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1. Introduction

Random walks with Markov-modulated increments, called Markov random walks, form
a natural generalization of those with i.i.d. increments. Due to their much greater variability
without loosing too much regular structure, they have become increasingly popular for mod-
elling applications, notably in queueing theory, risk theory and the theory of branching pro-
cesses. As a consequence, there is strong interest in a thorough description of their intrinsic
properties. This falls to a far extent in the range of Markov renewal theory which provides the
necessary extension of classical renewal theory treating the case of i.i.d. increments. Since the
latter is mainly built upon one result, called Blackwell’s renewal theorem, it does not come by
surprise that a corresponding master theorem exists in Markov renewal theory and emerges
from the former one as a generalization by additionally taking care of the Markov modulation
providing an appropriate recurrence property in order to retain a stationary pattern. Although
a first version of that result, called Markov renewal theorem, goes back to an old paper by Smith
[16] where increments are positive and modulation is with respect to an ergodic Markov chain
with countable state space, general versions allowing for arbitrary state spaces and increments
with positive mean (in a certain sense) have a much shorter history. A purely probabilistic
proof under most general assumptions has been given only very recently by the author [1],
but is still amenable for improvements. In view of the many proofs that have appeared for
Blackwell’s theorem this should not be surprising. The main purpose of the present paper
is therefore to give yet another (probabilistic) proof of the Markov renewal theorem which,
though not being shorter, has a number of advantages over that in [1]. First it stays closer to
the nice and fairly simple ones for Blackwell’s theorem in [8], [11] and [17] by making use of
ladder variables, a stationary delay distribution and coupling. Second and more important, the
arguments used here are sharper in that they can be refined to yield convergence rate results,
again along similar lines as for Blackwell’s theorem, see [3].

2. The Markov Renewal Setup and Preliminaries

We begin with a brief description of the Markov renewal setup to be considered through-
out: Given a measurable space (S,S) with countably generated σ-field S, let (Mn, Xn)n≥0

be a temporally homogeneous Markov chain with state space S × IR and transition kernel
P : S × (S⊗B)→ [0, 1], B the Borel σ-field on IR. Hence

P (Mn+1 ∈ A,Xn+1 ∈ B|Mn, Xn) = P(Mn, A×B) a.s. (2.1)

which means that (Mn+1, Xn+1) depends on the past only through Mn and that (Mn)n≥0 forms
a Markov chain with state space S and transition kernel IP (x,A) def= P(x,A×IR). Conditioned
upon (Mj)j≥0, the Xn, n ≥ 0 are further conditionally independent with

P (Xn ∈ B|(Mj)j≥0) = Q(Mn−1,Mn, B) a.s. (2.2)
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for all n ≥ 1, B ∈ B and a kernelQ : S2×B→ [0, 1]. Let throughout a canonical model be given
with probability measures Px,y, x ∈ S, y ∈ IR, on (Ω,A) such that Px,y(M0 = x,X0 = y) = 1.
For any distribution (or σ-finite measure) λ on S × IR put Pλ(·) =

∫
S×IR Px,y(·)λ(dx, dy) in

which case (M0, X0) has initial distribution λ under Pλ. For x ∈ S and σ-finite measures ν
on S, we write for short Ex, Eν instead of Ex,0, Eν⊗δ0 , respectively, where δ0 is Dirac measure
at 0. Finally, P and E are used for probabilities and expectations, respectively, that do not
depend at all on initial conditions.

The Markov random walk (MRW) associated with (Mn, Xn)n≥0 is given by (Mn, Sn)n≥0,
where Sn = X0 + ...+Xn for n ≥ 0. We call it a Markov renewal process (MRP) when all Xn’s
are positive, i.e. when P(x,S × (0,∞)) = 1 for all x ∈ S. Introducing the potential

Uλ =
∑
n≥0

Pλ((Mn, Sn) ∈ ·) (2.3)

we obtain the Markov renewal measure of (Mn, Sn)n≥0 under Pλ which constitutes a natural
extension of the renewal measure of a random walk with i.i.d. increments.

The basic condition on the driving chain (Mn)n≥0 is it be Harris recurrent which means
that there exist some α ∈ (0, 1], r ≥ 1, a recurrence set < ∈ S, i.e. Px(Mn ∈ < i.o.) = 1 for all
x ∈ S, and a probability measure ϕ on (S,S), ϕ(<) = 1, such that

IPr(x, ·) ≥ αϕ for all x ∈ <, (2.4)

where IPr denotes the r-step transition kernel of (Mn)n≥0. Under these conditions < is called
a regeneration set for (Mn)n≥0, and one can redefine (Mn)n≥0 on a possibly enlarged proba-
bility space together with a sequence (τn)n≥0 of regeneration epochs characterized through the
following conditions (see [4], [5] or [12]):

(R.1) 0 = τ0 < τ1 < τ2 < ... <∞ a.s. under each Pλ.

(R.2) There is a filtration (Fn)n≥0 such that (Mn)n≥0 is Markov adapted and each τn a
stopping time with respect to (Fn)n≥0.

(R.3) under each Px, x ∈ S, the cycles (τn+1 − τn,Mτn , ...,Mτn+1−1), n ≥ 0, are one-
dependent and stationary for n ≥ 1 with cycle debut distribution ζ

def= P (Mτ1 ∈ ·).
It follows from (R.2) and the strong Markov property that

(R.4) P ((τn+j − τn,Mτn+j)j≥0 ∈ ·|Fτn) = PMτn
((τj ,Mj)j≥0 ∈ ·) Px-a.s. for each n ≥ 0

and x ∈ S.

(τn)n≥0 can further be chosen such that

ξ
def= Eζ

(
τ1−1∑
k=0

1{Mk∈·}

)
(2.5)

defines the unique (up to a multiplicative constant) σ-finite stationary measure, in which case
we call the sequence regular. (Mn)n≥0 is positive recurrent iff Eζτ1 <∞, and ξ̂ = ξ/Eζτ1 then
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its unique stationary distribution. Note that

∫
S
h(x) ξ(dx) = Eζ

(
τ1−1∑
k=0

h(Mk)

)
(2.6)

for every ξ-integrable function h, implying in particular

EζSτ1 =
∫
S
µ(x) ξ(dx) = EξX1

def= µ (2.7)

where µ(x) def= E(X1|M0 = x).

By conditional independence of (Xn)n≥0 given (Mn)n≥0 and property (2.2) the above
construction can be done in such a way that (R.2) still holds for the bivariate chain (Mn, Xn)n≥0

and (R.3), (R.4) for the extended cycles (τn+1 − τn, (Mk, Xk+1)τn≤k<τn+1), n ≥ 0. As a con-
sequence, the embedded process (Sτn)n≥0 has one-dependent stationary increments (apart
from the first one) under each Px and thus diverges a.s. to∞, as does (Sn)n≥0 itself, providing
µ > 0. We call µ the drift of (Mn, Sn)n≥0.

The usual distinction of lattice-types in renewal theory does also apply to MRW’s but
looks a bit more complicated. The right condition is due to Shurenkov [14] and looks as follows:
P as well as (Mn, Sn)n≥0 are called d-arithmetic, if d ≥ 0 denotes the maximal number for
which there exists a measurable function γ : S → [0, d), called shift function, such that

P (X1 ∈ γ(x)− γ(y) + dZ|M0 = x,M1 = y) = 1 ξ ⊗ IP -a.s. (2.8)

where ξ⊗IP is given through ξ⊗IP (A×B) =
∫
A
IP (x,B)ξ(dx) for A,B ∈ S. (Mn, Sn)n≥0 and

P are called nonarithmetic if no such d exists. Notice that, if (Mn, Sn)n≥0 is d-arithmetic with
shift function γ, then (Mn, d

−1(Sn− γ(M0) + γ(Mn))n≥0 is 1-arithmetic with shift function 0.

