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Localized states embedded in a patterned background are

found in numerical simulations of spontaneous pattern for-

mation in a spin-1/2 atomic system with optical feedback.

In the vicinity of a parameter region with bistability between

two homogeneous states large amplitude peaks as well as dark

holes exist as stable localized states on a hexagonal back-

ground. Moreover, resonant interaction between oscillatory

and stationary inhomogeneous modes produces a nonstation-

ary background which may force the localized states to drift.

PACS numbers: 47.54.+r, 42.65.Sf, 82.40.Bj

Multistability of several states in a spatially extended
nonlinear system may result in the appearance of local-
ized structures when a pattern is embedded in a back-
ground corresponding to a di�erent state. The best
known objects are localized states (LS) [1{3], which in
di�erent treatments were named also auto-solitons [4,5],
spatial solitons [6] or 'optical bullet holes' [7] in an optical
context. In most cases considered so far, the LS exist on
a homogeneous background. Bistability between di�er-
ent inhomogeneous states can result in the formation of
localized patterns (LP). These can have the form of large
area regions with di�erent patterns, which are separated
by domain boundaries [8{13]. More recently also the ex-
istence of small localized patches of one pattern or even
single peaks embedded in a background corresponding to
another pattern was demonstrated [14,9,10,15{17].
An experimental demonstration of the latter case

(large amplitude solitary peaks superimposed on a small
amplitude hexagonal lattice) was recently given in an op-
tical system [16]. The observations were related to the si-
multaneous occurrence of a modulational instability and
bistability between two homogeneous states. In this re-
port, we are going to investigate theoretically a related
optical system in more detail, in which di�erent (station-
ary and nonstationary) periodic patterns exist close to a
region with bistability between homogeneous states and
may serve as a background for LS's. These di�erent back-
ground patterns can be selected by tuning a single stress
parameter.
In our system pattern formation is due to the non-

linear interaction of an intense light �eld with sodium
vapor in an external magnetic �eld. The transmitted
light is fed back into the vapor by a distant plane re-

ector (cf. Fig.1). During the propagation to the mirror
and back di�erent points in the transverse cross-section
of the beam are coupled by di�raction. The interaction

between the vapor and the light can be controlled in a
wide range by parameters such as the light frequency or
the magnetic �eld which are easily accessible in experi-
ments. In this brief report the parameters are chosen to
obtain di�erent overlapping instabilities: modulational
instabilities which generate periodic patterns of di�erent
length scales, bistability of the homogeneous state and
a pattern{forming Hopf instability. The physical reason
for the latter instability is the Larmor precession of the
magnetization of the Na atoms.
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FIG. 1. Schematic diagram of the considered optical system

Since the system is already described in the literature
[18{23], we omit here the detailed description. The pat-
tern formation processes are described with the help of
the quantum mechanical equation of motion for the Bloch
vector m = (u; v; w), representing the magnetization of
the spin-1/2 sodium ground state [18,19]:
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and the classical paraxial wave equation for the light
propagation [24]. In Eq. (1), 
 is the collision induced
relaxation of m, D is the di�usion constant, �

?
is the

transverse part of the Laplacian, P denotes the optical
pump rate. The vector 
 = (
x; 0;
z� ��P ) is a torque
vector, whose components are given by the Larmor fre-
quencies corresponding to the cartesian components of
the external magnetic �eld and the light{shift induced
level shift ��P . �� is the detuning between the incident
�eld and the atomic transition, normalized to the ho-
mogeneous linewidth �2 (HWHM). The pump rate P is
taken to be proportional to the sum of the intensities of
the forward (E0) and the backward (Eb) waves:

P = (jE0j
2 + jEbj
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where �e denotes the dipole matrix element of the tran-
sition. The backward �eld is related to the incident one
by:
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Eb =
p
Re�id�?=k0e�i�lin(1�w)k0l=2E0; (3)

where the �rst exponential factor results from the formal
solution of the paraxial wave equation describing the light
propagation over the distance 2d between the cell and the
mirror (re
ection coeÆcient R) and back. The second
exponential factor is responsible for the light propaga-
tion within the nonlinear medium with a susceptibility
�lin(1� w). k0 is the wave number of light in vacuum, l
is the length of the nonlinear medium [25]. As a control
parameter we consider the pump rate P0 introduced by
the forward beam (P0 � jE0j2).
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FIG. 2. Steady-state orientation w versus external pump

rate for the parameters: �� = 8, R = 0.915, l = 15

mm, 
z=2� = 100 kHz, 
x=2� = 9 kHz, d = 100 mm,

D = 180 mm2/s. The intervals with formation of stationary

patterns are marked by thick solid lines and diamonds (Hopf

instability). The intervals I and II are separated near the

minimum of the nonlinear resonance where only Hopf modes

are unstable. The interval III is not essential for the matter

of this paper. Domains � , � and Æ corresponds to di�erent

types of localized patterns.

