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Abstract. We present efficient localized model reduction approaches for
PDE constraint optimization or optimal control. The first approach fo-
cuses on problems where the underlying PDE is given as a locally peri-
odic elliptic multiscale problem. The second approach is more universal
and focuses on general underlying multiscale or large scale problems.
Both methods make use of reduced basis techniques and rely on effi-
cient a posteriori error estimation for the approximation of the under-
lying parameterized PDE. The methods are presented and numerical
experiments are discussed.
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1. Introduction

In this contribution we are concerned with efficient approximation schemes for
the following class of multiscale or large scale PDE constrained optimization
problems.

Find µ∗ = arg min J
(
u(µ), µ

)
subject to Cj

(
u(µ), µ

)
≤ 0 ∀j = 1, . . . ,m,

µ ∈ P

 (1.1)

with a compact parameter set P ⊂ RP for P ∈ N. In (1.1), the state vari-
able u(µ) is given as the solution of the following (parameterized) multiscale
problem:

−∇ ·
(
A(µ)∇u(µ)

)
= f(µ) (in Ω)

u(µ) = 0 (on ∂Ω)

}
(1.2)
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In (1.2), Ω ⊂ Rd for d = 1, 2, 3 is a bounded domain and A denotes a
diffusion tensor. We make use of the short notation u(µ) := u(·;µ) and will use
analogue expressions for all functions that depend on both spatial variables
and parameters.

We are particularly interested in multiscale or large scale applications in
the sense that the diffusion tensor A has a rich structure that would lead to
very high dimensional approximation spaces for the state space when approxi-
mated with classical finite element type methods. For parameter independent
multiscale problems of this type there has been a tremendous development of
suitable numerical multiscale methods in the last two decades including the
multiscale finite element method (MsFEM) [24, 14, 15, 22], the heterogeneous
multiscale method (HMM) [12, 13, 1, 3, 35, 20, 21], the variational multiscale
method (VMM) [25, 26, 28, 29, 30, 31] or the more recent local orthogonal
decomposition (LOD) [33, 19].

For parameterized partial differential equations, among others, reduced
basis methods (RBM) have seen a great development in the last decade [8, 23,
41]. Meanwhile, also several applications of RBM in the context of multiscale
methods have been proposed [9, 36, 37, 38, 39, 2, 10].

In this contribution we first derive a general framework for localized
model reduction of multiscale or large scale PDE constrained optimization
problems. We then focus on PDE constrained optimization, where the under-
lying multiscale problem has locally periodic structure, i.e. A(x) = Aε(x) =

Â(x, xε ) and present an efficient combined RB-HMM approximation scheme.
PDE constrained optimization for locally periodic structures has particular
applications in shape optimization as, e.g., presented in [5, 17]. Finally, we
also provide a localized approach for general multiscale or large scale prob-
lems based on the localized reduced basis multiscale method with online en-
richment [38, 39]. This approach leads to a novel paradigm towards optimal
complexity in PDE constrained optimization as recently introduced in [40].

2. Weak formulation for the parameterized multiscale problem
and non-conforming reference approximation

Definition 2.1 (Weak solution of the multiscale problem). We call u(µ) ∈
H1

0 (Ω) weak solution of (1.2), if

b
(
u(µ), v;µ

)
= L(v;µ) for all v ∈ H1

0 (Ω). (2.1)

Here, the bilinear form b and the right hand side L are given as

b(v, w;µ) :=

∫
Ω

A(µ)∇v · ∇w, L(v;µ) :=

∫
ω

fv.

In order to derive a suitable formulation for (non-)conforming weak
reference approximations for our model reduction approach, we first assume
that a non-overlapping decomposition of the underlying domain Ω is given by
a coarse grid TH with cells Tj ∈ TH , j = 1, . . . NH . Furthermore, each macro
cell Tj is further decomposed by a local fine resolution triangulation τh(Tj),
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that resolves all fine scale features of the multiscale problem. We then define
the global fine scale partition τh as the union of all its local contributions, i.e.,

τh =
⋃NH

j=1 τh(Tj). Let Hp
(
τh(ω)

)
:=
{
v ∈ L2(ω)

∣∣ v|t ∈ Hp(t) ∀t ∈ τh(ω)
}

for a triangulation τh(ω) of some ω ⊆ Ω denote the broken Sobolev space
of order p ∈ N on τh, then Hp(τh) naturally inherits the decomposition

Hp(τh) =
⊕NH

j=1H
p(τh(Tj)).

Definition 2.2 ((Non-)conforming approximations of the multiscale problem
in broken spaces). Let V (τh) ⊂ H2(τh) denote any approximate subset of the
broken Sobolev space.