Markov renewal theory deals with the asymptotic behavior of functionals of (Mn, Sn)n≥0

and related processes. The Harris recurrence of (Mn)n≥0 will always be assumed hereafter
unless stated otherwise. Although the main thrust of the theory is for positive increments
Xn, we also want to consider the more general case of positive drift µ. In order to do so we
resort to the use of ladder variables which is a well-known technique in classical renewal theory.
However, the details are somewhat different in the present context and also more difficult due
to the additional Markov modulation that has to be taken into account. We refer to Section 4.

3. Main Results

We are now ready to formulate the Markov renewal theorem and a number of conse-
quences. Earlier versions of the results under varying assumptions have appeared in [1], [6], [7],
[9], [10], [13], [14], [15]. We restrict ourselves to the nonarithmetic case because the treatment
of arithmetic MRW’s requires only straightforward modifications of the subsequent arguments
and is even simpler in places, see also [1].
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Theorem 1. Let (Mn, Sn)n≥0 be a nonarithmetic MRW with Harris recurrent driving
chain (Mn)n≥0 with stationary measure ξ. If µ =

∫
S µ(x) ξ(dx) ∈ (0,∞] and g : S × IR → IR

is any measurable function satisfying

g(x, ·) is `0-a.e. continuous for ξ-almost all x ∈ S, (3.1)∫
S

∑
n∈Z

sup
nρ≤y<(n+1)ρ

|g(x, y)| ξ(dx) < ∞ for some ρ > 0, (3.2)

then

g ∗ Ux(t) def= Ex

∑
n≥0

g(Mn, t− Sn)

 → 1
µ

∫
S

∫
IR

g(u, v) `0(dv) ξ(du), (3.3)

holds for ξ-almost all x ∈ S where `0 denotes Lebesgue measure. In particular,

lim
t→∞Ux(A× t+ I) = µ−1ξ(A)`0(I) (3.4)

for all A ∈ S with ξ(A) <∞ and all finite intervals I. The occuring limits are interpreted as
0 if µ =∞.

Conditions (3.1) and (3.2) are the appropriate substitutes for the well-known direct Rie-
mann integrability in the standard renewal setup. Note that (3.2) forces g(x, ·) to be bounded
for ξ-almost all x ∈ S. It further implies

lim
t→∞ |g(x, t)| = 0 for ξ-almost all x ∈ S, (3.5)∫

S
sup
t∈IR
|g(x, t)| ξ(dx) < ∞. (3.6)

Note also that (3.2) implicitly assumes the measurability of infa≤y<b g(x, y) and supa≤y<b g(x, y)
for all −∞ < a < b <∞.

Closely related with the previous result is an ergodic theorem ((3.8) below) in the proper
renewal case when (Mn, Sn)n≥0 forms a MRP. We may then interpret Sn as the n-th transition
epoch of (Mn)n≥0 where it moves from Mn−1 to Mn, Xn thus being the associated sojourn
time. In order to incorporate a transition to M0 after a positive delay S0 in (3.7) below we
extend the chain backwards by variable M−1 which denotes the current state at t = 0 if S0 > 0.
Now put S−1 = 0 and N(t) = sup{n ≥ −1 : Sn ≤ t} for t ≥ 0. Suppose N(t) < ∞ for all t
(non-explosive case) and define

(Y (t), A(t), R(t)) def= (MN(t), t− SN(t), SN(t)+1 − t)
=

∑
n≥−1

(Mn, t− Sn, Sn+1 − t)1{Sn≤t<Sn+1}, t ≥ 0. (3.7)

Notice that the latter summation extends only over n ≥ 0 if S0 = 0. (Y (t))t≥0 is called a semi-
Markov process (SMP) with embedded chain (Mn)n≥−1 and sojourn times (Xn)n≥0, (A(t))t≥0

the age process and (R(t))t≥0 the residual life process associated with (Mn−1, Sn)n≥0.
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Corollary 1. In the situation of Theorem 1 suppose additionally P(x,S×(0,∞)) = 1
for all x ∈ S and let (Y (t), A(t), R(t))t≥0 be as in (3.7). Then, as t→∞,

Exg(Y (t), A(t), R(t)) → 1
µ

∫
S

∫
[0,∞)

∫
[0,w)

g(u, v, w − v) `0(dv) P(u,S × dw) ξ(du) (3.8)

holds for ξ-almost all x ∈ S and for every measurable function g : S × [0,∞)2 → IR such that
f(x, y) def= Exg(x, y,X1 − y) 1{X1>y} satisfies (3.1) and (3.2). In particular,

lim
t→∞Px(Y (t) ∈ A,A(t) > s,R(t) > r) =

1
µ

∫
A

∫
(r+s,∞)

Pu(X1 > v) dv ξ(du) (3.9)

for all A ∈ S with ξ(A) <∞ and all r, s ≥ 0.

Corollary 1 is a direct consequence of Theorem 1 because by a simple renewal argument

Exg(Y (t), A(t), R(t)) = Exg(M−1, t, S0 − t)1{S0>t} + f ∗ Ux(t).

Further details of its proof will hence be omitted.

Next let (M∗n, S
∗
n)n≥0 = (Mσn , Sσn)n≥0 with σ0 = 0 and σn = inf{k > σn−1 : Sk >

Sσn−1} for n ≥ 1 being the strictly ascending ladder epochs. So S∗n gives the ladder height
associated with σn and M∗n the pertinent driving chain state. For t ≥ 0 consider the first
passage times

T (t) = inf{n ≥ 0 : Sn > t} und T ∗(t) = inf{n ≥ 0 : S∗n > t}.

It is well-known that asymptotic properties of T (t) are strongly tied to those of the excess over
the boundary R(t) = ST (t) − t = S∗T∗(t) − t, which in case of positive Xn’s indeed coincides
with the equally denoted variable introduced further above. Let Z(t) = MT (t) = M∗T∗(t). By a
simple renewal argument

Exg(Z(t), R(t)) = Exg(M∗0 , S
∗
0 )1{S∗0>t} + h ∗ U∗x(t)

where h(x, y) def= Exg(M∗1 , X
∗
1−y)1{X∗1>y} and U∗λ denotes the renewal measure associated with

(M∗n, S
∗
n)n≥0 under Pλ. Hence the following result is another direct consequence of Theorem 1

and again stated without proof. Let P∗ be the transition kernel of (M∗n, X
∗
n)n≥0, ξ∗ the

essentially unique stationary measure of (M∗n)n≥0 (existing by Theorem 2 in Section 4) and
µ∗ = Eξ∗X

∗
1 .

