) > g(x) —c(t) forallz e E;t>0.

(iv) ¢(m £ By(t),t) = glm £ B4(t)) —c(t) forallt > 0.
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Proof: At first we recall that + — g(x) — ku(z) has a unique maximum at
m £ (k) for each k € (0,00). Furthermore, u is a non-negative symmetric

function satisfying Au = 1. We define
nt)=1—h(c(t) , ft)=nt) ) forallt>0 (4.16)
and
o1(z,t) =nt)d (u(z) —c(t) forallt >0,z € E . (4.17)
Due to (cc4), 1 increases to 1, and f fulfills
f1(#) =n' () () +n(t)c"(t) = () (1 = h(d' (1)) — (N ('(X)) (t)

Hence f'(t) < 0 for large t. From this it follows that ¢; is superharmonic for

large t and x € E, since

(O + A)gu(z,t) = f(t)ulx) — (1) +n(t)c(t)
= f(tulz) = @)1 —n(t) <0

In the next step, ¢; will be lifted up such that it exceeds (z,t) — g(z) — ¢(t)
and touches it at the curves m £ 3 (t). For a fixed ¢ > 0 the function

r — g(z) = (t)n(t)u(z)
has its maximum at m £ (' (¢)n(t)) = m + F4(t) . Thus
z — d(On(t)ule) +(t)

with y(t) = g(m + B1(t)) — ¢ (&)n(t)u(m + B (t)) exceeds the function g and
touches it at z = m £ §;(¢). Hence

¢(x,1) = 1(x, 1) + (1) = n(t)c (thu(x) +y(t) — c(t) (4.18)

fulfills the properties (ii)-(iv).

To prove (i) we note that

g'(m+ B(t)54(t)
—u'(m + B4 ()B4 () (t)n(t) — u(m + B4(1)) f'(t)
= —f'(tu(m+ B.(t))

v'(t)
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since ¢'(m + (k) — ku'(m + 1 (k)) = 0 for all k£ € (0, 00). Furthermore

O+ A)p(x, 1) = f(Wulz) —(E)(1—n(t) +7(t)
= f(Bulx) = @)1 =n®) = f(t)ulm + 5..(t))

and ¢ is superharmonic for large ¢, if f'(t)u(m + [4(t)) tends to zero faster
than ¢(t)(1 —n(t)) = (t)h(d(t)). Since

F0) = 01+ o)) . (4.19)

this follows from condition (cc6). O

Note that (cch) implies the asymptotic equivalence of 3, and _. Thus, if
the region enscribed the curves m + (3, (¢) contains the continuation region for
large ¢, we will have determined the desired asymptotic shape of the continu-

ation region.

4.1.9 Theorem: Let the reward function g fulfill the conditions (R1)-(R3),
and let the cost function ¢ satisfy (ccl)-(cc6). Then there ezists some ty > 0
such that the continuation region C fulfills

CN(E X (ty,00)) C Cout
with Cour = {(x,t) 1 t > to, |m — x| < B4(t)}. Thus
B (t) < Bi(t)  forallt > t.

Proof: We consider the function ¢ from the preceding lemma and fix some
to > 0 such that ¢ satisfies the properties (i)-(iv). We note that as in the linear
case, see 3.1.2, the optimal expected payoff v(z,t) is obtained by maximizing
E, g(X;) — c(t + 7) among all stopping times 7 with F,c(t + 7) < oco. As in
the linear case we consider a sequence (p,,) of reducing stopping times defined

by
prn=mf{t >0:|X; —m| <r,} An (4.20)
with r, T [. Note that each p, is bounded in time. Condition (cc3) and

9(Xonp,) —ct+TApp) > glm) —c(t+7) forallne N
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allows us to apply dominated convergence which leads to
E, (9(X,) — et + 7)) = lim B, (9(Xonp) —ct +7Ap) . (421)

We will prove that the curves (m % 5. (t),):>s, are contained in the stopping
region. Then Theorem 4.1.7 implies 5*(t) < [, (t) for all t > .

Therefore we fix t > t; and consider an arbitrary stopping time 7 with
E,c(t+ 1) < oo. Since p, is bounded in time, (¢(Xs,t+5))o<s<p, is uniformly
bounded. Hence, using the generator of the space time process

Ep(Xonp, t +7 A py) = d(x,t) + E, / (O + A)p(Xs, t + s)ds < ¢(x,t)
For x = m + (3, (t) we obtain

E. g(Xrnp,) —c(t+7 A py) Eop(Xrnpp,t+ 7 A pn)

<
< ¢(x,t) = g(x) — cft)

Thus (4.21) shows that the immediate payoff g(x) — ¢(t) cannot be improved
by the expected by any stopping time, hence

U(I7t) < g(ZL’) - C(t) , rT=m=x 6+(t)

Thus the curves (m £ 5. (t),t);>, are contained in the stopping region which

proves the result. O

As a consequence, we obtain the asymptotics of 3* which determines the
boundary of the continuation region, since _(t) < g*(t) < f4(t) for large t.
Recall B = limy;_o, (¢ (1)).

4.1.10 Corollary: If the conditions of Theorem 4.1.9 hold, the boundary of
the continuation region is asymptotically equivalent to its inner approzimation,

1.€.
lim;_, o %i((?) Jif B < o0
My 00 5= Jif B =00

So far, we have proved that the continuation region is the region between the
curves m + 3*(t) and we have determined its asymptotic growth. It remains
to examine the assumptions we have used, in particular (cc4)-(cc6). In the

following we will see that these assumptions hold in various circumstances.
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4.2 Applications

We want to apply the forgoing results to the three basic examples that ac-
company this thesis. We will determine the asymptotic growth rate of the

continuation region for various reward and cost functions.

4.2.1 Brownian motion

We consider Brownian motion where the generator is A = %8%, and u(z) = z*
solves Au =1 . At first we will consider concave reward functions and state

the following theorem corresponding to 3.3.2.

4.2.2 Theorem: Let g(x) = G(|x|) be a reward with strictly increasing con-

cave C?-function G satisfying

lim G'(y)y” = q for some q>0,0<~v<1.

Yy—oo

Let ¢ be a cost function with lim,_., c/(t) = 0, strictly increasing, twice con-

tinuously differentiable and concave. Furthermore we assume

lim@:

t—oo o

for some r € (0,00] and a > (1 — 7)/2, and we suppose the existence of an

increasing function h > 0 such that

/!
limy h(2r) = 0, limy /() = 0, lim —— 10 0 . (4.23)
z—0 z—0 t—o0 Cl(t) +ti h(Cl(t))

Then the continuation region is the set enscribed between the curves £5*(t),

i.e.

and

Proof: We have to examine the conditions (ccl)-(cc6) and (R1)-(R3). Then
we can apply Theorem 4.1.7 and Corollary 4.1.10 to obtain the assertion.
Proposition 4.1.3 provides (R1)-(R3) for the reward function g. Since ¢ grows



50 CHAPTER 4. CONCAVE COSTS OF OBSERVATIONS

faster than t* with o > 157, condition (cc3) is valid. From the linear case, see

Theorem 3.2.3 , we get the inner and outer approximation

B-(t) =9(c(t)  Bi(t) =d(d (B =h((D)

which fulfill

B.(t) = (Cd) T (L+0(1) |

1

5.0 = (Cemu-nem) T ason)

q

compare to (3.24). Hence they are asymptotically equivalent and (ccb) is true.
Finally condition (cc6) follows, since u(34(t)) = O(c’(t)_ﬁ) : O

We want to apply the above result to some reward and cost functions.