We call uh(µ) ∈ V (τh) an approximate weak reference solution of (1.2),
if

ADG

(
uh(µ), v;µ

)
= LDG(v;µ) for all v ∈ V (τh). (2.2)

Here, the DG bilinear form ADG and the right hand side LDG are given
as

ADG(v, w;µ) :=
∑
t∈τh

∫
t

A(µ)∇v · ∇w +
∑

e∈F(τh)

AeDG(v, w;µ)

LDG(v;µ) :=
∑
t∈τh

∫
t

fv,

where F(·) denotes the set of all faces of a triangulation and the DG coupling
bilinear form AeDG for a face e is given by

AeDG(v, w;µ) :=

∫
e

〈
A(µ)∇v · ne

〉
[w] +

〈
A(µ)∇w · ne

〉
[v] +

σe(µ)

|e|β
[v][w].

For any triangulation τh(ω) of some ω ⊆ Ω, we assign to each face e ∈
F
(
τh(ω)

)
a unique normal ne pointing away from the adjacent cell t−, where

an inner face is given by e = t− ∩ t+ and a boundary face is given by e =
t−∩∂ω, for appropriate cells t± ∈ τh(ω). In the above, the average and jump
of a two-valued function v ∈ H2

(
τh(ω)

)
are given by

〈
v
〉

:= 1
2 (v|t− +v|t+) and

[v] := v|t−−v|t+ for an inner face and by
〈
v
〉

:= [v] := v for a boundary face,
respectively. The parametric penalty function σe(µ) and the parameter β need
to be chosen appropriately to ensure coercivity of ADG and may involve A.
For simplicity, we restrict ourselves to the above symmetric interior penalty
DG scheme; other DG variants can be easily accommodated and we refer to
[16, 39] and the references therein for further details.

Note that Definition 2.2 contains both, continuous Galerkin finite ele-
ment approximations, if V (τh) ⊂ H2(τh)∩H1

0 (Ω) and discontinuous Galerkin
finite elements if V (τh) ⊂ H2(τh), V (τh) 6⊂ H1

0 (Ω). In the continuous Galerkin
case, we naturally have ADG ≡ b and LDG ≡ L.
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3. A general non-conforming weak formulation for numerical
multiscale methods

We assume that for each quadrature point xT there exists open environments
MT , OT with xT ∈ MT ⊂ OT . We call MT the local reconstruction region
and OT the local oversampling region. The subsets MT and OT are further
decomposed by local fine resolution grids τh(MT ), τh(OT ), which resolve all
fine scale features of the multiscale problem. For sake of simplicity we assume
that τh(MT ) ⊂ τh(OT ) ⊂ τh.

Let V c := V (TH) ⊂ H1(TH) denote a global finite dimensional coarse
scale space, i.e., a finite dimensional subset of the broken Sobolev space
H2(TH). Furthermore, let V f (OT ) := V (τh(OT )) ⊂ H1(τh(OT )) denote a
suitable finite dimensional local fine scale space, that resolves all features
of the underlying multiscale problem. We define V f (MT ) := V (τh(MT )) :=
V (τh(OT ))|MT

⊂ H1(τh(MT )).

Definition 3.1 (General non-conforming multiscale approximation). The macro-
scopic part of the multiscale approximation uc ⊂ V c is defined as the solution
of

find uc(µ) ∈ V c : AcDG(uc(µ),Φ;µ) = LDG(Φ;µ) for all Φ ∈ V c.
Here, the coarse DG bilinear form AcDG : V c × V c × P → R is given as

AcDG(v, w;µ) :=
∑
T∈TH

|T |
|MT |

{ ∑
t∈τh(MT )

∫
t

A(µ)∇Rµ(v) · ∇w

+
∑

e∈F(τh(MT ))

AeDG

(
Rµ(v), w;µ

)}
.

Furthermore, for any Φ ∈ V c, T ∈ TH , the local reconstruction operators
Rµ|T : V c → V c|OT

+V f (OT ) are defined through the solution of the following
local problem on the oversampling domain OT :

find Rµ|T (Φ) ∈ Φ|OT
+ V f (OT ) such that

AOT
(Rµ|T (Φ), φ;µ) = FOT

(φ) ∀φ ∈ V f (OT ),

where the fine scale bilinear form AOT
is defined as

AOT
(v, w;µ) :=

∑
t∈τh(OT )

∫
t

A(µ)∇v · ∇w +
∑

e∈F(τh(OT ))

AeDG(v, w;µ)

and FOT
⊂ V f (OT )′ is a suitable fine scale right hand side that depends on

the particular realization of the method.

Note that for MT := T for all T ∈ TH , we get from the definition above
AcDG(v, w : µ) = ADG(Rµ(v), w;µ).