Corollary 2. Given the situation of Theorem 1,

lim
t→∞Exg(Z(t), R(t)) =

1
µ∗

∫
S

∫
S×(0,∞)

∫
[0,z)

g(v, w) `0(dw) P∗(u, dv × dz) ξ∗(du) (3.10)
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holds for ξ∗-almost all x ∈ S and for every measurable function g : S × [0,∞)2 → IR such that
h as defined above satisfies (3.1) and (3.2). In particular,

lim
t→∞Px(Z(t) ∈ A,R(t) > r) =

1
µ∗

∫
(r,∞)

Pξ∗(M∗1 ∈ A,X∗1 > z) `0(dz) (3.11)

for all A ∈ S with ξ∗(A) <∞ and all r ≥ 0.

In the next section we briefly collect some important facts from [2] on the step-size a
ladder epochs σn(a) (see (4.1) below) and ladder heights which will then be used to reduce the
proof of Theorem 1 to the case of very simple MRP’s (Mn, Sn)n≥0 where (Mn)n≥0 consists of
i.i.d. variables (thus in particular being a strongly aperiodic Harris chain) and where the Xn

are lower bounded by 1. Moreover, that MRP is completely nonarithmetic in the sense that
Ex|E(eitX1 |M0,M1)| < 1 for every t 6= 0 and x ∈ S. The reduction is obtained by a standard
technique we call cyclic decomposition. In Section 6 we derive the unique measure λs satisfying
Uλs = µ−1ξ ⊗ `+0 , `+0 = `0(· ∩ [0,∞)), which in turn furnishes the coupling proof of (3.3) given
in Section 7. Finally, a number of purely technical lemmata are collected in an Appendix.

4. Ladder Variables

For a ≥ 0, define σ0(a) = 0 and recursively

σn(a) def= inf{k > σn−1(a) : Sk − Sσn−1 > a}, n ≥ 1. (4.1)

From the above we see that all σn(a) are a.s. finite under each Pλ. If a = 0 we obtain the
familiar (strictly ascending) ladder epochs. More convenient for our purposes, however, is the
sequence (σn(a))n≥0 with some a > 0 for having the advantage that the Markov renewal
measure of the pertinent embedded sequence (Mσn(a), Sσn(a))n≥0 is trivially bounded by 1
on sets A × [t, t + h], A ∈ S, t ∈ IR and h ∈ (0, a), regardless of the underlying Pλ. That
(Mσn(a), Sσn(a))n≥0 forms a MRP can be easily verified, but there seems to be no simple and
short argument showing the Harris recurrence of its driving chain (Mσn(a))n≥0. Yet a positive
answer has been provided in [2] and is stated for reference below (Theorem 2).

Put σn
def= σn(a), (M∗n, S

∗
n) def= (Mσn , Sσn) for n ≥ 0, and let ξ∗ be the stationary

measure of (M∗n)n≥0 (if it exists). Let us further define the sequence (Zn)n≥0 with state space
(−∞, a] ∪ {∆} through Z0 = ∆1{S0>a} + S01{S0≤a} and

Zn =


∆, if Zn−1 = ∆, Xn > a or Zn−1 ≤ a < Zn−1 +Xn

Xn, if Zn−1 = ∆, Xn ≤ a
Zn−1 +Xn, if Zn−1 < a, Zn−1 +Xn ≤ a

(4.2)

for n ≥ 1. Zn = ∆ means that σk(n) = n, while Zn ≤ a denotes the excursion of Sn from

the previous ladder height Sσk(n) , k(n) def= sup{k : σk ≤ n}. The recursive structure of the



8

Zn implies immediately that (Mn, Zn)n≥0 is again Markov. Let us call it the pertinent level a
chain of excursions.

Theorem 2. Given a MRW (Mn, Sn)n≥0 with Harris recurrent driving chain (Mn)n≥0

and drift µ = EξX1 > 0, the following assertions hold true for (Mn, Zn)n≥0 and (M∗n, S
∗
n)n≥0:

(i) (Mn, Zn)n≥0 forms a Harris chain which is positive recurrent if and only if the same
holds true for (Mn)n≥0. Furthermore there exists a regular sequence of regeneration
epochs (τn)n≥0 for both chains such that Zτn = ∆ for all n ≥ 1.

(ii) (M∗n)n≥0 forms a Harris chain which is positive recurrent if the same holds true for
(Mn)n≥0. Moreover, a regular sequence of regeneration epochs for both chains exists.

(iii) (M∗n, σn)n≥0 and (M∗n, S
∗
n)n≥0 are MRP’s, their lattice-type being that of (Mn, n)n≥0,

and (Mn, Sn)n≥0, respectively, with the same shift function if arithmetic.
(iv) EξS

∗
1 <∞ iff Eξ∗S

∗
1 <∞ iff µ <∞.

(v) Eξ∗σ1 <∞ iff (Mn)n≥0 is positive recurrent.

We have already mentioned that Theorem 2 is proved in [2]. Although σn = σn(0) there,
the arguments carry over verbatim to the case σn = σn(a) for any a > 0. Parts (iii)–(v) are
stated for completeness but actually not needed here.

5. Reduction by Cyclic Decomposition

First reduction by geometric sampling. Given a nonarithmetic MRW (Mn, Sn)n≥0

with positive drift, Harris recurrent driving chain (Mn)n≥0 and level 1 excursion chain (Mn,

Zn)n≥0, let (ηn)n≥0 be an independent (under each Pλ) zero-delayed renewal process with
i.i.d. geometric(1/2) increments, that is P (η1 = n) = 1/2n for each n ≥ 1. Put (M̂n, Yn, Ŝn) =
(Mηn , Zηn , Sηn) for n ≥ 0 and note that (M̂n, Ŝn)n≥0 forms another MRW whose driving chain
(M̂n)n≥0 as well as (M̂n, Yn)n≥0 are strongly aperiodic Harris chains, the former with the same
stationary measure ξ as (Mn)n≥0 itself. As for strong aperiodicity, we only consider the latter
chain and note first that, by Theorem 2, a regeneration set < of (Mn)n≥0 exists such that
<×∆ is one for (Mn, Zn)n≥0. Denote by ĨP and IK the transition kernels of (Mn, Zn)n≥0 and
(M̂n, Yn)n≥0, respectively. By (2.4),

ĨP r((x,∆), ·) ≥ αϕ⊗ δ∆

for suitable α, r and ϕ, ϕ(<) = 1. Consequently,

IK((x,∆), ·) =
∑
n≥1

2−nĨPn((x,∆), ·) ≥ 2−r ĨP r((x,∆), ·) ≥ α2−rϕ⊗ δ∆

for all x ∈ <.
Note that (M̂n, Yn)n≥0 is not the level 1 excursion chain associated with (M̂n)n≥0, denoted

by (M̂n, Ẑn)n≥0 with transition kernel ÎP . On the other hand, we obviously have {Yn = ∆} ⊂
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{Ẑn = ∆} as well as

IK((x,∆), ·) = P ((M̂1, Y1) ∈ ·|M̂0 = x, Y0 = ∆) = P ((M̂1, Y1) ∈ ·|M̂0 = x, Ẑ0 = ∆)

for all x ∈ S, whence

ÎP ((x,∆), · × {∆}) = P (M̂1 ∈ ·, Ẑ1 = ∆|M̂0 = x, Ẑ0 = ∆)

≥ P (M̂1 ∈ ·, Y1 = ∆|M̂0 = x, Ẑ0 = ∆) = IK((x,∆), · × {∆})

follows and thereby that (M̂n, Ẑn)n≥0 is also a strongly aperiodic Harris chain with regeneration
set <×∆.