In our situation, pattern formation takes place under
speci�c conditions, as it can be seen from the steady state
characteristic (SSC) in Fig. 2, where the steady homoge-
neous solution w is plotted versus P0. A bistable char-
acteristic occurs when a speci�c condition of nonlinear
resonance is ful�lled, i.e., the action of the longitudinal
external �eld is "cancelled" by the light induced level
shift (
z � ��P ) [22]. Regions of the SSC where the ho-
mogeneous steady state is unstable against perturbations
by spatially dependent static (denoted by I, II and III in
Fig. 2) or Hopf modes are depicted by thick solid lines or
diamonds, respectively. The spatial wavenumbers of the
structures due to the Hopf instability and the static-II
instability are approximately the same, while the static-
I instability produces a structure whose wavenumber is

about 1.7 times larger than the former ones. As a result,
resonant interaction of these modes occurs when the sum
of the wavevectors of the modes with smaller wavenum-
bers is in resonance with a mode with a larger wavenum-
ber. This is the reason for a secondary instability from
hexagons to ultrahexagons [18,20] and for the emergence
of winking hexagons [21] in our system.
Carrying out simulations in the vicinity of the min-

imum of the nonlinear resonance we have found dif-
ferent domains (�; �; Æ in Fig. 2) where di�erent kinds
of localized structures occur. The results of numerical
simulations have been veri�ed using di�erent integra-
tion schemes (explicit, hopscotch, alternating{direction{
implicit integration) to treat the Laplacian term in the
Bloch equations. The di�raction operator has been
treated with a spectral method and a fast Fourier trans-
form. Periodic boundary conditions have been imposed.
Most of the simulations have been carried out using a grid
of 128�128 points, but all results discussed in this article
have been cross{checked on a larger grid with 512� 512
points. Below we describe results of numerical simula-
tions and discuss the developed spatial structures on the
basis of a linear stability analysis.
�-domain. If we increase the control parameter P0

up to the level of the �-domain in Fig. 2 static positive
hexagons emerge out of the random initial noise. We
will refer to these hexagons as small-scale ones, because
their wavelength is smaller than that of the structures
due to the other instabilities. These small scale sta-
tionary hexagons are stable almost in the whole interval
where the homogeneous state is also unstable versus the
Hopf bifurcation. We are able to produce bright peaks on
the background created by these stationary small{scale
hexagons by increasing the parameter P0 for a short pe-
riod in arbitrarily chosen domains of the transverse grid.
Fig. 3(a) shows the transverse distribution of the orien-
tation w resulting from this simulation. A comparison
of the amplitudes of these peaks with the SSC in Fig. 2
reveals a localized switching to a state close to the up-
per bistable state. (Note that the upper homogeneous
state does not exist for these parameters, but as it has
been discussed quite recently [26,27] the interaction be-
tween the homogeneous mode and the pattern forming
mode in the vicinity of an interval of bistability can cre-
ate additional homogeneous solution branches and thus
can e�ectively widen the bistability domain.) Illumina-
tion with a rather broad transverse perturbation does
not produce a spatially smooth state, but several bright
peaks appear which can form amorphous clusters with-
out an internal order, like those presented in the central
part of Fig. 3(a). Comparing the pro�le of a localized
structure with the pro�le of a constituent of the hexago-
nal pattern belonging to instability region II (similar to
Fig. 3(c)) we �nd that they virtually coincide from the
peak to the background of the hexagonal constituents.
However the background is considerably lower for LS in
the �-domain. Therefore we conclude that the bright
large amplitude peaks in Fig. 3(a) are due to a
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FIG. 3. a) Localized pattern from the �-domain of Fig. 2

demonstrating stable bright localized states on the static

hexagonal background. b) A snapshot of localized states

on the nonstationary winking hexagon background from the

�-domain of Fig. 2. c) Localized pattern from the Æ-domain

demonstrating black holes on the background of positive

hexagons. The white regions in (a) and (b) are overexposed

in order to emphasize the background.

manifestation of the static-II instability. Concluding
the discussion of the �-domain we note that the main
characteristics of the LP here are as follows: The patterns
are stationary and the background for large amplitude
peaks is a small scale positive hexagonal pattern.
�-domain. In this case, the background for LS is a

nonstationary pattern produced by resonant interaction
of the static-I and Hopf instabilities. As discussed in
refs. [21,23], the sum of the wavevector of two Hopf modes
with temporal frequencies 
 and �
 and spatial wave
number k can coincide with the wavevector of a static
mode with a spatial wave number q =

p
3k. A pattern

created by two resonantly coupled hexagonal triads of
static and Hopf modes has been named winking hexagons
[21] and was obtained in numerical simulations starting
from suitable initial conditions.
In Fig. 3(b) an example of a localized large amplitude