Particular instances of multiscale methods that fit in the general frame-
work of Definition 3.1 are the Heterogeneous Multiscale Method (HMM) and
the Discontinuous Galerkin Multiscale Finite Element Method (DG-MsFEM)
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with oversampling. These methods are obtained with the following specifica-
tions:

Definition 3.2. The HMM with oversampling is given through Definition 3.1
with the following choices of domains and spaces:

V c := V 1(TH) ∩H1
0 (Ω) ⊂ H1

0 (Ω),

MT := YT,ε :=
{
y ∈ Rn

∣∣ |||y − xT ||∞ ≤ ε},

OT := YT,δ :=
{
y ∈ Rn

∣∣ ||y − xT ||∞ ≤ δ}, ε ≤ δ,
V f (MT ) := V 1

#(τh(MT )) ⊂ H̃1
#(MT ),

V f (OT ) := V 1
#(τh(OT )) ∩ H̃1

#(OT ) ⊂ H̃1
#(OT ),

FOT
(φ) ≡ 0.

Here H̃1
#(OT ) denotes the space of H1-functions on OT with periodic bound-

ary values and zero mean and V 1(τh(ω)) (V 1
#(τh(ω))) denotes the standard

conforming piecewise linear Lagrange finite element space on ω (with mean
zero and periodic boundary condition).

Definition 3.3. The DG-MsFEM with oversampling is given through Defini-
tion 3.1 with the following choices of domains and spaces:

V c := Q1(TH) ⊂ H2(TH),

MT := T ,

OT := Ul(T ),

V f (MT ) := Q1(τh(T )) ⊂ H2(τh(T )),

V f (OT ) := Q1(τh(Ul(T ))) ⊂ H2(τh(Ul(T ))),

FOT
(φ) ≡

∫
Ω
fφ.

Here Q1(TH), Q1(τh(ω)) denote the standard non-conforming piecewise lin-
ear discontinuous Galerkin finite element space on TH , τh(ω) respectively.
Furthermore, Ul(T ) denotes an environment of T , consisting of l additional
layers of fine scale elements t ∈ τh.

4. A general framework for localized model reduction based on
numerical multiscale methods with oversampling

Based on the general framework for numerical multiscale methods from Def-
inition 3.1, we define general localized reduced basis multiscale methods
(LRBMS) as follows.

Definition 4.1 (Localized Model Reduction Multiscale Methods). Let V cN ⊂
V c, V fN (OT ) ⊂ V f (OT ), T ∈ TH denote suitably defined local reduced coarse
scale and fine scale subspaces that are obtained e.g. by a greedy algorithm
from snapshots uc(µ), (Rµ|T (uc) − uc)(µ) for a number of suitably chosen

parameters µ. Furthermore, define V fN (MT ) := {v|M(T )|v ∈ V f (OT )}, such

that V fN (MT ) ⊂ V f (MT ). Then the corresponding localized reduced basis mul-
tiscale method is defined as the DG-Galerkin projection onto these subspaces
as follows.
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The macroscopic part of the localized multiscale model reduction approx-
imation ucN ⊂ V cN is defined as the solution of

find ucN (µ) ∈ V cN : AcDG(ucN (µ),Φ;µ) = LDG(Φ;µ) for all Φ ∈ V cN .

Furthermore, for any Φ ∈ V cN , T ∈ TH the local reconstruction operators

Rµ|T : V cN → V cN |T +V fN (OT ) are defined through the solution of the following
local problem on the oversampling domain OT :

find Rµ|T (Φ) ∈ Φ|T + V fN (OT ) such that

AOT
(Rµ|T (Φ), φ;µ) = FOT

(φ) ∀φ ∈ V fN (OT ).

In the next two sections we will study in some more detail two localized
model reduction methods that can be seen as reduced approximations of the
RB-HMM on the one hand and of the DG-MsFEM with oversampling on the
other hand.

5. The Reduced Basis Heterogeneous Multiscale Method
(RB-HMM)

In this section we first review the RB-HMM method from [37] in the given
optimization context and finally present some new numerical experiments.

The RB-HMM is defined through Definition 4.1 with the HMM choice
given in Definition 3.2 and a greedy construction of the corresponding re-
duced subspaces. In the case of locally periodic homogenization problems, i.e.
Aε(µ) = A(x, xε ;µ), where A(x, y;µ) is 1-periodic with respect to y, it has
been shown in [37], that the resulting method for δ = ε can be equivalently
formulated as a reduced Galerkin approximation of the two-scale homoge-
nized limit equations with quadrature. To this end, let us first introduce the
continuous two scale solution space

H := H1
0 (Ω)× L2(Ω; H̃1

#(Y ))

which is a Hilbert space equipped with the scalar product

(u, v)H := ((u0, u1), (v0, v1)) :=

∫
Ω

∇u0 · ∇v0 dx+

∫
Ω

∫
Y

∇yu1 · ∇yv1 dy dx.