L glx) = Ja:
This reward is strongly related to locally best tests, see 2.3.1. The inverse
function of G'/U’ is given by ¥(z) = 1/(2z) for all z € (0,00). Thus the

inner approximation satisfies

1
- 20(t)

B-(t) for all £ > 0.

We consider some cost functions

11 ct) =t with § <o < 1:
Then the assumptions of the preceding theorem are fulfilled, if we
can find a function h > 0 satisfying (4.23). We define h(z) = x°
with 0 < 0 < 216‘:;. Then the first two properties hold. The last
one follows since

ta—2
: — 1 —a(2+8)+0+1 _
A ety — At 0

the exponent being less than zero. Hence we obtain

C={(z,t): |z| <5 ()} .

and

84(#) = 20,1@ (14 0(1)) = 210475—@—1)(1 Fo(l) . (4.24)
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1.2 ¢(t) =t +log(1+1):
Then ¢(t) = 1+ 1/(1+t) decreases to one and ’(t) = —1/(1 +1t)%.

Thus the continuation region remains bounded in space with limit

1
B = lim ¢(d(t)) = =
t—o00 2
The inner approximation is given by
1 1+1 1 1

p-(t)

T20(t) 22+6) 2 22+¢)

We define h(z) = (z — 1)’ for all z > 1 with 1 < § < 2.
Then the outer approximation is defined by

t) = 1 L 240+ —1) — (1)
ﬁ-i—( ) - 26’<t)(1 - h(c/(t))) T2 2(2 _|_t)((1 —|—t)6 — 1)
We obtain that . 1
3 0 =55
and
RPN S S Co ) it el U sk)

2 2(2 + t) (1+1)P -1
are asymptotically equivalent due to 6 > 1. Furthermore the con-

tinuation region is determined by

C={(z,t): x| <5 (1)}

with
5= 70 = (5= A-0)(1+ 0(1) = g (1 0(1) (425
40 1/ + 0

D) T+ A+ )T P "

2. g(x) =|z|" with 0 <v < 1:
Then F(y) = G'(y)/U'(y) = %y”~* has the inverse function
2z

1/ )i for all z € (0, 00).

P(z) = (

We consider the following cost functions
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c(t) =t with § <a <1
We apply Theorem 4.2.2 with v = 1 — v and set h(z) = z° with
0<d< = —3%. Then

lim -
() T R(C())

since
toz—Q

_ o2+ (- (+52540)

I

Ha=D(+55) 48(a—1)
the exponent being less than zero. The continuation region therefore
satisfies

C={(z,t):|a] <5 (1)}
with
. 2 1 200
g () = Ce) = (1+o(1)) = (
c(t) =t +log(1l +1):
The upper bound B for the continuation region fulfills

—
—v

)Vi2té

(1+0(1) . (4.26)

v

2.1
B = lim (¢ (1) = ()7
—00 1%
The inner aproximation is given by
2 1 1
_(t) =¢(d(t)) = (=(1 + ——))v=
B0) = (1) = 0+ )7

As before we set h(x) = (v —1)° for all z > 1 with 0 < § < 1. Then

the outer approximation satisfies

B (t) = d( () (1 = h(c(1)))
With
n(t) =1=h(c(®) , f{t)=On)
we can verify the condition (cch), since

B—-p-(t) . () _

lim ———= =1

i B 3. (1) s o (FON ()

The last equation follows from lim;_, ?:—Ett)) = 1. (cc6) is valid with
the same argument as for the previous discussed reward. Hence we

obtain, the continuation region is a set

C={(z,t): [a] <" (1)}
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with

3. g(z) =|z|" with 1 <v < 2:
This is an example of a convex reward function, and we have to ap-
ply Theorem 4.1.7, Corollary 4.1.10 directly. The function F(y) =

G'(y)/U'(y) = %y"=2 for all y € (0,00) is strictly decreasing from in-

finity to zero and has as its inverse

¢(Z) = ( Z)m S (07 OO)

Furthermore Ag(z) = sv(v — 1)2”~2 is decreasing on (0, 00). Hence the

conditions (R1)-(R3) are valid. For cost functions ¢ we have to verify
the conditions (ccl)-(cc6).

3.1 c(t) =t* with § <a <1

Then (ccl)-(cc3) are of course true. We choose h(z) = 2° with

0<d< ﬁ — %, and the same arguments as in 2.1 provide the

conditions (cc4)-(cc6). Hence the continuation region is determined

by
€= {(r,0): lal < (1)}
and
50 = CH)PE (1 4+ o(1)) (127)

3.2 ¢(t) =t + log(1+t):
Then the same conclusions can be drawn as in the preceding exam-

ple. We obtain
C={(zt):[af <F°(t)}

with

1. g(x) = log(1 + [a]) :
This is an example for a concave reward function where Theorem 4.2.2 is
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not applicable, but where we can verify the assumptions (R1)-(R3),(ccl)-
(cc6) directly. Due to concavity, (R1)-(R3) are true, and the inverse v
of G'/U’ is given by

1 1 1

v =i tes

For a cost function ¢, the inner approximation is defined by

/i@%:—;+¢i+2;@::¢%Lﬂ1+d0)

We consider c¢(t) = t* with 0 < a < 1 as cost function. Then (ccl)-(cc3)
are valid and we choose h(z) = 2° with 0 < 6 < 2. Obviously, (cc4) is

satisfied, and the outer approximation fulfills

1 1 1
Be(t) = —5 + \/4 W =)

which is asymptotically equivalent to S_(¢). Hence it remais to prove

(cc6). Due to u(B,(t)) < ¥(d(t))? < 26,1(t)), this holds since

Y

'(t) _ O(ta72f(2+5)(a71)>

c(t)*h(c (1))

and the exponent is less than zero as 0 < 0 < t2-. Note that f(t) =< g(t)

means limy_, % = 1. Hence we obtain for the continuation region

C=A{(z,t):|z| <B°()}
with

B = B0 +0(1) =[5 +ol1)

- %;ﬂﬂﬂ+dm). (4.28)

4.2.3 Process of posterior probabilities

We continue the considerations of the example introduced in 2.2.2. We recall

that the process of posterior probabilities is a diffusion with generator

1
A= Sa*(1 - )%
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on £ = (0,1). A symmetric solution w.r.t. m = % of Au = 1 is given by

uw(z) = 2(2x — 1)log(x/(1 — x)) for all € (0,1). Thus

1/2+y 1/2+y L 4y

12—y 12—y (1/2+y)(1/2—y)
At first we consider concave reward functions and want to obtain an analogous
result to Theorem 3.3.4.

Ul(y) = 4ylog U'(y) = 4log

4.2.4 Theorem: Let g(z) = G(lz—3|) , z € (0,1), be a reward function with

strictly increasing concave C?-function G satisfying

. 1 _
lim G'(y)(5 — )" =4
Y—3
for some ¢ > 0,7 > 0. Let ¢ be a cost function, strictly increasing, twice
continuously differentiable and concave. Furthermore we assume, c'(t) tends
to zero, and the existence of an increasing function h > 0 with

' (t)log 54—~

lim h(z) = 0, lir% zh'(z) =0, lim 2e)

lim L O (4.29)

Then the continuation region is the set enscribed between the curves %:I: B*(t),

C={@: Iy~ <0} |
and
S B(0) = <20;(t)>1+%<1 +o(1) - (4.30)

Proof: We have to examine the conditions (R1)-(R3) and (ccl)-(cc6). Then
we can apply Theorem 4.1.7 and Corollary 4.1.10 to obtain the assertion. From

the linear case we know that (R1)-(R3) hold. Furthermore the inverse function
Y of G'/U’ fulfills

; —(z) = (2;)1+1v(1 +o(1)) for z—0, (4.31)

see (3.31). Since E is bounded, concavity implies (ccl)-(ce3) . An inner and

outer approximation is given by

B-(t) =(d(t)  Balt) = ()1 = h(c(1)).
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From (4.31) we obtain

S B(0) = (5~ A() 1+ o) =

Furthermore due to

U(y) = 2log(

1_
2
we have
1-8.(1) 1
ﬁlog(zc’(lt)/q) _ 1Og((2c’(1ﬁ)/q)1+17> —Hog(%_m(t)) N 1
U(B+(1)) U(B+(1))
Hence condition (cc6) is fulfilled if
'(t) log 2%
lim ————=22@ 4.32
L ORE 0) 4:32)
and the result is proved. O

We want to apply this to some reward and cost functions.