peak on a background created by winking hexagons is
shown. As in the �-domain, these LS have been created
numerically by a local increase of P0 for a short period of
time. The peaks seem to be of the same origin as the ones
in Fig. 3(a). The main change is the type of the back-
ground pattern. Therefore the structures appearing in
the �{domain are classi�ed as localized peaks appearing
on a background of nonstationary hexagons.
The image in Fig. 3(b) is only a snapshot. Together

with the oscillating small amplitude constituents form-
ing the winking hexagons the large amplitude peaks drift
on the background, however, with a very small veloc-
ity (compared to the oscillatory dynamics of the back-
ground). We associate this slow time scale of the drift
motion with the small relaxation constant 
 (of the or-
der of s�1) while the Hopf frequency is of the order of
the Larmor frequency (tens of kHz). It is well known
that the sum of the phases of the modes composing the
principal hexagon triad is a main characteristic for hexag-

onal structures. For ideal positive and negative hexagons
this sum is 0 and �, respectively. [The sum equal to 0
corresponds to the case of the small scale hexagons in
Fig. 3(a).] Typically the phase sum of the Hopf modes
is not constant over the whole transverse area, e.g. in
Fig. 3(b) there is a gradient in a nearly vertical direction.
We have found in simulations that the drift motion of the
large amplitude localized state roughly coincides with the
direction of the sum phase gradient. This matches the
long-known fact that in optical systems, in which the
optical �eld is itself the dynamical variable, a phase gra-
dient causes a drift of the LS [7,28]. Our result indicates
that gradients in the dynamical variable will favor a drift
independently of the nature of the physical variable.
Along with winking hexagons (elements of which are

traveling waves), we have also observed in the �-domain
the formation of a nonstationary hexagon background
composed of three standing waves. Again, the Hopf
modes have been obtained to be in resonance with the
static-I modes. In a recent numerical study of a Swift-
Hohenberg equation, Brand and Deissler have obtained
hexagons built from three standing waves and referred
to such nonstationary pattern as blinking hexagons [29].
Brand and Deissler do not investigate the structures in
Fourier space of the developed patterns. Therefore it is
not possible do decide whether the pattern they observe
coincides with ours, i. e. whether they also contain the
small scale "harmonic" static hexagons.
We have carried out numerical simulations for the

case of one spatial transverse dimension and found that
the traveling and standing waves emerging due to the
pattern-forming Hopf instability coexist in the �-domain.
Also, formation of LS has been obtained on a background
consisting of traveling as well as standing waves. The
nonstationary hexagons composed of three traveling or
standing waves are a natural generalization of the one{
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dimensional waves for the case of two transverse dimen-
sions. In view of the recent study of bistability between
traveling and standing waves in a generalized complex
Swift-Hohenberg equation [30], it is not surprising that
we observe bistability between di�erent kinds of nonsta-
tionary hexagons. In simulations, the visual di�erence
between them is that in the case of the winking hexagons,
the same pattern appears shifted in the transverse plane
after 1/3 and 2/3 of the oscillation period, whereas a
standing pattern only reproduces itself after the full os-
cillation period.
Æ-domain. At higher P0 (Æ-domain, cf. Fig. 2) large

amplitude hexagons create a background for localized
patterns which are dark spots in this case. Fig. 3(c)
was calculated by starting the simulation with a perfect
hexagonal pattern as initial condition and decreasing the
local intensity in some regions for a short period of time.
Examining the transverse distribution of orientation we
�nd that the o�set level of the hexagonal lattice lies in the
domain of the unstable branch of the characteristics in
Fig. 2 and the dark spot tends to reach the lower bistable
state. We believe that in this case the zero homogeneous
mode determining the o�set level of the hexagonal pat-
tern is modi�ed through interaction with the triad of roll
(stripe) modes [26]. We veri�ed the long-term stability
of the structure in �g. 3(c) over long integration times
(comparable with 
�1). However, this pattern shows
some nonstationarity: The values of the maxima and the
minima (as well as the intensity distribution within the
dark spot) "
uctuate" slightly with time, although the
whole pattern remains structurally stable. Whether this
nonstationarity is a residual action of the Hopf instabil-
ity, or whether it is due to the internal complexity of the
pattern is an open question at this stage of investigation.
In conclusion let us compare our �ndings with the re-

sults known in the �eld of pattern formation. Coexis-
tence of domains of di�erent patterns is a rather widely
observed phenomenon [8,9,31]. In this context, the ex-
citation of a single localized state on a hexagonal back-
ground is rather rare and it is interesting to note that
similar phenomena have been experimentally observed
recently in a nonlinear optical experiment [16]. The two-
dimensional geometry and resonant interaction between
di�erent instabilities make the dynamics in our system
especially sophisticated and the possible structures very
numerous. Compared to other cases where static local-
ized structures were studied in the vicinity of a saddle-
node bifurcation (bistability) of the homogeneous mode
[6,27,16], we note that in our case the Hopf instability
brings about new delicate features.
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