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y(x+h)−y(x)
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bhL,B>B9+
h 6= 0

f(x, y)
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h = 0,
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y(x + h) − y(x)
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y(x + h) = y(x) + hy′(x) +

h2
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y′′(x) + O(h3) Mh�2P

C L,6KL%14+	bc[@B>?,I
y(x + h) − y(x)

h
= y′(x) +

h

2
y′′(x) + O(h2)

(1)
= f(x, y) +

h

2
(f(x, y))′ + O(h2)

= f(x, y) +
h

2
(fx(x, y) + fy(x, y)f(x, y)) + O(h2) M]�@P
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Φh(x, y) = (b1f1 + . . . bsfs)(x, y)
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f1(x, y) = f(x, y)
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aij = ci i = 1, . . . , s. M��JP
��-G8 ="8>-G+H-G6�� L,;4B��@[@/

Φh

A�8>6.=�=�L,+ �p-G6kbhL,;46H-G/ MkNQP y M��JP � M��JP -��s�4B>89VG8 IK-G+ s
�~+HI.1"g�?@-7+

�U14/"?@-�� � 1sI.I<L �p-G6kbhL,;46.-7/ ?@-7/�L,/4/JI|dDCD8>- � [}-7�SV78>-G/JI.-G/ b1, . . . , bs, c1, . . . , cs, aijA�-76.=4-7/�8>/�z�L,m4B9-|L,14+�V714+KL,3S3S-G/4?@-�bhL,+.+kI �
c1

c2 a21ddd ddd d d d
cs as1 . . . as,s−1

b1 . . . bs−1 bs

����� q���� � �"! t
C L,+ z�L,m4B>-GL,1^+kIK-GB9B9I�=48>- � [}-7�SVG89-G/JIK-7/^bcx46 -G89/^-��s�4B98>V789IK-7+#��14/4?@- � � 1"IHI<LZ�]�p-G6HbhL%;46.-7/=�L,6 M =ed�;�d�=489-�(�)@+.14/"? 8>3 /4-G1"-G/ WYIK-76KL%I.8>[@/4+H+.:<;46H89IHI�aZL,/4/ L,14+ =4-G6�(�)@+H14/4? =4-7+
B>-7I.V7I.-G/�WYIK-G6.L%IK89[@/4+H+.:<;46H89I.I.+	mF-76.-7:<;4/4-7IUA�-G6.="-G/ P dF��-G8�-G89/4-G3�8>3S�4B>89VG8 IK-G/S�p-G6kbhL,;46.-7/
M =ed ;ed@=489-	(�)@+.1"/4?08>3 /4-G14-7/5WYI.-G6.L%IK89[@/4+.+H:<;46.8 I.I 3�14+.+ =41"6.:<;v-G89/%$XB>-78>:<;214/4?,+.+H{}+kIK-G3?@-GB9)@+HI	A�-G6H=4-G/ P A&�,6.-7/�=489- aij 6= 0

bcx46
j ≥ i

d
CD8>- � [s-��5V78>-7/2I.-G/ b1, . . . , bs, c1, . . . , cs, aij

A�-G6H=4-G/5/}1"/5+H[�mf-G+kIK89353�I y =�L%+.+ ∆h−
Φh

35),?@B>89:<;4+HI�a2B>-78>/ M �,[@/�=4-76X� 6.="/}1"/4? p P 89+HIGd('U8>-76�A�896.=�=4-G6R`wL,B>B p = 2
;"-G6.?,-��

B>-G8 IK-�I�14/4=��@[@6.L,14+.?,-G+.-�IKV�I y =�L,+.+�=489-�CD89EF-G6H-G/JIK8>L,B>?@B9-G89:<;}1"/4? MkN P L%1"IK[@/"[@3 89+HI y =�d�;ed

\



-G+�?,-GB9I.-
f(x, y) = f(y)
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∆h

VG1
y(x + h) − y(x)

h
= f(y(x)) +

h

2
fy(y(x))f(y(x)) + O(h2), M��JP
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fx(y) = 0
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fi = f

(

y + h

i−1
∑

j=1

aijf
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(8)
= f + hcif
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yk+1 = yk + h