L g(x) = G(|lz — 3]) with G(y) = v
This continues our analysis of the stopping problem introduced in 2.3.2.

For cost functions ¢ with lim; ., ¢/(t) =0

1 1
E (1) = 5 (1) = 2()(1 + o)
compare to (3.33). We consider two cost functions:

1.1 ¢(t) =t* with 0 < a < 1:
Then we choose h(z) = 2° with 0 < § < L. (4.29) is satisfied
since

ta—2+(1—a)(1+5) log(tl—a> =0

Thus Theorem 4.2.4 shows

C = {(,1) o = 51 < B*(0)}

with

; _ B (1) = 2/ (1)1 +0(1)) = 20t (1 4 0(1)) . (4.33)
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1.2 ¢(t) =log(1+1) :
Then we choose h(x) = 2° with 0 < § < 1 and have

c'(t) log(5.75) 1 1

(1) 1-8

= —(—— log(=(1+1
e~ Gy sl =0
Thus the continuation region has the above form with

2. g(z) = G(|lz — 3|) with G(y) = —(3 —y)” for v > 1:
Then the assumptions of the preceding theorem are fulfilled for the cost
functions c(t) = t* with 0 < o < 1 and ¢(¢) = log(1 + t), which can be

verified as before. We obtain for the continuation region

C={(e,1): o = 51 < B*(0)}

with
500 =00 = CHEF o) (139)
in the first case, and
(N i
3~ 50 = () (L of1) (4.30

in the latter.

4.2.5 Portfolio optimization

As introduced in 2.2.3 a consideration of portfolio strategies without tansaction

costs is related to a diffusion on E' = (0,1) with generator
1 1
A= 51:2(1 —2)?02 + (1 - :U)(§ — )0,

The even solution w.r.t. m = % of Au =1 is given by u(z) = (log(z/(1 — z))*.
Thus U(y) = u(3 + y) fulfills

1 1 1/2+y

+ Y9 ' %8172y
U(y) = (log » Uly) =2
(y) = ( %_y) () (1/2+y)(1/2 —y)

for all y € (0, 3).
We consider in the following some examples of reward functions and have
to verify the conditions (R1)-(R3) , (ccl)-(cc6) .
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L g(z) = [log(z/(1 — x))|:

Then G(y) = g(5 +y) , y € (0,3), satisfies

/24y 1
G - 10 9 G, y =
W=lein—y o SV Taryaz—y)
Hence F' = G'/U’ fulfills
1. 124y, 1
F(y)==( =
(v) 2(0g1/2_y) we©.5)
and its inverse ¢ is defined by
lexp(s) — 1
—— 22/ . 4.
w(z) Qexp(é) + 1 ,Z € (07 OO) ( 37)

Thus (R1) and (R2) are valid. Condition (R3) holds, due to Ag(z) =0
for all z € (3,1).

For a cost function ¢, the inner and outer approximation are defined by

B-(t) =v(c(t) , Be(t) =o((B)(1 = (D))

where the function & must be chosen, such that the conditions (cc4)-(cc6)
are fulfilled.

To examine the condition (cch) we note

1

S — () = exp(— )1 +o(1)

Then, with n(t) =1 — h(d(t)), we get

, 1.1
T A exp(ﬁ(c'(t) - c’(t)n(t)))

n_y (4.38)
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Hence we have proved that, for h with the above additional property
(4.38), % — B4(t) % — [_(t) are asymptotically equivalent.

Secondly, we want to examine which condition on h leads to (cc6). Due
to U(¢¥(z)) = (55)% it holds

U(ﬂJr(t)) = (26/(t)>2

Hence h must satisfy

/!
t
lim (t)

YOO )

which is the same condition as in the Brownian motion case, see the first

example of 4.2.1. So we may use the cost functions ¢ here as well, if
(4.38) is additionally fulfilled.

We consider ¢(t) = t* with 2 < <1 :

Then (2o — 1)/(1 — @) > 1, and we can choose h(r) = 2° with 1 <
< (2a—1)/(1 —a) . As was seen for Brownian motion, the conditions
(cc6),(ccd) hold. Furthermore (ccb) is valid, since the additional property
(4.38) is fulfilled. We obtain for the continuation region.

C = {(e,1): o = 5] < B*(0)}
and

S-0W = (G- )+ o)

= exp(— 511+ o(1)

log L ifz>1
9 _ iz 2
9(x) {logi if o < %
Then
1 , 1
Gly)=—log(5—y) , Gy = 73—y
and F' = G'/U’ fulfills
1 1
Fly)=(5+v) (4.40)




60

CHAPTER 4. CONCAVE COSTS OF OBSERVATIONS

which is decreasing on (0, 3) with lim,_o F/(y) = 0o, lim,_;/2 F(y) = 0.
Hence (R1),(R2) are valid. Due to Ag(z) = 3x(1 — ), the condition
(R3) follows.

As in the preceding example, the asymptotic equivalence of the inner

and outer approximation has to be examined carefully. We define

1

1
F = —— 0, = 4.41
l(y) 210g(% y) 7:1/6( 72) ) ( )
and note
F(y)
lim =1 . 4.42
R (4.42)

The inverse function of F}, denoted by 1, is given by

1 1 , 11 1

b =5 -ep(-5) L UE) = —gpep(-5)  (443)

€ (0,00). It is easy to see

hm%( W)F'(y) =1,

which implies

. 1/2—i(2)

lg]% /2= 0(2) 1, (4.44)
since

poa =B L 12— 9(C(1)
e 13 (1) t=00 1/2 —p(c/(t)n(t))
C gy /2= i(d®)

(t

=0 1/2 — ﬁbl( c(t)n

- Jm el

)
1

if lim, o 22

0.
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Secondly we have to investigate condition (cc6). Due to (4.41) and (4.42)

1

d(t)=F(p-(t) =< “2log(T —G_(1)

and
B0 = H ) = P8, (0) =~
Hence
log(; = 5-(1)) = log(5 — B(1)) (4.45)

and from U(y) =< (log(% - y))2 for y — 5 we obtain

U(B+(t) = U(B-(1))

Furthermore, (4.44) shows

B 1 , 2 B 1
U(6-()) = (108G = (¢ (0)” + o(1) = (g5 + o)

Thus condition (cc6) holds, if A fulfills

) C//(t)

lim ———————~=0 . 4.46

L 2R ) A0
Hence, for ¢(t) = t* with 2 < o < 1 we can choose h(z) = 2° with
1<d< % Then the continuation region is given as

C= {05 <FO)

with
-8 = (5~ D)+ o(1)
= (5~ B(lD)+ o)
_ eXp(—zc/l(t))(1~l—0(1))
— exp(— 2:)(1+0(1))

Note that the boundaries of the continuation region in both examples

have the same asymptotical shape.
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Chapter 5

Convex costs

5.1 Asymptotics of the continuation region

As before we consider a one-dimensional symmetric A-diffusion on an open
interval E = (m — [, m + ). For a symmetric reward function g and a convex

cost function ¢, the optimal stopping problem corresponding to the payoff

(z,1) = g(z) —c(t)

will be treated in this chapter. The case of convex growth of costs for obser-
vations leads to a different behaviour of the continuation region than in the
concave case. Since the cost rate increases, one expects that the continuation

region shrinks and is contained in the set

Cout = {(z,t) : |x —m| <(d(t))}

Thus, different to the concave case, an outer approximation should be easily
obtainable by applying the results of the linear case to the increasing cost rate
function.