Definition 5.1 (Discrete two scale homogenized bilinear form and HMM ap-
proximation). We first define a piecewise constant approximation of the co-
efficient function A(x, y;µ) through

Bh(x, y;µ)
∣∣
T×t := A(xT , yt;µ) ∀ T × t ∈ TH × τh(Y ).

where yt is the center of gravity of t. We then define the discrete two scale
homogenized bilinear form Bh : H×H×P → R as

Bh(u, v;µ) :=

∫
Ω

∫
Y

Bh(µ)
(
∇u0 +∇yu1

)
·
(
∇v0 +∇yv1

)
dy dx.
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With HH := V 1(TH)×V 0(Ω;V 1(τh(Y ))) ⊂ H it has been shown in [35]
that the HMM approximation uc ∈ V 1(TH) from Definitions 3.1, 3.2 can be
equivalently defined as the solution of the following discrete two scale limit
equation.

Find uH(µ) = (uc(µ), uf (µ)) ∈ HH such that for all vH := (vc, vf ) ∈
HH we have

Bh(uH(µ), vH ;µ) = L(vc;µ). (5.1)

Finally we obtain the following equivalent formulation of the RB-HMM
method defined above.

Definition 5.2 (RB-HMM in the two scale limit formulation). Consider a
sample set S = {µ1, . . . , µN} ⊂ P chosen, e.g., from a greedy algorithm. We
define the RB-HMM space HN ⊂ HH as

HN = span{uH(µi), i = 1, . . . , N} (5.2)

with uH(µi) ∈ HH solving (5.1) for µi ∈ S. The RB-HMM approximation
uN (µ) ∈ HN of uH(µ) for any µ ∈ P is then defined as the Galerkin projec-
tion of (5.1) onto HN , i.e.

Bh(uN (µ), vN ;µ) = L(vN ) (vN ∈ HN ) (5.3)

5.1. A posteriori error estimation

Based on the Galerkin framework it is hence straight forward to derive a
robust and efficient a posteriori error estimation that allows for an efficient
offline/online decomposition as has been detailed in [37]. To this end, we
introduce the residual Res : P → H−1 via

−〈Res(µ), v〉H−1×H := L(v;µ)− Bh(uN (µ), v;µ) (5.4)

With the Hilbert space structure of HH we further define its Riesz represen-
tative vRes

H (µ) ∈ HH through(
vRes
H (µ), vH

)
H = 〈Res(µ), vH〉H−1×H

for all vH ∈ HH . If we assume A(x, y;µ)ξ · ξ ≥ α(µ) |ξ|2 for all (x, y, µ) ∈
Ω×Y ×P and ξ ∈ Rd with infµ∈P α(µ) > 0, the bilinear form Bh is coercive
and we get the following theorem.

Theorem 5.3 (A posteriori error estimate).

||uH(µ)− uN (µ)||H ≤
∣∣∣∣vRes

H (µ)
∣∣∣∣
H

α(µ)
=: ∆N (µ) (5.5)

It is this a posteriori error estimator that we use in the greedy construc-
tion of the RB-HMM space.
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5.2. Optimization and computation of derivative information

Following [37], the optimization problem (1.1) will be approximated in our
RB-HMM setting as follows. We define the RB-HMM approximations of the
functionals J and Cj through

JN (µ) := J(ucN (µ), µ),

CN,j(µ) := Cj(u
c
N (µ), µ).

The reduced optimization problem then reads

Find µ∗N = arg min JN (µ)

subject to CN,j(µ) ≤ 0 ∀j = 1, . . . ,m,

µ ∈ P
(5.6)

Note that the reduced functionals involve only the macroscopic part of uN (µ).
For an efficient optimization process, the involved functionals must allow an
offline/online splitting. We thus assume that JN and CN,j allow a represen-
tation as follows

JN (µ) =

QJ∑
q=1

σqJ(µ)JqN
(
ϕN1 , . . . , ϕ

N
N

)
,

CN,j(µ) =

QCj∑
q=1

σqCj
(µ)CqN,j

(
ϕN1 , . . . , ϕ

N
N

)
,

where the mappings JqN and CqN,j can (in principle) be arbitrary. These ex-
pansions ensure that we can separate the parts of the functionals that depend
on the basis functions from those depending on parameters which is necessary
to achieve the offline/online splitting.