2
∑

i=1

bi(f + hcif
′f + O(h2))

= yk + h

2
∑

i=1

bif +
h2

2

(

2
2

∑

i=1

bicif
′f

)

+ O(h3). MkN@NQP
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∆h − Φh =
y(x + h) − y(x)

h
−

yk+1 − yk

h

= f +
h

2
f ′f −

[

2
∑

i=1

bif +
h

2

(

2
2

∑

i=1

bicif
′f

)]

+ O(h2)

=
(

1 −

2
∑

i=1

bi

)

f +
h

2

(

1 − 2

2
∑

i=1

bici

)

f ′f + O(h2) MkNQ\@P
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= O(h2)
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∑
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f ∈ Cp(Ω, Rd) )#�&% ���+*'�,��� ���$�-� 	".

Ω ⊂ R
d ) d ∈ N

 ���/� 	0%1� � �2%3	��4�65 �,��	���� ������5��-% � 	 ��
p = 1 )

7 ��� �8%3	��9�65 �;:<�=	���� � ���>% ���2� ��� 
������ ���,�?% ���9@ �&%3	 �� 	 ����&3A ��	�(�� 	 ��

∑

i

bi = 1 MkN i@P
 ���$ B ��� )  ���/� 	C%1� � ��%3	��D�65 �,��	���� ������5��&% � 	 ��

p = 2 ) 7 ��� �8��	��9� 	E�=F ���=AG	�(��C% ���@��&%3	 �� 	 ����&3A ��	�(�� 	 ��

∑

i

bici =
1

2
MkN|�2P

 ���$ B ���,HI ���/� 	<%1� � �J%3	����65 �,��	���� ������5��-% � 	 ��
p = 3 ) 7 ��� ����	��K� 	E�=F ���=AG	�(��>� 	
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∑

i

bic
2
i =

1

3
MkNQ�@P

∑

i,j

biaijcj =
1

6
MkN �JP
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∑

i

bic
3
i =

1

4
MkN��@P

∑

i,j

biciaijcj =
1

8
MkN �JP

∑

i,j
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2
j =

1
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∑

i,j,k

biaijajkck =
1
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y′ = f(y) M]\}NQP358 I
f : R → R

?,-G/2x4?@-7/4= [,b I�=48 E�m�L%6X?@-G?@-7mF-7/ed�C L,/4/ ?@8>B IX14/JIK-76'TR14+./21"I.VG14/"?
=4-G6UC $0( M]\}NQP

y′ = f(y) = f

y′′ = f ′(y)y′ = f ′f

y′′′ = f ′′(y)f(y)f(y) + f(y)′f(y)′y′ = f ′′ff + f ′f ′f

CD8>-X��1"IK:<;4-76k�~� �,143S-XB L,+H+.-7/�+.8>:<;�L,1":<;�bcx"6�/48>:<;JIk�OL,1"I.[@/4[@3S- C�$�(�14/4=
f : R

d →
R

d
x4mf-G6��@L,:7[@m48��lL%IK6H8>VG-7/�=4-7g4/48>-76.-G/ y 8>/�="-G3 `wL,B9BF="-G6	C $0( M]\sNQP 358 I f : R

d →
R

d
?@8>B I	=�L,/4/

y′ = f(y) = f

y′′ = f ′(y)y′ = f ′f

y′′′ = f ′′(y)(y′, y′) + f ′(y)y′′ = f ′′(f, f) + f ′f ′f,

A�[@mf-G8�=489-'TR6.?@143S-G/JI.-��,[@/
y
A�8>-7=4-G6H143�14/JIK-76.=46Hx4:<aJIXA�146.="-G/edfTD/43S-G6Ha214/4?�V7146

�R[,IKL%IK89[@/ �
f (k)(y)[h1, . . . , hk] :=

∂kf

∂y1 . . . ∂yk

(y)
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(V, E, r)
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v ∈ V
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f’’[f,f]
f’[f]

f’[f’[f]]
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f’’[f’[f],f]
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∑

j
bj :

j
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∑

j

∑

k
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∑

j
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∑
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∑
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k
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n
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y′ = f(y)
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