It will be more difficult to construct an inner approximation. The main
idea is to find an appropriate subharmonic function. This will be explained
in the following. But let us first state the conditions which the cost function
¢:10,00) — [0, 00) should fulfill.

(cvl) c is strictly increasing with ¢(0) > 0.
(cv2) cis twice continuously differentiable and convex .

63
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(cv3) Forallk >0and allz € £

E, sup(g(X;) — kt) < o0.

>0
Due to convexity, (cv3) implies

E, sup(g(X;) —c(to+1)) < o0
>0

for all x € E, ty > 0. Furthermore, as in the linear case
Jlim 9(X¢) —c(to+t) = —0c0 P, — as.

for all x € E. Thus we can apply the usual theory of optimal stopping and
obtain that the continuation region C is an open set, and that the first exit
time from C is an optimal stopping time, see Theorem 4.1.1. If additionally
the coefficients of A are locally Holder continuous, the optimal value function

v fulfills the partial differential equation
(Or+Aw=0 on C

Introducing the difference d(z,t) = v(x,t) — (g(x) —c(t)), we get the analogous

result as in the concave case.

5.1.1 Lemma: If (cvl)-(cv3) are fulfilled with a symmetric continuous reward

function g, then
(i) v(z,-) is decreasing for all x € E,
(ii) d(x,-) is decreasing for all x € E,

(1ii) v(-,t) is even w.r.t. m for all t > 0, and the continuation region is

symmetric w.r.t. m, i.e.

(m+y,t)eC<= (m—y,t)eC forallye(0,0),t>0

Proof: We may argue as in the proof of Lemma 4.1.2 by using convexity in-

stead of concavity. a

For the further analysis of the stopping problem we assume the conditions

(R1)-(R3) to hold for the symmetric continuous reward function g. Then, as
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in the preceding chapter, we can apply the results for linear cost functions for
all cost rates k > 0. Here, in the case of convex costs, this leads to an outer

approximation of the continuation region. We introduce the function (, by
C(t) =(d(t)) forallt >0 (5.1)
and recall that m 4 (,(t) are the unique solutions of

g'(z) = d()u(r) (5.2)

in E, compare to Chapter 3. The function ¢, implicitly defined by (5.2),
is the inverse of the strictly decreasing function G’/U’ and therefore strictly
decreasing itsself. Together with the convexity of ¢, this shows that ¢, is a

strictly decreasing function. Furthermore we can state

5.1.2 Lemma: If g fulfills (R1)-(R3) and c satisfies (cvl)-(cv3), then the

continuation region C is contained in
Cout = {(Z)’J,t) : |.T - ’ITL| < (—l—(t)}

Proof: We follow the concave case and replace the convex cost function by its

linear tangent at each ¢ty > 0. Convexity implies
C(to + t) 2 Cl(to)t -+ C(to) for all ¢ > 0.

If a point (z,tg) € C is contained in the continuation region we find a stopping

time 7 such that

g(x) —c(to) < FEp(9(Xr) —clto+71))
< E(9(Xr) — (to)T) — c(to)

Thus « lies in the continuation region for linear costs with cost rate ¢(ty), and

we obtain
[z —m| < (d(to)) = (4 (to)

Hence the assertion is valid. O

To establish that the continuation region is a set enscribed between bound-

ary curves (m = 5*(t))+>0 becomes more difficult in the convex case . Helpful
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is a first inner approximation which can easily be obtained. For this purpose

we consider the equation
Ag(z) =d(t) . (5.3)

If, for t > 0, the above equation is solvable in x, (R3) implies that it has
exactly two symmetric solutions, denoted by m +4(¢). If no solution exists we
put 6(¢) = 0. Since Ag is decreasing on (m,m + 1) and ¢ is increasing in t we

have thus defined a continuous decreasing curve 9, such that
Ag(x) > d(t) forall 0 <|z—m|<d(t) . (5.4)

This states that (z,t) — g(z) — ¢(t) is subharmonic in the region {(x,t) : m <
r<m+0(t)}U{(z,t):m—9(t) <z <m}, and it is not surprising that the
assertion of the following lemma holds

5.1.3 Lemma: Let ¢ satisfy (cvl)-(cv3), and let g fulfill (R1)-(R3) . Then
{(z,t): 0 < |m —z| <o(t)}
s contained in the continuation region.

Proof: This follows easily from the above inequality (5.4). For a point (x, )
with m < xy < m + d(tp) we may choose a neighbourhood I' = {(z,t) :
|z — xo| <€, |t —to| < €} such that

(O + A)g(z,t) >0 on T

with ¢ denoting the payoff function g(x,t) = g(z) — ¢(t). On I', § is subhar-
monic, and therefore the first exit time from I' should bring an improvement

compared to immediate stopping. We put
T=inf{t >0:(X;,to+1t) ¢T}

Then

S|

By (9(X7) = c(to + 7)) w0 (X7 to +17)

T

%o, t0) + Ea, /0 (8 + A)i( Xy, to + t)dt
2o, to) = g(wo) — c(to)
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and therefore (zy, 1) is contained in the continuation region. O

Note, that we give no statement about the midpoint line {(m,t) : t >
0} since g might not be differentiable in m. Furthermore, the above inner
approximation is not very accurate. In the case Ag < 0 it even collapses
to the empty set since §(t) = 0 for all t. But still it provides additional
information that can be used to derive the shape of the continuation region.
As will be explained later different arguments are necessary to decide whether

the midpoint line belongs to the continuation region.

5.1.4 Theorem: Let g fulfill (R1)-(R3), and let ¢ satisfy (cvl)-(cv3). Then
there exists a decreasing function 3* : [0,00) — (0, 00) such that the continua-

tion region. fulfills
C\{(m,1) 12 0} = {(2,0) : 0 < [z — m]| < B"()}
Proof: We define
B(t) =inf{y > 0: (m+y,t) & C} =inf{y > 0:dm+y,t) =0}  (5.5)

with the convention inf ) = 0. Then §* is decreasing since d(z, -) is decreasing
for all z € E, and by definition {(x,t) : 0 < |z — m| < 8*(t)} C C. From
Lemma 5.1.3, §(t) < 5*(t) for all ¢ > 0. It remains to prove

{(z,t) |z —m| > p" ()} C €

with £ denoting the stopping region. If |z —m| > (,(¢), this is true due to
the outer approximation, and it remains to consider = such that |m — 5*(t)| <
r < |m—((t)|. We first assume m + 3*(t) < x < m+(;(t) and have to show
that immediate stopping is optimal. The first exit time 7* from C is optimal,
hence
0(@,1) = Balg(Xy) = cft + 7))

We introduce the first time o that the diffusion hits one of the moving bound-
aries (m + B*(t + s))s>0, (M + (- (t + 5))s>0 by

oc=inf{s>0: Xs=m+ 0" (t+s)or Xo=m+(t+s)}

Then, since m + f*(t) < x < m + (4 (¢), the diffusion will first exit from C

before it can reach one of the moving boundaries, i.e. 7" < 0. Contrary to
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the previous chapters we will use a localization argument at m and not at the
boundary of E. This is necessary since g might not be differentiable at m.