The only thing that is still missing are the parameter derivatives of the
state uN (µ). Equations for these quantities are established by differentiating
the defining equation (5.3) of uN (µ) with respect to µi. This results in a weak
formulation for ∂µi

uN (µ) ∈ HN :

Bh(∂µi
uN (µ),vN ;µ) = −∂µi

Bh(uN (µ), vN ;µ) (5.7)

for all vN ∈ HN , if the functional L does not depend on µ. Since Bh is affinely
decomposable, we have

∂µi
Bh(u, v;µ) =

QA∑
q=1

∂µi
σAq (µ)Bqh(u, v).

Hence, we can reuse both the same reduced spaces and precomputed reduced
system matrices as for the approximation of uN (µ). Thus the computational
costs for the parameter derivatives are negligible. Higher order derivatives
can be specified by further differentiation of (5.7).
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α1

α2

η1 η2

W1 W2

Figure 1. Geometry of the model problem: Two heat
sources (red), no flow (blue) and Robin (green) boundary
conditions. The head transfer coefficients and surrounding
temperatures are η1 = 0.3, η2 = 0.4 resp. α1 = α2 = 300.

detailed [s] reduced [s] speed-up
single solve 0.5 0.1 ∼ 5 (h = 4 · 10−3)

1.5 0.1 ∼ 15 (h = 2 · 10−3)
6.4 0.1 ∼ 64 (h = 1 · 10−3)

optimization 341 24 ∼ 14 (h = 4 · 10−3)
999 24 ∼ 42 (h = 2 · 10−3)

Table 1. Runtime comparison between detailed and re-
duced simulations for a single forward solve and the complete
optimization problem.

5.3. Numerical experiments

As a benchmark for the RB-HMM in a homogenization setting we look at the
following model problem. For some scale parameter ε > 0 let Aε : Ω × P →
Rd×d be a parameterized rapidly oscillating diffusion tensor, η, gN : ΓN → R
and f some right hand side. For µ ∈ P we seek uε(µ) as solution of

−∇ · (Aε(µ)∇u(µ)) = f in Ω,

uε(µ) = 0 on ΓD,

−Aε(µ)∇u(µ) · n = η (uε(µ)− gN ) on ΓN ,

(5.8)

where n(x) is the outer normal on ΓD.

In particular we choose Ω ≡ (0, 0.6) × (0, 0.2) ⊂ R2 and define ΓN1 ≡
[0, 0.2] × {0.2}, ΓN2

≡ [0.4, 0.6] × {0.2} and ΓN ≡ ∂Ω \ (ΓN1
∪ ΓN2

) (see
Figure 1). With r1 = r2 = 0.025 and x1 = (0.15, 0.1), x2 = (0.45, 0.1) ∈ R2

we introduce the source term f : Ω → R, the Neumann value function gN :
∂Ω→ R and the heat transfer coefficient function η : ∂Ω→ R as
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Figure 2. Example of a solution of the test problem for
µ = (0.9112, 0.0062). Top left: χ1

H(µ), top right: cross-section
plot of χ1

H(µ) in y1-direction; bottom: u0
H(µ). The effective

diffusion tensor is B0
h(µ) = diag(0.069, 0.429).
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Figure 3. Convergence of the error estimator. Left: Esti-
mator and true error on training set. Right: Estimator on
test set.

f(x) ≡ 500 · 1Br1
(x1)(x) + 800 · 1Br2

(x2)(x), (5.9)

gN (x) ≡ 300 · 1ΓN1
∪ΓN2

(x), (5.10)

η(x) ≡ 0.3 · 1ΓN1
(x) + 0.4 · 1ΓN2

(x). (5.11)

Additionally, we define the parameter set P ≡ [0.001, 1]2 and the pa-
rameterized diffusion tensor as

Aε(µ) = A(x,
x

ε
;µ) with A(x, y;µ) = 16y2

1(1− y1)2(µ2 − µ1) + µ1.



Localized Model Reduction in Optimization 11

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

mu1

m
u 2

5 10 15 20 25
10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

basis size

ab
so

lu
te

 e
rr

or

5 10 15 20 25
10−5

10−4

10−3

10−2

basis size

ab
so

lu
te

 e
rr

or

Figure 4. Parameters from the training set chosen by the
greedy algorithm (left). Convergence of the reduced objec-
tive functional (middle) and optimal parameter value (right)
with respect to the high dimensional reference optimization
problem.

As an objective functional for the optimization we choose

J(u, µ) =

∫
Ω

(u− uref)
2 dx+

α

2
||µ||2

with a reference solution uref = u0(µ), µ = (0.9112, 0.0062).
Note that since the diffusion tensor does not depend on y2, the cell solu-

tions χ2(µ) vanish. Samples of the macroscopic and the first cell solution are
displayed in Figure 2 (the macroscopic solution is also used as target func-
tion for the optimization problems). Additionally, we impose the restriction
µ ∈ P.