We show in Lemma A.6 of the Appendix that Ex|E(eitX̂1 |M̂0, M̂1)| < 1 for all t 6= 0 and
x ∈ S, so that (M̂n, Ŝn)n≥0 is also completely nonarithmetic. Its drift µ̂ = EξX̂1 obviously
equals

∑
n≥1 2−nEξSn = 2EξX1 = 2µ.

Denote by Ûλ the Markov renewal measure of (M̂n, Ŝn)n≥0 given initial distribution λ.
The relation between Ûλ and Uλ is stated in

Lemma 1. For all measurable g : S × IR→ [0,∞),

g ∗ Uλ = ĝ ∗ Ûλ, where ĝ(x, y) def= Ex

(
η1−1∑
k=0

g(Mk, y − Sk)

)
. (5.1)

Proof. The assertion follows directly by cyclic decomposition. Namely,

g ∗ Uλ(t) =
∑
n≥0

Eλ

ηn+1−1∑
k=ηn

g(Mk, t− Sk)


=
∑
n≥0

∫
S×(0,∞)

Ex

(
η1−1∑
k=0

g(Mk, t− s− Sk)

)
Pλ(M̂n ∈ dx, Ŝn ∈ ds)

=
∫
S×(0,∞)

ĝ(x, t− s)
∑
n≥0

Pλ(M̂n ∈ dx, Ŝn ∈ ds) = ĝ ∗ Ûλ(t).

We will show in Lemma A.4 of the Appendix that if g satisfies (3.1) and (3.2), then so
does ĝ. Now, if we can prove Theorem 1, i.e. (3.3), for (M̂n, Ŝn)n≥0, it must hold true also for
(Mn, Sn)n≥0, because a simple computation involving Fubini’s theorem yields

1
2µ

∫
S

∫
IR

ĝ(x, t) `0(dt) ξ(dx) =
1
µ

∫
S

∫
IR

g(x, t) `0(dt) ξ(dx).

Second reduction by ladder epochs and regeneration. In view of the previous
considerations we may now assume w.l.o.g. (Mn, Sn)n≥0 to be a completely nonarithmetic
MRW with driving chain (Mn)n≥0 and level 1 excursion chain (Mn, Zn)n≥0 both being Harris
recurrent and strongly aperiodic. Given the latter sequence with regeneration set <×{∆}, let
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(τn)n≥0 be the regular sequence of regeneration epochs for (Mn, Zn)n≥0 as well as (Mn)n≥0

as constructed by Athreya and Ney in [5] (the standard coin-tossing procedure). Due to the
strong aperiodicity, in addition to (R.1)–(R.4)

(R.5) P (τ1 − r = k, (Mn, Zn)n≥r ∈ ·|Fr) = P̂Mr,Zr (τ1 = k, (Mn, Zn)n≥0 ∈ ·)
holds a.s. on {τ1 > r} for all r, k ≥ 0, where P̂x,z

def= P (·|M0 = x, Z0 = z). This extra
property is of essential importance for the proof of (5.3) below in Lemma A.5 and the reason
for including consideration of the sequence (Zn)n≥0 here. For a more detailed discussion we
refer to the Appendix.

Put X̂0 = X0, X̂n = Sτn − Sτn−1 and M̂n = Mτn . Since Zτn = ∆ for all n ≥ 1, the
X̂n, n ≥ 1, are all larger than 1. Moreover, (M̂n, Ŝn)n≥0 forms a MRP whose driving chain
is not only ergodic but even consisting of i.i.d. variables for n ≥ 1 with common (stationary)
distribution ζ. It has the same drift as (Mn, Sn)n≥0 itself because EζX̂1 = EζSτ1 = µ by (2.7).
Finally, it is again completely nonarithmetic. Namely, for t 6= 0 and x ∈ S we infer

Ex|E(eitX̂1 |M̂0, M̂1)| = Ex|E(eitX1 |M0,M1)E(eit(Sτ1−S1)|M1,Mτ1)| < 1

from Ex|E(eitX1 |M0,M1)| < 1.
As before, denote by Ûλ its Markov renewal measure given initial distribution λ and put

N̂(C) =
∑
n≥0 1{(M̂n,Ŝn)∈C} for C ∈ S ⊗B, hence Ûλ(C) = EλN̂(C). Now X̂n > 1 for all

n ≥ 1 obviously implies N̂(A× [t, t+a]) ≤ 1 for all A ∈ S, t ∈ IR and 0 < a ≤ 1, thus inferring
the uniform integrability of {N̂(A× [t, t+ a]); t ∈ IR} as well as

Ûλ(A× [t, t+ a]) ≤ 1. (5.2)

Since Lemma 1 remains valid when replacing (ηn)n≥0 by (τn)n≥0, we have g ∗Uλ = ĝ ∗ Ûλ with
ĝ(x, y) def= Ex(

∑τ1−1
k=0 g(Mk, y − Sk)). We will show in Lemma A.5 of the Appendix that if g

satisfies (3.1) and (3.2), then

lim
y→∞ ĝ(x, y)→ 0 for ξ-almost all x ∈ S. (5.3)

In order to see that it suffices to prove Theorem 1 for (M̂n, Ŝn)n≥0, we further need

Lemma 2. For each function g satisfying (3.1) and (3.2) with ζ instead of ξ,∫
S

sup
t∈IR

g ∗ Ûr(t) ζ(dr) < ∞. (5.4)

Proof. Writing

Ûx(A×B) = δ(x,0)(A×B) +
∫
A

V rx (B) ζ(dr), A ∈ S, B ∈ B, (5.5)

where V rx =
∑
n≥1 Px(Ŝn ∈ ·|M̂n = r), we obtain upon setting Iρn = [nρ, (n + 1)ρ) for n ∈ Z

and G(x) = supt∈IR |g(x, t)|
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g ∗ Ûx(t) = g(x, t) +
∫
S

∫
(0,∞)

g(r, t− s) V rx (ds) ζ(dr)

≤ G(x) +
∫
S

∑
n∈Z

(
sup
s∈Iρn

g(r, s)

)
V rx (t− Iρn) ζ(dr)

≤ G(x) +
∫
S

∑
n∈Z

sup
s∈Iρn

g(r, s) ζ(dr) (5.6)

for each t ∈ IR and 0 < ρ ≤ 1, because X̂n > 1 for all n ≥ 1 clearly gives V rx ([t, t+ a]) ≤ 1 for
all t, y ∈ IR, 0 < a < 1 and x, r ∈ S by the same argument yielding (5.2). We have already
mentioned that validity of (3.2) for g (with ζ instead of ξ) forces g(x, ·) to be bounded for
ζ-almost all x ∈ S and furthermore (use (2.6) and (3.6))∫

S
G(x) ζ(dx) < ∞. (5.7)

By combining this with (5.6) and (3.2) for g, we conclude∫
S

sup
t∈IR

g ∗ Ûr(t) ζ(dr) ≤
∫
S

(
G(r) +

∑
n∈Z

sup
s∈Iρn

g(r, s)

)
ζ(dr) < ∞

for all sufficiently small ρ > 0.

Put Q̂x(r, ·) = Px(Ŝ1 ∈ ·|M̂1 = r). Now we see from

g ∗ Ux(t) = ĝ ∗ Ûx(t) = ĝ(x, t) +
∫
S

∫
IR

ĝ ∗ Ûr(t− s) Q̂x(r, ds) ζ(dr) (5.8)

that validity of Theorem 1 for the MRP (M̂n, Ŝn)n≥0, when combined with (5.3), (5.4) and
the dominated convergence theorem, easily yields the same for the MRW (Mn, Sn)n≥0 itself.