Therefore we introduce the sequence of stopping times o,, defined by
an:inf{SZO:ngmjL;} (5.6)
Then dominated convergence implies
Bolg(Xpe) = clt + 7)) = Tim By (9(Xeons,) — clt+7° A 0n) . (5.7)

Note that 0(t + s) < ¢ (t + s) implying Ag(X,) < d(t+ s) for all s < 7% A o,,.
Due to X € [m + 1/n,m + (,(t)] for s < 7% A g, this yields with Prop. 2.1.2

T*/\O'n
E.9(Xrpo,) = gz +E/ ds
< g(x)+ E, / d(t+s)ds
g(x) + Epc(t+ 7" Nay) — c(t) (5.8)

Thus, by inserting into (5.7)

U(l’,t) - Em g(XT*) - C(t + T*) < g(ZL’) - C(t)

The case m — (,(t) < x < m — 3*(t) follows by symmetry and the assertion is
proved. O

Note that the arguments in the preceding proof do not work when starting
from the midpoint m. The reason is that g need not be differentiable in m. It
is only a C*-function on (m, m+1) respectively (m—1I,m). Thus the procedure
in (5.8) is only correct if the diffusion remains in one of the sets (m — [, m)
or (m, m + [) until stopping. Later we will see with other arguments that the
midpoint line belongs to the continuation region.

To improve the inner approximation requires the following additional as-
sumptions. Recall that ¢ : (0,00) — (0,1) denotes the inverse function of
G’ /U’ and that both functions are decreasing. Furthermore, as in the concave
case, we define ¢/(00) = limy .o, ¢(t), B = lim;_,, ¥(c/(t)) It will turn out that
the real number B € [0, 00) provides a lower bound for the continuation region,
ie. (m—B,m+ B)x[0,00) CC.

We demand the following properties for a decreasing differentiable function
h > 0.
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(cv4) limgieooy () =0,  limgje ooy xh/(x) =0

Y

(cv5) the curve ¢ defined by ¢_(t) = (' (t)(1 + h(d(t)))) for all ¢ > 0 is
asymptotically equivalent to (, , i.e.

. ¢()—-B
tll’rglo () =B b
(cv6)
"OU(C (1))

Since ¢ decreases, (_(t) < ((t) for all ¢ > 0. The aim is to show (_(t) <
B*(t) < (4(t) for large t. In a first step we will contruct a majorant of the
payoff function, subharmonic for large ¢.

5.1.5 Lemma: Let the reward g fulfill (R1)-(R3), and let the cost function c
satisfy (cvl)-(cv6). Then there exists a function

¢:Ex(0,0) — IR
and some ty > 0 such that the following properties hold:
(i) (Op + A)p(x,t) >0  forallx € E t > t.
(i) ¢ is even w.r.t. the midpoint m.
(111) ¢(x,t) > g(x) —c(t) forallz € E |t > 0.
(v) ¢p(m £ (_(t),t) =g(mE£(_(t)) —c(t) for all t > 0.
(v) ¢ is bounded from above on {(x,t) :t > to,|m — x| < (_(1)}.

Proof: Recall that v denotes the symmetric solution of Au = 1, vanishing at

m, and that u is non-negative. Furthermore we define

n(t) =1+h(d@) , [f{t)=nt)(t) ,t>0, (5.9)

and

o1(x,t) =nt)d (tu(x) —c(t) ,t>0,xeFE . (5.10)
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J'(0) = 0'(D)e (1) + n()"(8) = &"(1) (14 () + ¢ (N (¢ (1))

together with (cv4) shows the existence of to such that f/'(t) > 0 for ¢ > t,.

This implies that ¢ is subharmonic for ¢ > t, since

@+ Dr(a,t) = f(Dulz)+ (O - 1)
— J(tu(a) + OBEWD) (5.11)

We lift ¢ in such a way that it exceeds (x,t) — g(x) — ¢(t) and touches it
at m £ (_(t). Therefore we define

¢(z,t) = dr(z,t) + ()

with y(t) = g(m+(_(t)) — (t)n(t)u(m+(_(t)). Then ¢ fulfills the properties
(ii)-(iv) since x — g(x) — (t)n(t)u(x) has its maximal points at m £ (_(¢).

To prove (i) we verify, as in the concave case, that

V(1) = =f'(Ou(m + (1))

and

(0 + A)op(x,t) = f'(t)ulx) + (O)h( (1)) = f({H)ulm + (1))

Since f'(t) > 0 for large ¢t we have to verify that f’'(t)u(m+(_(t)) tends faster
to zero than ¢ (t)h(c(t)). But this follows from f'(t) = ¢’(¢)(1 + o(1)) and
condition (cv6).

To show the boundedness condition (v) we note that

didle,t) = [(taule) - (1) + (1)
— J®)(ul@) —ulm + (1) = (1) (5.12)

Thus, if jm — x| < (_(t), then
Os¢p(x,s) <0  forall s € (to, 1)

and
o(x,t) < oz, ty) < dp(m+ (_(to), to)

for all £ > to, |m — x| < (). O
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With the help of this lemma a suitable inner approximation of the con-
tinuation region can be derived. We recall that ¢_(¢) is the unique solution
of

G'(y) =)+ h(d()U'(y)
for y on (0,1).

5.1.6 Theorem: Let the reward g fulfill (R1)-(R3), and let the cost function
c satisfy (cvl)-(cv6). Then there exists some to > 0 such that

Cin = {(w,1) : 0 < | —m| < C_(t),t > to}
is contained in the continuation region C.

Proof: From Lemma 5.1.5 there exists a function ¢ : F x (0,00) — (0, 00)
and some ty > 0 such that the properties (i)-(v) are fulfilled.

For t > tp and |z — m| < (_(t) we want to verify that (z,t) lies in the
continuation region. We define the first hitting time of the moving boundaries
m=x(_(t+-) by

7 = inf{s>0:|X;—m|=C((t+5s)}
= inf{s>0: (X5, t+3)=9g(Xs)—clt+s)} . (5.13)

Then
v(x,t) > B, (9(X;) —c(t+7)) = E,o(Xr t+7) . (5.14)

Furthermore, for each fixed T' > 0, ¢(X,ar,t + 7 A T)r>o is bounded from
above due to property (v). Hence Fatou’s lemma yields

E, ¢(X, ,t+7) > limsup E, ¢(Xopr, t +7AT) (5.15)

T—o0
and optional sampling provides, due to (Xs,t +s) € (m — (_(t),m + (_(t)) x
(t,t+1T) forall s <T AT,

TAT

Bed(Xonrit +TAT) = (a,t) + E/O (0 + A)p(Xs, t + 5)ds
> ¢(x,t) > g(x) — c(t)

Together with (5.14) this shows that (z,t) is contained in the continuation

region, and the inner approximation is obtained. O
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In extension of Theorem 5.1.4, our additional assumptions (cv4)-(cv6) pro-
vide that {(m,t) : t > to} is contained in the continuation region. Since the dif-
ference v(x,t)—(g(x)—c(t)) is decreasing in time, the whole line {(m,t) : ¢t > 0}

belongs to C. In view of Theorem 5.1.4 we get an improved version.