The convergence behavior of the a posteriori error estimator is shown in
Figure 3. Figure 4 shows the parameters chosen by the greedy algorithm in
the offline phase for the reduced basis construction. Table 1 shows a runtime
comparisons. For that we have run the detailed and reduced optimization pro-
cedure for different underlying grid widths. The detailed optimization scales
more or less quadratically with the grid width while in the reduced setting it
stays constant. In the detailed optimization, gradient and Hessian informa-
tion are approximated with finite differences, while in the reduced setting they
can be easily generated directly form the corresponding reduced model prob-
lem. This makes the detailed approach more sensitive to the discretization,
resulting in the necessity of more iterations and function evaluations which
slows down the whole process significantly. Finally, in Figure 4 we display the
convergence of the reduced objective functional and the computed optimal
parameter value with respect to the high dimensional reference computation
in dependence of the basis size of the RB-HMM.

6. The Localized Reduced Basis Multiscale Method (LRBMS)
with Online Enrichment

In this section we first review the LRBMS method with online enrichment
from [38, 39] in the given optimization context. The LRBMS is defined
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through Definition 4.1 with the DG-MsFEM choice given in Definition 3.3.
The construction of the corresponding local reduced subspaces is done using
a localized a posteriori error estimator and a greedy online enrichment strat-
egy during the optimization loop. This procedure follows a new paradigm
that we recently introduced in [40].

The online enrichment procedure that we describe in Subsection 6.2
below constructs appropriate low dimensional local approximation spaces
U jN ⊂ V c|Tj

⊕ V f (Tj) ⊂ H1(τ jh) of local dimensions Nj that form the global
reduced solution space via

UNH =

NH⊕
j=1

U jN , N := dim(UNH ) =

NH∑
j=1

Nj . (6.1)

Once such a reduced approximation space is constructed, the LRBMS
approximation is defined as follows.

Definition 6.1 (The localized reduced basis multiscale method). We call
uN (µ) ∈ UNH a localized reduced basis multiscale approximation of (2.2) if
it satisfies

ADG(uN (µ), vN ;µ) = LDG(µ; vN ) for all vN ∈ UNH . (6.2)

Note that uN (µ) defined through (6.2) corresponds toRµ(ucN (µ)), where
ucN (µ) is defined in 4.1. It solves a globally coupled reduced problem, where
all arising quantities can nevertheless be locally computed w.r.t. the local
reduced spaces U jN .

6.1. A posteriori error estimation

In recent contributions [27, 4, 39, 10] we discussed several possibilities to

construct local reduced spaces U jN from global or localized snapshot compu-
tations. Thereby, in the concept presented above, it is possible to use finite
volume, DG or conforming finite element approximations on the underlying
fine partition τh or restrictions thereof to a local neighborhood of the macro
elements Tj ∈ TH . In what follows, we consider the iterative construction of
reduced approximation spaces and related surrogate models based on local-
ized a posteriori error control and local enrichment as recently introduced
in [39]. In these circumstances we obtain the following estimate on the error
w.r.t. the unknown weak solution of (1.2).

Theorem 6.2 (Localizable a posteriori error estimate). With the assumptions
and the notation of [39, Cor. 4.5], the following estimate on the full approxi-
mation error in the energy semi-norm |||v|||µ :=

∑
t∈τh

∫
t
(Aε(µ)∇v) ·∇v holds

for arbitrary µ, µ, µ̂ ∈ P,

|||u(µ)− uN (µ)|||µ ≤ η
(
uN (µ)

)
:= C(µ, µ, µ̂)

[
NH∑
j=1

(
ηncj (uN (µ))2

)1/2

+

NH∑
j=1

(
ηrj(uN (µ))2

)1/2

+

NH∑
j=1

(
ηdfj (uN (µ))2

)1/2
]
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with a computable constant C(µ, µ, µ̂) > 0 and fully computable local indica-

tors ηncj , ηrj and ηdfj corresponding to the local non-conformity errors, residual
errors, and diffusive flux reconstruction errors, respectively.

We refer to [39] for a more detailed presentation and derivation of this
result and the definition of the corresponding local indicators. Note that a
similar result holds for a full norm comprising the above semi-norm and a
DG-jump semi-norm.

6.2. Optimization and Online Enrichment

Within an optimization loop, typically only parameters along a path towards
the optimal parameter are depicted. As introduced in [40], we thus suggest
a new iterative procedure to successively build up or enhance the surrogate
model (6.2) by using the concept of local enrichment from [39]. Hence, only
localized snapshot computations for the parameters that are selected during
the optimization loop are computed. The resulting approach is thus tailored
towards the specific optimization problem in an a posteriori manner.