6. The Stationary Markov Delay Distribution

It is well-known in standard renewal theory and obtained by solving a renewal equation
that for the renewal measure U =

∑
n≥0 F0 ∗ F ∗(n) of a delayed renewal process with delay

distribution F0 and inter-renewal distribution F with finite positive mean ν the identity U =
ν−1`+0 holds iff F0 equals the stationary delay distribution with Lebesgue density µ−1(1 −
F (t))1(0,∞)(t). This forms the key for the various coupling proofs of Blackwell’s renewal
theorem, see [8], [11] and [17]. A weaker but still useful result can be shown for the case
µ =∞, see [17].

Along the same lines, i.e. by solving a Markov renewal equation (see (6.2) below), we
will now derive an analogue in the present setup which in view of (3.4) means to determine a
stationary Markov delay measure νs on S × IR such that

Uνs = ξ ⊗ `+0 . (6.1)
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We see from Theorem 3 below that νs is finite (with total mass µ) iff µ is finite. The normal-
ization of νs is then denoted by λs and called stationary Markov delay distribution.

Given (not necessarily stochastic) kernels Q ,Q1,Q2 : S ×S⊗B→ [0,∞] and a measure
λ on S × IR, define λ ∗Q on S × IR by

λ ∗Q(C) =
∫
S×IR

Q(x,C − y) λ(dx× dy), C ∈ S⊗B,

and the convolution kernel Q1 ∗Q2 : S ×S⊗B→ [0,∞] by

(Q1 ∗Q2)(x,A×B) =
∫
S

∫
IR

Q2(r,A×B − s) Q1(x, dr × ds)

for A ∈ S, B ∈ B and x ∈ S. Q∗(n) shall denote the n-fold convolution of Q with itself for
n ≥ 1 and Q∗(0)(x, ·) def= δ(x,0). Note that each measure on S × IR may also be viewed a kernel
from S to S × IR. We then clearly have Uλ = λ ∗∑n≥0 P∗(n) and further

Uλ = λ ∗
∑
n≥0

P∗(n) = λ +

λ ∗∑
n≥0

P∗(n)

 ∗P = λ + Uλ ∗P (6.2)

which is the renewal equation needed in the following.

Theorem 3. Given a MRP (Mn, Sn)n≥0 with positive drift µ, there is a unique σ-finite
measure νs satisfying (6.1), namely

νs(A×B) =
∫
B

Pξ(M1 ∈ A,X1 > y) `+0 (dy), A ∈ S, B ∈ B. (6.3)

It is finite iff µ < ∞, in which case λs = νs/µ defines the unique distribution on S × [0,∞)
such that Uλs = µ−1ξ ⊗ `+0 . If ξ is finite and λsa

def= µ−1
a νs(· ∩ (S × [0, a])) for a > 0, where

µa
def= νs(S × [0, a]) = Eξ(X1 ∧ a), then

Uλsa ≤ µ−1
a ξ ⊗ `+0 (6.4)

for all a > 0 with equality holding for the restrictions of both measures to S × [0, a].

Note that Theorem 3 does neither require P to be nonarithmetic, nor the Harris recur-
rence of the driving chain (Mn)n≥0 as long as it possesses a stationary measure ξ. We have
stated the result in this general form because of its interest in its own right. Regarding the
proof of Theorem 1, we only need Theorem 3 for (M̂n, Ŝn)n≥0 introduced in the previous sec-
tion, for which the subsequent proof would be simpler. We note also that λs is nothing but
the stationary distribution of the continuous-time Markov process (Z(t), R(t))t≥0 in Corollary
2, providing positive Xn’s. Jacod [9] has shown the Harris recurrence of (Z(t), R(t))t≥0 and
also given a different proof of (6.1).
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Proof of Theorem 3. By solving for λ = νs equation (6.2) with Uλ replaced by ξ⊗`+0 ,
we obtain upon using ξ(A)t =

∫
S
∫ t

0
P(x,A× [0,∞)) dy ξ(dx)

νs(A× [0, t]) = ξ(A)t −
∫
S

∫ t

0

P(x,A× [0, t− y]) dy ξ(dx)

=
∫
S

∫ t

0

P(x,A× (y,∞)) dy ξ(dx)

=
∫ t

0

Pξ(M1 ∈ A,X1 > y) dy

for all t ≥ 0 and A ∈ S with ξ(A) <∞. But Uνs also solves that equation and is locally finite,
which means that Uνs(Sn× [0, t]) <∞ for all t ≥ 0 and events S 3 Sn ↑ S with ξ(Sn) <∞ for
all n ≥ 1. This is shown in Lemma A.3 in the Appendix, but trivially holds for Ûν̂s associated
with (M̂n, Ŝn)n≥0 of the previous section (second reduction), ν̂s having the obvious meaning.
Hence Ψ def= Uνs − ξ ⊗ `+0 constitutes a finite signed measure when restricted to Sn × [0, t] for
arbitrary t, n. For all k, n ≥ 1 and t ≥ 0, we obtain upon iterating (6.2)

|Ψ(Sn × [0, t])| = |Ψ ∗P∗(k)(Sn × [0, t])|
≤
∫
S×[0,t]

P∗(k)(x,Sn × [0, t− y]) (Uνs + ξ ⊗ `+0 )(dx× dy),

and the final expression converges to 0, as k →∞, because

Uνs ∗P∗(k)(Sn × [0, t]) =
∑
j≥k

νs ∗P∗(j)(Sn × [0, t]) → 0

by dominated convergence (with majorant Uνs(Sn × [0, t])), and

(ξ ⊗ `+0 ) ∗P∗(k)(Sn × [0, t]) =
∫ t

0

Pξ(Mk ∈ Sn, Sk ≤ y) dy → 0

for the same reason (with majorant Pξ(Mk ∈ Sn) = ξ(Sn)).
Now suppose ξ(S) < ∞, let (Mn, Sa,n)n≥0 be the MRP with increments Xn ∧ a, n ≥ 0,

for a > 0 and Uax,y its Markov renewal measure given M0 = x,Xa
0 = y. Since Eξ(X1 ∧a) = µa,

one can easily verify that λsa equals the stationary Markov delay distribution of (Mn, Sa,n)n≥0.
But Uaλsa clearly equals Uλsa on S × [0, a] because of the nonnegative increments whence by the
first part we obtain Uλsa = µ−1

a ξ⊗`+0 on S×[0, a]. The proof of (6.4) is completed by combining
(6.1) with the obvious inequality

Uλsa(A×B) =
1
µa

∫
S×[0,a]

Ux(A× (B − y)) νs(dx× dy) ≤ 1
µa
Uνs(A×B).

An extension of Theorem 3 to the two-sided case is easily obtained with the help of ladder
variables (here σn = σn(0)) and cyclic decomposition. For its counterpart in the standard
renewal setup see [8]. Denote by U+

λ the restriction of Uλ to subsets of S × [0,∞).
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Corollary 3. Given a MRW (Mn, Sn)n≥0 with positive drift µ and Harris recurrent
driving chain (Mn)n≥0, let (M∗n, S

∗
n)n≥0 be its embedded MRP at the strictly ascending ladder

epochs (σn)n≥0 with stationary Markov delay measure νs, i.e.