5.1.7 Corollary: Under the assumptions of the preceding theorem there exists
a decreasing function 5* : [0,00) — (0,1] such that the continuation region C
fulfills

C=A{(x,t): 0< |z —m| < [F"(t)}

Furthermore (3* is continuous from the right and fulfills

0 < 5°(t) < ¢4(t)

forallt >0 .

Proof: It remains to show continuity from the right. For this let (¢,) be a
sequence decreasing to t. Then (3*(t,) is increasing and tends to §*(t+) where
B*(t+) < *(t). Since the stopping region & is closed, (m + 3*(t+),t) is con-
tained in & as limit of (8*(,),t,) in € . Hence 5*(t) < 5*(t+) giving equality.
The function (* is strictly positive since it exceeds (_ for large ¢ due to the

inner approximation. O

We have thus shown that, as in the concave case, the continuation set is the

region between two curves m + $*(t), and we have determined its asymptotic
shape. Recall B = lim;_,o ¥(c'(2)).

5.1.8 Corollary: If ¢ fulfills (cvl)-(cv6) and g satisfies (R1)-(R3), then the
boundary of the continuation region is asymtotically equivalent to its inner and
outer approrimation, i.e.
G®H-B . C(MH-B
lim >——— =lim>————=1
% 3(1) — B = §5(1) — B
Proof: The proof is immediate due to the inner and outer approximation and

the fact that (_ and (, are asymptotically equivalent. a
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5.2 Applications

We investigate our three examples from the previous chapters.

5.2.1 Brownian motion

The differential generator is A = %6:%, and u(xr) = x? is the even solution of
Au = 1, vanishing at zero.
At first we treat concave reward functions. Our aim is to derive an analo-

gous result to Theorem 4.2.2

5.2.2 Theorem: Let g(x) = G(|z|) be a reward with strictly increasing con-
cave C?-function G satisfying

hH(l) G'(y)y' =q for some ¢ > 0,7 > 0.
y—)

Let ¢ be a cost function with lim;_,, ¢ (t) = 0o that is strictly increasing, twice
continuously differentiable and convex. Furthermore we assume the existence
of a decreasing function h > 0 such that

lim h(z) =0, lim zh/(z) = 0, lim

r—00

— 0. (5.16)

Then the continuation region is a set enscribed between two curves £5*(t) ,
i.e.

C=A{(z,t): x| <B°(1)}
with

F(t) = (' (1) (1 +o(1)) = (20’@))_“1”(1 +o(1)) . (5.17)

Proof: We have to examine the conditions (R1)-(R3) and (cv1)-(cv6).
Then Corollary 5.1.7 | 5.1.8 will provide the assertion.
Since G is concave and U is convex, the conditions (R1)-(R3) hold as was seen
in Proposition 4.1.3. Furthermore, condition (cv3) is valid, and the results for
linear cost functions are applicable. The function F' = G’/U’ has a decreasing
inverse function v satisfying lim, .o ¢(z) = 400, lim, . ¥ (z) = 0. The inner

and outer approximations

() = (1)), () = () A+ h((1)))
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fulfill, due to (3.25),

Gt = <qc’<t>>-1+lv<1+o<1>>
C(t) = <f]c’<t><l+h<c’<t>>>>-l+ﬂ<1+o<l>> . (5.18)

Thus they are asymptotically equivalent, and (cv5) is fulfilled. Finally we note
that (5.16) implies (cv6), since u((, (1)) = O(c’(t)_ﬁ). O

We want to apply this to some reward and cost functions to see how the

continuation region shrinks.

L. g(z) = [zf:
Then (z) = 5 for z > 0, and the outer approximation satisfies

1

= f 11¢
20 (0) or a >0

G+ (1)

We now consider several different cost functions:

1.1

1.2

c(t) =t with a > 1:

We have to determine a function h that satisfies (5.16). For this let
h(z) = 2% with 0 < § < 22=L. Then the first and second equation
of (5.16) hold. The third follows from v = 0 and

ta—Zt—Q(a—l) )
v 4a2—(a-1)(3-9)
ta—1¢—0(a—1) =1 —0 ’
since the exponent is less than zero . Hence the continuation region
satisfies
C={(x,t) : |z| < 5°(1)}
with
B() = — (14 o(1)) = @D (1 + o1)) (5.19)
27 (t) 2a ' '

c(t) = t*log(1l +t):
Then we choose h(x) = 7% with 0 < § < 22=! and, as in the

a—1

previous example, we obtain a continuation region with boundary
fulfilling
1 tl—a

B(t) = %m(l +o(1))
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1.3

1.4

c(t) = eM with A > 0:
Again we use h(z) = 27 with 0 < § < 2. Then

C//(t)
c(t)*h(¢'(1))

Hence Theorem 5.2.2 provides

C={(z,1):[z] <5 (1)}

= N lexp(tA(14+ 8 —3)) = 0

with

ie*”u +o(1)) . (5.20)

5t = 55

c(t) =t —log(1l +t):
Then ¢(t) =1 — %th increases to one and ¢’(t) = ﬁ
5.2.2 is not directly applicable since the cost rate does not tend to

Theorem

infinity. But the inner and outer approximation can be determined
explicitly, and we can verify whether Corollary 5.1.7 ; 5.1.8 are

applicable. The outer approximation fulfills

1 1 1

“O=gom =3t

We let h(x) = (1 —x)° for all 0 < # < 1 with 1 < § < 2 and obtain

the inner approximation

B 1 1 (1+1¢)° —t
CO=somathen) "2 T wmar sy 0 02U

0 > 1 implies

lim C4(t) —
SISO

It remains to examine condition (cv6). But this can be done as in

=1 . (5.22)

N[N =

the concave case. Hence we obtain the continuation region
C={(z,1):|a] <" (1)}
with

B (t) = ; + 2115(1 +o(1)) . (5.23)
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2. g(x) =2 with 0 < v < 2:

Then F(y) = G'(y)/U'(y) = y”~* has the decreasing inverse

b(x) =GR ze(0,00)

by

We consider

2.1 ¢(t) =t* with o > 1:
Then we choose h(z) = 27° with 0 < § < =5 + 52 and note that

IOUCE) o pam2t(a-1)(225-1)+3)
cne) U )

Since the exponent is less than zero condition (cv6) is fulfilled. We

obtain that the continuation region shrinks as

200, 1

Br(t) = (ic/(t))vl—Q(l +o(1)) = (= )7t

2(1+0(1) . (5.24)

2.2 c(t) = e with A\ > 0:
Again we use h(z) = 27 with 0 < § < ;% where

FOUCD) _ ot (U%2 +20))

and the exponent is less than zero. We obtain that the continuation

region can be enscribed between the curves £4*(t) and

()72 (1 + o(1))

1

)Mexp(—z)\t)(l—i—o(l))  (5.29)

prt) = (
= (

AR AN
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5.2.3 Process of posterior probabilities

Continuing the example introduced in Chapter 2.2.2, we consider a symmetric

diffusion on F = (0, 1) with generator

A= ;xQ(l )22

We recall that the symmetric solution of Au = 1 vanishing at m = 1 is given

by u(z) = 2(2z — 1)log(z/(1 — z)) and U(y) = u(3 + y) satisfies
1/2+y 4y
12—y (1/2+y)(1/2 -y

For concave reward functions we can state an analogous result to Theorem
4.2.4.