Algorithm 6.1 Parameter optimization with adaptive enrichment.

Require: µ(0) ∈ P, initial local bases Φj
(0), ∆model,∆opt > 0, a marking strategy

MARK and an orthonormalization procedure ONB (see [39, Sec. 5]), an optimization
routine OPT (returning a new parameter and status of convergence).

n← 0, UNH
(0) ←

⊕NH
j=1 span

(
Φj

(0)
)

repeat
m← n
Solve (6.2) for u

(m)
N (µ(n)) ∈ UNH

(n)
.

while η(µ(n)) > ∆model do
for all j = 1, . . . , NH do

Compute local error indicators ηj(µ
(n)) according to [39, Cor. 4.5].

end for
T̃H ← MARK

(
TH , {ηj(µ(n))}NH

j=1

)
for all Tj ∈ T̃H do

Solve locally on OTj for enhanced local snapshot ujh(µ(n)) ∈ H1(τ jh).

Φj
(m+1) ← ONB

({
Φj

(m), ujh(µ(n))
})

end for
UNH

(m+1) ←
⊕

Tj∈T̃H
span

(
Φj

(m+1)
)
⊕
⊕

Tj∈TH\T̃H
span

(
Φj

(m)
)

Solve (6.2) for u
(m+1)
N (µ(n)) ∈ UNH

(m+1)
.

m← m+ 1
end while
(µ(n+1), success)←OPT

(
µ(n),∆opt, u

(m)
N (µn)

)
n← n+ 1

until success
return optimal parameter µ(n) and state u

(m)
N (µ(n))

In more detail, in a first step we initialize the local reduced spaces U jN
with a classical polynomial coarse scale DG basis of prescribed order, thus
ensuring that any reduced solution of the state equation is at least as good as
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a DG solution on the coarse grid TH . During the following optimization loop,
given any µ ∈ P from the optimization algorithm, we compute a reduced
solution uN (µ) ∈ UNH and efficiently assess its quality using the localized a

posteriori error estimator η(µ) := (
∑NH

j=1 ηj(µ)2)1/2 derived in [38, 39]. If the
estimated error is above a prescribed tolerance, ∆ > 0, we start an interme-
diate local enrichment phase to enhance the surrogate model in the SEMR
(solve → estimate → mark → refine) spirit of adaptive mesh refinement. We
refer to Algorithm 6.1 and [39] for a detailed description and evaluation of this
enrichment procedure that only involves local snapshot computations for the
given parameter µ on the local neighborhoods OTj

, Tj ∈ TH with Dirichlet
boundary values obtained from the insufficient previous reduced surrogate.
The algorithm calls a routine OPT that performs one optimization step with
a descent method based on the old parameter value and the corresponding
state with respect to the parameters. It returns the new parameter value and
success=true, if the optimization criteria have been met.

6.3. Numerical experiment

To investigate the performance of the online enrichment, we consider (1.2)
on Ω := [−1, 1]2 with right hand side f(x, y) := 1

2π
2 cos( 1

2πx) cos( 1
2πy),

a parameter space P := [0, π]2 and a parametric scalar diffusion A(µ) :=∑2
ξ=1 θξ(µ)Aξ with coefficients A1 := χΩ\ω, A2 := χω and parameter func-

tionals θ1(µ) := 1.1+sin(µ0)µ1, θ2(µ) := 1.1+sin(µ1), where χ denotes an in-
dicator function for the given domain and ω := [− 2

3 ,−
1
3 ]2∪([− 2

3 ,−
1
3 ]×[ 1

3 ,
2
3 ]),

compare Figure 5, top left. We are interested in minimizing the compliant
quantity of interest (QoI) J(u(µ);µ) :=

∫
Ω
fu(µ) over P. While this problem

does not contain any multiscale features, it may serve as a model problem to
compare model reduction using standard global RB methods with localized
RB methods in the context of PDE-constrained optimization.

We discretize Ω by a triangulation τh with 2018 simplices and approx-
imate the solution of (1.2) using a P 1-SWIPD scheme [16] (similar to Defi-
nition 2.2) with 6144 unknowns and use an L-BFGS-B algorithm [11] with a
finite difference approximation of the objectives derivatives as optimization
routine. We compare four different scenarios (compare Tab. 2), which we
discuss further below: (i) using only the reference discretization (“standard
FEM”); (ii) using a reduced order model (ROM) based on a single reduced
basis with global support (“standard RB”); (iii) using a ROM based on a local
reduced basis on each subdomain, containing only the constant 1 (“localized
RB: Q0-basis”); (iv) same as (iii), but with adaptive online enrichment of the
local bases according to Algorithm 6.1 (“localized RB: adaptive”).