νs(A×B) =
∫
B

Pξ∗(M∗1 ∈ A,X∗1 > y) `+0 (dy), A ∈ S, B ∈ B, (6.5)

ξ∗ the stationary measure of (M∗n)n≥0. Then

Uνs(A×B) = Eξ∗

(
σ1−1∑
k=0

1{Mk∈A}`
+
0 (B − Sk)

)
(6.6)

for all A ∈ S, B ∈ B, in particular

U+
νs = ξ ⊗ `+0 , (6.7)

providing ξ = Eξ∗(
∑σ1−1
k=0 1{Mk∈·}).

Proof. It can easily be verified that ξ as defined above defines a stationary measure for
(Mn)n≥0. Given (6.6), we then immediately infer (6.7), because Sk ≤ 0 and the translation
invariance of the Lebesgue measure yield `+0 (B − Sk) = `+0 (B) for all measurable B ⊂ [0,∞)
and all 0 ≤ k < σ1.

So it remains to prove (6.6). Let U∗λ be the Markov renewal measure of (M∗n, S
∗
n)n≥0

under Pλ. Notice that (M∗0 , S
∗
0 ) = (M0, S0) under Pνs . Now a cyclic decomposition with

respect to (σn)n≥0 combined with U∗νs = ξ∗ ⊗ `+0 (Theorem 3) gives

Uνs(A×B) =
∫
S

∫
[0,∞)

Ex

(
σ1−1∑
k=0

1{Mk∈A,y+Sk∈B}

)
`0(dy) ξ∗(dx)

=
∫

[0,∞)

Eξ∗

(
σ1−1∑
k=0

1{Mk∈A}1B−Sk(y)

)
`0(dy)

from which (6.6) follows by another appeal to Fubini’s theorem.

7. The Coupling (Proof of Theorem 1)

Proof of Theorem 1. We are now ready to give the proof of Theorem 1. After the
considerations in Section 4 it suffices to show (3.3) for MRP’s (Mn, Sn)n≥0 which additionally
have the following properties:

(1) Mn, n ≥ 1 are i.i.d. with common distribution ζ under each Pλ;
(2) Xn > 1 for all n ≥ 0;
(3) Ex|E(eitX1 |M0,M1)| < 1 for all t 6= 0 and x ∈ S.

As a consequence of (3) we infer upon setting F def= Pζ(X1 ∈ ·) and F−(B) = F (−B)
(4) F ∗ F−, the symmetrization of F , is nonarithmetic.
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Indeed, the Fourier transform ψF∗F− of F ∗ F− satisfies

ψF∗F−(t) = |EζeitX1 |2 ≤
∫
S
|E(eitX1 |M0,M1)|2 dPζ < 1.

We now use a coupling argument which combines the technique in [1] with a so-called
Ornstein coupling. Recall that ξ = ζ and thus µ = EζX1 in the present context. By (4) we can
choose a sufficiently large c such that G def= F ∗F−(·∩[0, c])/F ∗F−([0, c]) is also nonarithmetic.
Let λs, λsa be defined as in Theorem 3. Because of the simple structure of (Mn, Sn)n≥0 we do
not supply details of its construction along with a further MRP (Ms

n, S
s
n)n≥0 such that for

every initial distribution λ on S × IR
(C.1) Pλ((M0, X0,M

s
0 , X

s
0) ∈ ·) = λ ⊗ λs, if µ < ∞, and = λ ⊗ λsa for sufficiently large

a > 1, if µ =∞;
(C.2) Mn = Ms

n for all n ≥ 1;
(C.3) X2n−1 = Xs

2n−1 and Pλ(X2n −Xs
2n ∈ ·) = G for all n ≥ 1.

It follows that Sn − Ssn =
∑

0≤j≤n/2(X2j − Xs
2j) which is a delayed symmetric random

walk with bounded nonarithmetic increments and thus topologically recurrent on IR by the
famous Chung-Fuchs-Ornstein Theorem. Consequently, the ε-coupling time

T (ε) = inf{n ≥ 1 : |Sn − Ssn| ≤ ε}

is a.s. finite for each ε > 0. It should be noticed that the driving chains are coupled anyway
for n ≥ 1. Denote by

(M̂n, Ŝn) = (Mn, Sn)1{T (ε)≥n} + (Ms
n, S

s
n + (ST (ε) − SsT (ε)))1{T (ε)<n}, n ≥ 0

the associated ε-coupling process which, under each Pλ, defines a copy of (Mn, Sn)n≥0 and
differs by at most ε in the second component from its ”stationary” alternative (Ms

n, S
s
n)n≥0

after T (ε).
Now choose any ε > 0 and let Us be the Markov renewal measure of (Ms

n, S
s
n)n≥0, which

by construction is the same under each Pλ. Let g be a function satisfying (3.1) and (3.2) (with
ξ = ζ), w.l.o.g. g ≥ 0. For ρ > 0, define gρ(x, y) =

∑
n∈Z

(
inf(n−1)ρ≤s<(n+1)ρ g(x, s)

)
1Iρn(y)

and gρ(x, y) =
∑
n∈Z

(
sup(n−1)ρ≤s<(n+1)ρ g(x, s)

)
1Iρn(y). One can easily verify that (3.1) and

(3.2) imply

lim
ρ↓0

∫
S

∫ ∞
−∞

(gρ(x, y)− gρ(x, y)) dy ζ(dx) = 0, (7.1)

which will be used below.
Suppose first µ <∞. Writing T = T (ε), a straightforward estimation gives

|g ∗ Ux(t)− µ−1
∫
S
∫∞
−∞ g(x, y) dy ζ(dx)| = |g ∗ Ux(t)− g ∗ Us(t)|

≤ Ex

(
T−1∑
n=0

g(Mn, t− Sn)

)
− Ex

(
T−1∑
n=0

g(Ms
n, t− Ssn)

)
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+ Ex

∑
n≥T

(
gε(Ms

n, t− Ssn)− gε(Ms
n, t− Ssn)

) . (7.2)

The final expression of (7.2) is evidently bounded by

E

∑
n≥0

(
gε(Ms

n, t− Ssn)− gε(Ms
n, t− Ssn)

) =
1
µ

∫
S

∫ ∞
−∞

(gε(x, y)− gε(x, y)) dy ζ(dx)

which, by (7.1), tends to 0 as ε→ 0.
The remaining two expressions on the right side of inequality (7.2) can be further esti-

mated in the same manner, whence we only consider the first one.

Ex

(
T−1∑
n=0

g(Mn, t− Sn)

)
=
∑
n≥0

∫
{T>n}

g(Mn, t− Sn) dPx

≤ Ex

(
k−1∑
n=0

g(Mn, t− Sn)

)
+
∫
{T>k}

sup
s∈IR

g ∗ UMk
(s) dPx

def= I1 + I2,

where the strong Markov property has been used. For each k ≥ 1, rewrite I2 as∫
S

sup
s∈IR

g ∗ Ur(s)
∫
IR

P (T > k|Mk = r, Sk − Ssk = y)P (Sk − Ssk ∈ dy|Mk = r) ζ(dr)

and recall from Lemma 2 that sups∈IR g ∗ Ur(s) is ζ-integrable. Hence I2 converges to 0, as
k →∞, by the dominated convergence theorem. By (3.5), for all k ≥ 1 and ζ-almost all x ∈ S,
the integrand of I1 converges to 0 Px-a.s., as t→∞. Moreover, recallingG(x) = supy∈IR g(x, y),
we have

∑k−1
n=0 g(Mn, t− Sn) ≤ g(x, t) +

∑k−1
n=1G(Mn) and

Ex

(
k−1∑
n=0

g(Mn, t− Sn)

)
≤ g(x, t) + (k − 1)

∫
S
G(r) ζ(dr) < ∞,

where Px(Mn ∈ ·) = ζ for all n ≥ 1 and (5.7) have been used. Hence, by another appeal to
the dominated convergence theorem, we obtain I1 = Ex

(∑k−1
n=0 g(Mn, t− Sn)

)→ 0, as t→∞,
for all k ≥ 1 and ζ-almost all x ∈ S.