U'(y) = 4log

Ul(y) = 4y log

5.2.4 Theorem: Let g(z) = G(|lz — 1/2]|) for all x € (0,1) be a reward with

strictly increasing concave C*-function G satisfying

lir% Gy =q for some ¢ >0,7>0 . (5.26)
y*)

Let ¢ be a cost function with lim,_, ¢ (t) = oo, strictly increasing, twice con-
tinuously differentiable and convex. Furthermore we assume that there exists
a decreasing function h > 0 such that

lim A(z) =0 , lim zh/(z)=0

r—00 r—00

and X
') (t)" ™
' (t)h(c(t))

Then the continuation region is given by

sup < 00 for some ty > 0.

t>1o

C={(z1):[z] <G (1)}

with
32¢(t)

B(t) = ( )T (14 0(1) (5.27)

Proof: As in the Brownian motion case we have to examine (R1)-(R3) and
(cvl)-(cv6). Then we can apply Corollary (5.1.7), (5.1.8) which provide the

assertion.
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From the linear case we know that (R1)-(R3) hold; see Proposition 4.1.3.
Furthermore the inverse function ¢ of G'/U’ fulfills

2 1
322 (14 0(1)  for 2 — o0, (5.28)

(z) = ( ;

see Theorem 3.3.4. Since E is bounded and G is concave the conditions (cv1)-
(cv3) are obviously fulfilled. We define the inner and outer approximation
by

) =v(d(t) (1) =21+ h(d(D))

Then (5.28) and ¢/(00) = oo imply

e) = o)
C) = (;320’(t)(1+h(c’(t)))le(1+o(1)). (5.29)

Thus both are asymptotically equivalent and it remains to examine condition

(cv6) in this situation. Due to

lim M

y—0 vy

=0

condition (cv6) is fulfilled if
"(t)¢+ (1)
¢ (t)h(c'(t))
remains bounded in ¢, and this holds if

1

d'(t)d(t)" ™
d(t)h(c (1))

is bounded for large t; see (5.28). O

We want to use the above result for some special reward functions.
L g(w) = |z — 1

Then G(y) = y,v = 0,q = 1, and the preceding theorem can be applied
if we can find h(z) = 2% with § > 0 such that

' (t)d (t) 2

h(e(1))

sup
t>to

= sup
t>to

()% <00 . (5.30)
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For the following cost functions we obtain a continuation region of the
form

C={(e,1): o= 51 < B°(0)}

and we can determine the asymptotics of 3*.

1.1 ¢(t) =t* with a > 1 :
Then we choose § with 0 < § < =7 and obtain that

C//(t)cl(t)é—Z _ O(ta—2+(a—1)(6—2))

remains bounded in ¢ since the exponent is less than zero. Hence

8(t) = ( )(1+ 0(1)) = 321t<a1>(1 +o(1) . (531)

32¢/(t) a
1.2 c(t) = e with A > 0:
Then we may use any ¢ with 0 < § < 1, noting that

C//(t)cl(t)é—Q _ O(eAt(d—l))

for ¢ — oco. Thus

1

B(t) = 39X

e M(1+0(1)) . (5.32)
2. g(z) = G(|lz — 3|) with G(y) = —(3 —y)” for v > 1:
Then G'(y) = v(3 — y)”~ ! tends to ¢ = v(3)"~'. Thus, with v = 0, we
can apply Theorem 5.2.4 for the cost functions c(t) = t* and c(t) = e

as in the preceding example. We obtain

g(t) = 3;aqt—<a—1>(1 +o(1)) (5.33)

in the first case and

1

pr(t) = 320

e M(1+0(1)) (5.34)

in the second case.
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5.2.5 Portfolio optimization

As was mentioned in the earlier chapters, see 2.2.3 or 2.3.3, a treatment of
portfolio strategies without transaction costs leads to a diffusion with state

space ' = (0,1) and generator
L, 202 1
A= 57 (1—x)0; +x(1 — x)(§ — )0,

This is a mean reverting diffusion process symmetric w.r.t. m = 5. The even

1
5
solution of Au = 1, vanishing at 1, is given by u(z) = (log(z/(1 — z))?. Thus
Uly) =u(1/2 4 y) fulfills

a2y ) — log 1777
U(y)—(logl/Q_y> ) U(y)_2(1/2+y)(1/2—y)

for all y € (0,1/2).
We consider the same reward functions as in the concave case. We will

determine how the continuation region shrinks.

L g(z) = | log(s2)l
As was seen in Chapter 4.2.5, F' = G'/U’ fulfills

1. 124y, 1
F(y) ==(1 -
) = 5002 {507 ye0.3)
and has the inverse
lexp(3-)—1 11
=—-—-27 - ___ (] 1 f . 5.35
V) = g 1~ ags o) foramoe (5

For a convex cost function ¢, we consider the inner and outer approxi-

mations

GO =v(d®) , @)=y )1+ hr(d?)
Due to (5.35), they are asymptotically equivalent.

To examine condition (cv6) we recall that U(y(z)) = (5:)?. Hence h
must satisfy
C”<t)
lim —————— =0
s W@ (0)e (1P
which we met before in the Brownian motion case . Thus all examples

for cost functions there may be carried over to this situation.
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1.1 ¢(t) = t* with a > 1:
Then we choose h(z) = 27 with 0 < § < 22=1 and obtain

C={(r,0):|e— 5l < 5" (1)}

with
(1+0(1))

B0 = HCO1+o(1) = s

Slatl_o‘(l +0(1)) (5.36)

1.2 ¢(t) = e with A > 0:
We choose h(r) = 27° with 0 < § < 2 and obtain that the boundary

of the continuation region satisfies

B (t) = ;Ae—”(l + 0(1)) (5.37)
2. o )_{log(l/(l—x)) ifr>1/2
| log(1/x) ifr<1/2
Then F = G'/U’ tulfills
1 1
F(y) = (5 + y)QIOg(m (5.38)

which is strictly decreasing from infinity to zero. We denote by ) its
inverse which cannot be explicitly determined. We will show in the

following that the inner and outer approximation

G(t) = (1)) C(8) = (@)1 +h(c())

are asymptotically equivalent. Since F(y) < (4log %;fg)_l fory — 0

and ¢(t) = F(((t)), d()(1+ h(d(t)) = F(¢_(t)) we have

%)
=1 . (5.39)

Furthermore
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L Ge() A
1 = 1
i C (1) deee (e

—Cf(t))

NI

To examine (cv6) we use U(y) < == for y — 0 and obtain that h

T 16F(y)?
satisfies (cv6) if
C”<t>
c(t)*h(c (1))

is fulfilled. Hence the cost functions of the previous example may be

_>O

used here too.



Chapter 6
Further extensions

So far we have formulated sufficient conditions that lead to continuation regions
of the form

C=A{(z,t): [z —m| <5°(t)}
with a boundary function * which is increasing for concave costs of observa-
tions and decreasing in the convex case. We want to weaken our assumptions
with the aim to apply the methods of the preceding chapters to a wider class

of reward and cost functions.

6.1 The concave case

In the preceding chapters we obtained results concerning the asymptotic be-
haviour of the continuation region by supposing condition which partly had a
non asymptotic structure, and thus can be improved.

Let us first consider the reward function g(z) = G(|Jz —m|) for all x € E.
Since for concave observations the linear case has to be applied for small cost

rates we replace (R1)-(R3) by the following conditions
(Recl) G is twice continuously differentiable and strictly increasing.

(Rcc2) & is strictly decreasing with

U’
. G'(y)
T ()

=C , lim G (y)

—0
v—1 U'(y)

(Rece3) Ag is decreasing on (m+1—e,m+1) or Ag<0on (m+1—em+1)

for some ¢ > 0.

83
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Due to (Rec2), the function F(y) = G'(y)/U'(y) for all y € (0,1) has an

inverse
¥ (0,¢0) — (0,1)

From (Rcc3), the results for the linear case can be applied for all cost rates
¢ < ¢g such that ¢(c) > 1 — ¢, hence on (0, ¢;) with ¢; = F(l — ¢).