Using the standard FEM approach (i) and starting from an initial guess
of µ(0) = (0.25, 0.5) we obtain the reference minimizer µ∗h ≈ (π2 , π) after 7
iterations of the optimization routine, with an additional 32 evaluations of
J for the approximation of its derivatives (resulting in 39 evaluations of the
reference discretization).



Localized Model Reduction in Optimization 15

Ω

Figure 5. Physical domain and coarse grid (top row) and
QoI J (purple surface, computed with a reference discretiza-
tion) over parameter space (bottom row). Top left: Ω and ω
(shaded regions). Top right: TH with 8× 8 subdomains and
sizes of the local reduced bases (between 8 and 22) at the
end of the computation. Bottom left: selected parameters
(orange bars) during greedy basis generation of a standard
RB approximation. Bottom right: selected parameters (or-
ange bars) during optimization, intermediate evaluations of

the QoI J
(
u

(m)
N (µ(n)), µ(n)

)
during the adaptive enrichment

(orange circles) and those given to OPT (purple dots).

In the standard RB approach (ii), we employ a weak greedy algorithm
(using the standard residual based a posteriori error estimate on the model re-
duction error w.r.t. the energy product induced by the SWIPDG bilinear form
for a fixed parameter µ = (0, 0)) to build a single reduced basis with global
support, requiring 18 evaluations of the reference discretization to reach a
model reduction error of 1.77 · 10−11 over the training set of 625 equally dis-
tributed parameters. We did not employ an a posteriori error estimate on the
quantity of interest, since the estimate on the state is an equivalent one in the
present compliant setting (compare [18]). As we observe in Tab. 2, third col-
umn, using this ROM during the optimization yields very satisfactory results
(thus justifying this choice). Compared to the standard FEM approach, we
require only half of the evaluations of the reference discretization (since the
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Table 2. Comparison of the computational effort (in terms
of global/local PDE solutions) and accuracy (in terms of rel-
ative errors in the QoI and minimizer) of different approaches
in the context of PDE-constrained optimization.

standard FEM standard RB
localized RB

Q0-basis adaptive

#evaluations of the
7 + 32 18 0 0

reference discretization

#local corrector problems - - - 709

relative error in the
- 4.53 · 10−5 9.18 · 10−5 4.50 · 10−5

minimizer w.r.t. µ∗h
relative error in the

- 9.01 · 10−9 9.47 · 10−1 1.36 · 10−5

QoI w.r.t. J(µ∗h)

finite difference approximation of the objectives derivative is now performed
using the ROM). However, the purpose of the greedy algorithm is to build
a reduced basis that is equally valid for the whole parameter space and the
reference discretization is thus evaluated over a large part of the parameter
space (compare Figure 5, bottom left) that is not required for the optimiza-
tion (although a certain symmetry in the parameterization is detected). One
could thus argue that too many evaluations of the reference discretization are
required, compared to the (unknown) trajectory of the optimizer through the
parameter space.

Using the localized RB approach only with the Q0-basis without adap-
tive enrichment (iii) can be interpreted as a Finite Volume scheme on an 8×8
grid with a high quadrature. If one is only interested in finding the minimizer,
this approach would already be sufficient (compare Tab. 2, fourth column),
without any evaluation of the reference discretization. It is thus subject of
future work to establish an a posteriori error estimate on the QoI for the
localized RB approach, to automatically detect this scenario.

Finally, in the online adaptive localized RB approach (iv), in each step
of the optimization routine, we use the localized a posteriori error estimate
from Theorem 6.2 to select a subset of the subdomains by a Dörfler and age-
based marking strategy and enrich the corresponding local reduced bases by
solutions to local corrector problems posed on the neighborhood of each of
these subdomains (containing all adjacent subdomains), see [39] and the ref-
erences therein. Using this approach, we obtain a satisfactory approximation
of the minimum as well as the minimizer (compare Tab. 2, fifth column),
without requiring any evaluation of the reference discretization. However, we
did require the solution of 709 local corrector problems.

It is clear that for the simple example at hand, the adaptive localized RB
approach does not pay off in terms of computational time when compared
to the standard FEM or standard RB approach. However, if applied to a
large real-world multiscale problem, the solution of which requires the use of
large computing clusters, the localized nature of this approach should show
significant benefits over the other approaches.
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We used the generic discretization toolbox dune-gdt1, based on the
dune-xtensions [32] and the DUNE software framework [7, 6], together with
the model reduction package pyMOR [34]. To reproduce the experiments follow
the instructions on:

https://github.com/ftschindler-work/proceedings-mbour-2017-lrbms-control
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