Now the right-hand side of inequality (7.2) can be made arbitrarily small by first choosing
ε > 0 sufficiently small, then fixing k ≥ 1 sufficiently large and by finally letting t tend to ∞.
This proves (3.3).

If µ = ∞, the assertion follows in a similar manner when using (6.4) of Theorem 3 and
the fact that µa = Eζ(X1 ∧ a)→∞ as a→∞. We omit further details.

8. Appendix

In the following we collect a number of basic lemmata, some of which have already
appeared in the literature, possibly under more restrictive assumptions. It is always assumed
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that (Mn, Sn)n≥0 forms a MRW with Harris recurrent driving chain (Mn)n≥0 and positive
drift µ = EξX1, ξ the essentially unique stationary measure of (Mn)n≥0. We further keep the
notation of the previous sections.

Local finiteness of the Ux.

We start by giving some local finiteness properties of Ux for x ∈ S, which addresses the
behavior of Ux(A× [t, t+ a]) as a function of x and t. The next three lemmata may be found
in [9] for the case of nonnegative Xn’s.

Lemma A.1. Ux(A × C) < ∞ for all A ∈ S with ξ(A) < ∞, all compact C ⊂ IR and
ξ-almost all x ∈ S.

Proof. We follow once more the two-step reduction described in Section 5.
1st reduction. If Ûλ denotes the Markov renewal measure under Pλ of (M̂n, Ŝn)n≥0

obtained by geometric sampling (see Section 5), we infer from Lemma 1

Uλ(A×B) = 1A×B ∗ Uλ(0) = 1̂A×B ∗ Ûλ(0) ≤ Eη1 Ûλ(A×B) = 2Ûλ(A×B)

for all A ∈ S, B ∈ B. It is therefore enough to prove Lemma A.1 for the case of strongly
aperiodic (Mn)n≥0 and (Mn, Zn)n≥0, the level 1 excursion chain.

2nd reduction. Let (τn)n≥0 be the sequence of regeneration epochs for both chains
used for the second reduction in Section 5 and keep all notation from there, i.e. Ûλ denotes
now the Markov renewal measure under Pλ of (M̂n, Ŝn)n≥0 = (Mτn , Sτn)n≥0.

It clearly suffices to consider Ux(A× [−t, t]) = g ∗ Ux(t), where g def= 1A×[0,2t]. By (5.8),
Lemma 1 (with τ1 instead of η1) and Lemma 2 in Section 5,

Ux(A× [−t, t]) = ĝ(x, t) +
∫
S

∫
IR

ĝ ∗ Ûr(t− s) Q̂x(r, ds) ζ(dr)

≤ ĝ(x, t) +
∫
S

sup
s∈IR

ĝ ∗ Ûr(s) ζ(dr) < ∞

for ξ-almost all x ∈ S, because ĝ is finite for these x (Lemma A.5) and satisfies (3.1) and (3.2)
with ζ instead of ξ (Lemma A.4).

Lemma A.2. For all A ∈ S, x ∈ S, t ∈ IR and a > 0

Ux(A× [t, t+ a]) ≤ sup
r∈A

Ur(A× [−a, a]). (8.1)

Proof. We obtain upon setting τ = inf{n : (Mn, Sn) ∈ A× [t, t+ a]} and by using the
strong Markov property

Ux(A× [t, t+ a]) =
∫
A×[t,t+a]

Ur(A× [t− s, t− s+ a]) Px(τ <∞, (Mτ , Sτ ) ∈ dr × ds)
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from which (8.1) directly follows because [t− s, t− s+ a] ⊂ [−a, a] for all s ∈ [t, t+ a].

Following Jacod [9] we call a subset A ∈ S of bounded potential if there exists some a > 0
such that supx∈A Ux(A× [−a, a]) <∞.

Lemma A.3. There exists an increasing sequence (Sn)n≥1 of events of bounded potential
such that ξ(Sn) <∞ for each n ≥ 1 and Px(∩n≥1Scn) = 0 for ξ-almost all x ∈ S.

Proof. Let (An)n≥1 be a sequence of ξ-finite sets in S which increases to S. Define

Bn = {x ∈ An : Ux(An × [−1, 1]) ≤ cn}

where, by Lemma A.1, cn can be chosen so large that ξ(An − Bn) ≤ 1
n . It follows by Lemma

A.2

Ux(Bn × [−1, 1]) ≤ sup
r∈Bn

Ur(An × [−1, 1]) ≤ cn,

for all x ∈ Bn, so that Bn is of bounded potential. The proof is now complete because
Sn def= ∪nk=1Bk is also of bounded potential, has finite ξ-measure and increases to S for An does
so.

Consequences of (3.1) and (3.2)

Let (τn)n≥0 be either a discrete renewal process independent of (Mn, Sn)n≥0 under each
Pλ, or a regular sequence of regeneration epochs for (Mn)n≥0. Let further ζ = ξ/Eτ1 in the
first case and ζ = P (Mτ1 ∈ ·) in the second. Then (2.6) holds in either of these.

Lemma A.4. Given a measurable function g : S × IR → IR satisfying (3.1) and (3.2),
the same holds true for ĝ(x, y) = Ex(

∑τ1−1
k=0 g(Mk, y − Sk)) with ξ in (3.2) replaced by ζ.

Proof. Let N = {x ∈ S : g(x, ·) is discontinuous on a set of positive Lebesgue measure}.
By (3.1), for ξ-almost all x we have Px(Mk ∈ N) = 0 for all k ≥ 0. For arbitrary a, b ∈ IR, a < b,
we have∫ b

a

|ĝ(x, y+ z)− ĝ(x, y)| `0(dy) ≤ Ex

(
τ1−1∑
k=0

∫ b

a

|g(Mk, y + z − Sk)− g(Mk, y − Sk)| `0(dy)

)
.

Now the right-hand expression converges to 0, as z → 0, for all x ∈ N c because:

(1) the sum in parentheses is bounded by 2(b− a)
∑τ1−1
k=0 G(Mk), G(x) = supt∈IR |g(x, t)|,

(2) (3.6), resp. (5.7), give Eζ(
∑τ1−1
k=0 G(Mk)) < ∞ and thus Ex(

∑τ1−1
k=0 G(Mk)) < ∞ for

ζ-almost all x ∈ S,

(3) Under Px, x ∈ N c, g(Mk, · − Sk) is `0-a.e. continuous for all k ≥ 0.