Furthermore we examine for a cost function ¢ how the conditions (ccl)-
(cc6) can be modified to obtain an asymptotic result for the continuation
region. The first three assumptions can be replaced in the following way since
we only need concavity for large t.

There exists some tq > 0 such that
(Accl) c is strictly increasing on (tg, 00) with lim; .. ¢(t) = oo

(Acc2) cis twice continuously differentiable and concave on (¢, 00) with

lim; o ¢(t) =0,
(Acc3) For each = € E there exists an o € (0, 1) such that

E, st%)(g(Xt) —ac(t)) < oo

Then there exists some t; > tq such that ¢(t) < ¢; for all t > t; and an inner

approximation can be defined by
B_(t) =(d(t)) forallt>t

Since the conditions (ccl)-(ce3) are from an asymptotical nature we do not
need to modify them but we have to keep in mind that the outer approximation

is only defined by
Be(t) = () (1 —h(d(t)) forall t > t;.

Then the same methods as in Chapter 4 work and we obtain the following

result:

6.1.1 Theorem: Let the reward and cost function have the properties (Rccl)-
(Ree3), (Accl)-(Ace8), (cc4)-(cc6). Then, with t; > 0 as above, the continua-

tion region C has the form

CN(E X (t1,0)) ={(x,t) : t > t1,|z —m| < 5*(t)}
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with an increasing left continuous boundary function B*. Furthermore

_ {hmt%o jjgi((?) Jfl < oo

. 6.1

6.2 The convex case

An analogous argumentation as in the preceding section works for convex costs
too. Here we keep in mind that the cost rate tends to infinity and the con-
tinuation region shrinks. Thus the function F' = G'/U’" must tend to infinity
for y tending to zero and the appropriate behaviour for Ag near m must be

supposed. To be precise we formulate the following conditions.

(Revl) G is twice continuously differentiable and strictly increasing.

(Rev2) & is strictly decreasing with

o
. G'(y) . G'(y)
] — ]

0 U(y) 0 vl U (y)

(Rev3) Ag < 0or there exists some € > 0 such that Ag is decreasing on (m, m+-¢)
and Ag(x) < Ag(m +¢) for all x > m +«.

Due to (Rev2), the function F' has an inverse

¥ (cp,00) — (0,1)

From (Rev3), the linear case can be applied for all cost rates ¢ > ¢q such that
Y(c) < e, hence for all ¢ > ¢; = F(e).
As before the cost function needs to be convex only for large t. Thus we

suppose that there exists some t5 > 0 such that
(Acvl) c is strictly increasing on (tg, c0) with lim;_ ¢(t) = oo,

(Acv2) cis twice continuously differentiable and convex on (tg, 00) with

limy o ¢ (t) = o0,
(Acv3) Forall k > ¢y andallz € E

E,sup(g(X;) — kt) < 00

>0
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Then for some t; > ty such that (1) > ¢; we can define the outer ap-
proximation 3y (t) = 1(c(t)). By using the properties (cv4)-(cv6) and keep-
ing in mind that the inner approximation is defined for all ¢ > ¢; through
B_(t) = ()1 + h(c(t))) , we obtain the following result.

6.2.1 Theorem: Let the reward and cost function have the properties (Rcvl)-
(Rev3), (Acvl)-(Acv3), (cv4)-(cv6). Then, with the precedingly defined t,, the

continuation region satisfies
CN(E x (t1,00)) ={(2,t) - t > ty, [x —m| < [7(1)}

with a decreasing right continuous boundary function B*. Furthermore

lim g(t)
t—oo 3, (t)

=1 . (6.2)

6.3 Applications
As in Chapter 4.2.5, we consider the A-diffusion on £ = (0, 1) with generator
L, 242 1
A= 57 (1—2) 836—1—3(:(1—2:)(5 — )0,
and we want to solve the optimal stopping problem for the reward function

—c(t)

1
(2,1) — log 5

for concave c. This problem with linear costs is investigated by Morton and
Pliska [47] and has applications for portfolio optimization. Two problems arise.
The first one is that g(2) = log == is not even w.r.t. 1/2. Hence all results, so
far obtained, cannot be applied. We can circumvent this by a symmetrization

argument, introducing the reward function

1 1 1

g1(z) = i(log + log ;)

11—z
For this reward the condition (R2) no longer holds, whereas the improved

conditions of Theorem 6.1.1 can be examined. To be precise we first state the

following reduction.

6.3.1 Proposition The continuation regions for the reward functions g(x) =

1
l1—x

log and gi(x) = 3(log - +log 1) coincide.
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Proof: This follows from the fact that
1
g(x) = g1(z) + is(x) for all z € (0,1)

with s(z) = log %= denoting the scale function of the diffusion. Since s(X;)
behaves like a Wiener process with starting point s(x) w.r.t P, , see Prop.
2.2.4,

Ey(s(Xr)) = s(x)

for each stopping time 7 with E,7 < oco. Therefore

E,(9(X0) — 7)) = Bl (X;) — () + 2 (x)

Thus the optimization problems w.r.t. the reward functions g and ¢, are equiv-

alent and the assertion is shown. O

Hence we analyse the stopping problem w.r.t. the symmetric reward func-
tion ¢g; and have to examine the conditions (Rccl)-(Ree3), (Accl)-(Acc3),

(ccd)-(ccb) for a concave cost function ¢. We introduce

1 1 1 1

Gi(y) = 91(5 +y) = 3 log((g - y)(§ +y))

for all y € (0, 3) and recall

1 1y log %Jrz
Uly) = u(= +y) = (log 2 2 U(y)=2 2 .
(y) = ul(; +y) = g%_y) (y) =y

Hence F' = G /U’ fulfills

Iy

T2, it
log o,

1
F(y) for all y € (0, 5)

Now Agi(x) = %:B(l — z) is decreasing on (%, 1). Furthermore, F' is strictly
decreasing on (0,1/2) with lim, .o F(y) = £ , limy_;5 F(y) = 0. Thus the
conditions (Rccl)-(Rece3) are valid whereas (R2) does not hold.

To obtain the asymptotics w.r.t. a concave cost function the same argu-
ments as in 4.2.5 do work here. Let v denote the inverse of F' which cannot

be calculated explicitly. Therefore we introduce

1

———  for all =
TTog( or all y € (0, =)

N =]
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and note that
F(y)

lim =1
y—1 Fa(y)
The inverse of Iy, denoted by 1o, satisfies
1 1 11 1
Pa(z) = 3~ eXp(—@) o Ya(2) = 12 eXP(—L)

for all z € (0,00). We follow the procedure of the second example of 4.2.5 and

note that it is easy to show

This implies

From this the asymptotic equivalence of the inner and outer approximation
follows as in 4.2.5. Furthermore, condition (cc6) is valid if for a given ¢ a

function h can be choosen such that the condition

] C”<t>
lim ————— =0
NIORI0)
is satisfied.

For example take c(t) = ¢t* with 2 < a < 1. We may choose h(z) = 2°

with 1 <z < 21'3“:(11 to obtain the following result for the continuation region C:

Setting ¢, = (ZQ)ﬁ, d(t) < 5 for all t > t; and

CN(E X (t;,0)) ={(x,t) : t > t1, |z — ;| < B (t)}
with an increasing function 3* satisfying
S0 = (=) +o(1)
= (5~ D) +0(1)

— exp(— 40,1(t))(1+o(1>> | (6.3)
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