We thus infer `0-a.e. continuity of ĝ(x, ·) on [a, b] for all x ∈ N c and thereby (3.1) for ĝ since
a, b were arbitrarily chosen.
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Turning to (3.2), we obtain∫
S

∑
n∈Z

sup
nρ≤y<(n+1)ρ

|ĝ(x, y)| ζ(dx)

≤
∫
S

∑
n∈Z

Ex

(
τ1−1∑
k=0

sup
nρ≤y<(n+1)ρ

|g(Mk, y − Sk)|
)
ζ(dx)

=
∑
k≥0

∫
{τ1>k}

∑
n∈Z

sup
nρ≤y<(n+1)ρ

|g(Mk, y − Sk)| dPζ

≤ 2
∑
k≥0

∫
{τ1>k}

∑
n∈Z

sup
2nρ≤y<2(n+1)ρ

|g(Mk, y)| dPζ

= 2Eζ

(
τ1−1∑
k=0

∑
n∈Z

sup
2nρ≤y<2(n+1)ρ

|g(Mk, y)|
)

= 2
∫
S

∑
n∈Z

sup
2nρ≤y<2(n+1)ρ

|g(x, y)| ξ(dx) < ∞

for sufficiently small ρ > 0, where the final equality follows from (2.6).

Lemma A.5. For ξ-almost all x ∈ S, ĝ(x, t) <∞ for all t ∈ IR and limt→∞ ĝ(x, t) = 0.

Proof. W.l.o.g. let (Mn)n≥0 as well as (Mn, Zn)n≥0 be strongly aperiodic Harris
chains and (τn)n≥0 be the regular sequence of regeneration epochs introduced in Section 5
(2nd reduction) which, in addition to (R.1)–(R.4), possesses property (R.5). Recall P̂x,z =
P (·|M0 = x, Z0 = z) from there. Put ζ̂ def= P ((Mτ1 , Zτ1) ∈ ·) and ξ̂ def= Êζ(

∑τ1−1
k=0 1{(Mk,Zk)∈·}),

the stationary measure of (Mn, Zn)n≥0 its first marginal being ξ. By means of (R.5), we now
infer from Proposition 4.1 in [7] that

lim
t→∞ ĥ(x, z, t) = 0, ĥ(x, z, t) def= Êx,z

(
τ1−1∑
k=0

g(Mk, t− Sk)

)

for ξ̂-almost all (x, z) ∈ S × ((−∞, 1]∪ {∆}). Their arguments further show ĥ(x, z, t) <∞ for
these (x, z) and all t ∈ IR. But Z0 = ∆1{S0>1} + S01{S0≤1} implies

ĥ(x, z, t) = ĝ(x, t)1{S0>1} + ĝ(x, t− z)1{S0≤1}

which together with ξ = ξ̂(· × ((−∞, 1] ∪ {∆})) yields the assertions of the lemma.

The innocent looking Lemma A.5 is a main crux in the proof of Theorem 1 because it
does not generally hold for any regular sequence of regeneration epochs (τn)n≥0 for (Mn)n≥0.
The argument given in [7] works only in the strongly aperiodic case for the very particular
sequences based on Athreya and Ney’s coin-tossing procedure which then ensures the extra
property (R.5). We have tried hard to come up with an alternative proof under more general
conditions but have failed. As a consequence, the reduction by geometric sampling and an
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explicit consideration of the level 1 excursion chain had to be made. An improvement on this
technical point could lead to a substantially shorter proof of Theorem 1.

Lattice-type

We still have to verify that geometric sampling of a nonarithmetic MRW leads to a
completely nonarithmetic one. This is provided by

Lemma A.6. Given a nonarithmetic MRW (Mn, Sn)n≥0 with Harris recurrent driving
chain (Mn)n≥0 and an independent (under each Pλ) geometric(1/2) variable η

Ex|E(eitSη |M0,Mη)| < 1

for all t 6= 0 and x ∈ S.

Proof. Denote by ξ the invariant measure of (Mn)n≥0 and note that

E(eitSη |M0,Mη) = E

∑
n≥1

1{η=n}E(eitSn |M0,Mn)

∣∣∣∣∣∣M0,Mη

 Px-a.s. (8.2)

for each x ∈ S. Suppose that Ez|E(eitSη |M0,Mη)| = 1 for some t 6= 0, w.l.o.g. t = 2π, and
some z ∈ S. Hence

E(e2πiSη |M0,Mη) = e2πiϑ(M0,Mη) Pz-a.s.

for suitable ϑ : S2 → [0, 1) which together with (8.2) gives

E(e2πiSn |M0,Mn) = e2πiϑ(M0,Mn) Pz-a.s.

for all n ≥ 1. Put f(x, y) def= E(e2πiX1 |M0 = x,M1 = y) and use

1 = Ez(e2πi(Sn−ϑ(M0,Mn)) = Ez

(
e−2πiϑ(M0,Mn)

n∏
k=1

f(Mk−1,Mk)

)
(8.3)

to infer the existence of a function θ : S2 → [0, 1) such that

f(Mn−1,Mn) = e2πiθ(Mn−1,Mn) Pz-a.s.

and therefore f(M0,M1) = e2πiθ(M0,M1) Pξ-a.s. because P (M0,M1)
ξ and

∑
n≥1 2−nP (Mn−1,Mn)

x

are equivalent measures for all x ∈ S (ξ-irreducibility). (8.3) then also yields

ϑ(z,Mn) ≡Z
n∑
k=1

θ(Mk−1,Mk) Pz-a.s.,

where ≡Z means equivalence modulo integers, and thus

ϑ(z,Mn+1)− ϑ(z,Mn) ≡Z θ(Mn,Mn+1) Pz-a.s. (8.4)
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for all n ≥ 1. Now, by replacing n with τ + k where τ is any regeneration time such that
(Mτ+n)n≥0 is independent of M0 under Pz, we obtain for every k ≥ 0

1 = Eze
2πi(ϑ(M0,Mτ+k+1)−ϑ(M0,Mτ+k)−θ(Mτ+k,Mτ+k+1))

=
∫
S
e2πi(ϑ(z,y)−ϑ(z,x)−θ(x,y)) P

(Mk,Mk+1)
ζ (dx, dy),

ζ
def= P (Mτ ∈ ·), and thereby

θ(x, y) ≡Z ϑ̂(x)− ϑ̂(y) ξ′-a.s. (8.5)

where ϑ̂(x) def= (1−ϑ(z, x))1{ϑ(z,·)>0}(x) ∈ [0, 1) and ξ′ def=
∑
k≥0 P

(Mk,Mk+1)
ζ . But since ξ′ and

ξ⊗IP = P
(M0,M1)
ξ are equivalent measures, (8.5) is equivalent to f(M0,M1) = e2πi(ϑ̂(M0)−ϑ̂(M1))

Pξ-a.s. which contradicts (Mn, Sn)n≥0 be nonarithmetic.

Let us finally note that Lemma A.6 remains valid in case of a d-arithmetic (Mn, Sn)n≥0

with shift function γ in the sense that Ex|E(e2πit(Sη−γ(M0)+γ(Mη)/d)|M0,Mη)| < 1 for all
0 < |t| < 1 and x ∈ S.
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[9] JACOD, J. (1971). Théorème de renouvellement et classification pour les chaines semi-

Markoviennes. Ann. Inst. H. Poincaré B 7 355-387.
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[16] SMITH, W.L. (1955). Regenerative stochastic processes. Proc. Roy. Soc. London A 232,

6-31.

[17] THORISSON, H. (1987). A complete proof of Blackwell’s renewal theorem. Stoch. Proc.

Appl. 26, 87-97.


